Geometry and Topology Graduate Exam
Fall 2016

Pro\vlem 1. Give an example of a connected topological space whose fundamental
groyp is the {ree ‘)roduct Z * Z3 (where Z3 is the cyclic group of order 3).

PVOHGW\ Z.. Rewl\ that two covering spaces p: X — X and p": X' — X are
150ovphic 1€ +hefe exists a homeomorphism ¢: X — X' such that p' o p = p. Up
to isomorphism, how many covering spaces p: X — S 1% S? are there with p'l(wo)
consisting of 3 points?

Problem 3. For p, ¢ > 0, compute all homology groups Hy(S? x §9;Z) where
St = {x € R**1;||z|| = 1} denotes the n—-dimensional sphere.

Proble:m 4. Show that the special linear group
SL,(R) = {A € M,(R); det(A4) =1}

is o submanifold of the vector space M, (R) of all n x n real matrices. Explicitly
describe its tangent space Ti,SL,(R) at the identity matrix I,, as a subspace of
M, (R).

Problem 5. Let S be a (nonempty) compact 2-dimensional submanifold of R3,
Show that there exists infinitely many vertical lines {z} x {y} xR whose intersection
with & s ke and nonempty.

rqblem 6. Thegwoup SO3, consisting of all linear rotations of R3, respects the

~dimewsiova\ phere $2. Let w € Q!(S?) be a 1~form on S? that is invariant under

, action of SO3, namely such that Q!(r)(w) = w for every 7 € SO3. Show that
w=0.

ProbleM 7. Let M be a submanifold of the manifold N, and let i: M — N be
the Indusion map. Acstuwme. diva AN € AN, Ese AN 1§ open one
4. Show that, for every differential form o € QP(M), there exists a differential Could hove
form 8 € QP(N) such that Q7(i)(8) = . Possible hint: First consider the a pole of
case where M = R™ x 0 in N = R", with m < n. P .
b. If do = 0, can you always arrange that dg = 07 §O\MQ¥V\ W\g .
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