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Algebra Qualifying Examination, Spring 2008

.
Directions

This exam consists of T problems, Please do 6 of them and show your
work, If vou are using a well-kuown vesult in your proof. please refer to
it by naune. Gouod Luck!

/I/,/ Let &8 be a finite group with A a novmal subgroup of G, Let £ be
a Syvlow gesubgroup of A, {ay Uy & G, show that gPg ' = «Px ! for
some x € A (b} Prove that G = ANq(P) @ Prove that if [G: 4] = p,
then the nwmber of Sylow p-subgroups of G that contain Ph equal to
INGUPY 2 N ()] where @ is a Sylow p-subgroup of G containing P.

2. Let G obe a finite group of order n. Let f « G — 8, be the regular
representation of (L (a) Show that the bnage of 1= contained i the
atternating group il and onty i the Sylow Z-subgroup of G s not eyelie,
(L) Use (@) to show that if G has a cyelic nontrivial Sylow 2-subgroup,
then & eontains a nonsal subgroup N of odd order {hint: show first
that 8 has oo novmal subgroup of index 29,

3o Let 4 be a {vommntative) integral domain that is not a feld and let
A De the guotient lield of AL

() Prove that A 35 not findlely generated as an A-mnodale. Hint: use
Nakayora's lemea,

() Can & ever bhe findtely cenerated as an A-algebra?

= @ Let A be g field and p be a prime number that is not equal to the

characteristic of /7. Assue that A does not contain a primitive p-1h
root of unity. Let o € K7 that is not s p-th power and let b be an
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ALGEBRA QUALIFYING EXAMINATION, SPRING 2068
cloment, of an separable closure of X with & = a. Consider the fiell

L= K¢, &), where ¢ is a primitive p-th root of nnity. Prove that L/ &
is # Galois extension and that Ged{ L/} is isomorphic to the gronp of

o

.

2 hy 2 matrices

where r € 2/pZ and s & (Z/p&)". Is this group abelian?

5. Let # = Cla,y] and consider the two ideals | = (2a -+ y) and
Jo= (i —yh {a)show that / and .J ave both prime ideals of £, and that
each of them is the intersection of all of the maximal ideals containing it.

@ Cousider the ideal [ + /. I8 it a prime ideal?

‘.'n'mnv cuestion for £ 7d,

{hint: you can get o lot of intuitiou for this problem by thinking about
. s . e 2
the analogous varicties in 87,

o {1} Let A beoa finitely generated abelian group. 10 is a prime numn-
bor, let 4] denote the set of elements of A that arve killed by €. Then
A} and A4 ave Anite groups, say of arders ny and o, respectively,
Express the difference ns: - ny in terms of other invarianes of A,

(i) If A is an abelian group such that the gronps Al(] and 4/04 ave
finite, is A necessavily finitely generated? Give a proof or a counteres-
ample.

Let B obe a (left} Artinian ring which is an algebra over the fickd k.
Assuwine that every r & [ s algebraic over &, with a minimal polynomial
of the form

" . =] ; iy
2 b i A+ g,
such that either ap or @) is non-zero. Show that R is a diveet sum of
division rings.
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