
Spring 2013#
w=(xHXt g) dyrdz in R3

(a) Calculate Saw

(b) closed form ✗ on R
' s.fi#o=i*w ?

(a) dw = (2×+1) lxldytld -2
.

Stokes gives

Ss2W= Sppdw = Sµ2x dxdydz t Vo / (B) )

=
,

since B
}
is symetrii

across the x-axis

(b) Assume F a st
.

do = 0 ad i*o=i*w
.

Then fgi*o=fi*W = fgzw =/ 0
&

But Ss,i%= Sppdl#a) = Spg , #do)=O

⇒⇐
.



Spring 2013

Find all points in R
' sit

. Fnbd of the point

g.t . (4×4542-2-1,2) can serve as a

local coordinate system .

Consider points of the form (x,o,z)ER3 .

Let U be a nbd of 1%0,2-05
.

:P

U contains a

ball centered at Caso, Zo)
,
call it Bqlp )

,
radius E-0

.

Then 1×0 ,
- E) Zo) and Go , Enzo) E Bqlp) .

But both are muppet to (Xo,xitÉ+zi-1,2=3
So this cannot serve as a low coolant system

.

For all other points l%%z)EÑ
, Y¥O ,

we on find smell bull S.t. y 's are all

the some sign inside the bull

§ : N -> R
}

,
0/1×19,2-3=124×7921-72 - y z)

0
"

:0lu)→u
,

"

(uiswt.lu,VvttF,w)



injective ? if

xo~ty.tt?-l--xityitz?-1andxo--xi,Zo.=ZitbnyoZ--yfand if

sgnlyotsgnth) then Yo -_Y ,
•

So yes .

This 0 is a homeomorphism onto (b)

and we are done
.



Spring 2013 #3☐
Prove RP

" smooth mfd of d.mis n .

Let q :S
"
→ RIP

"

be the quotient

map qlx)=[x] .
Then let Ui =q(Vi

")
( Pitt

where Vi { 14 , .ir/n+i)E5:xi%03.NoieqlVi-l=ElVi+)

{Ui } ; cover RIP ? Let 0 ; : hi → R
"

0i[x])=(¥ , -
- -

i .
- - i¥÷)

well band bk (¥i , - "
, ,

. .
- ,

and contours
,

and inverse

⑨FLU , , . . . ,
Un ) = [hi , . - , hi-1,1 , kin, - -

-

,
Un]

whrh is also contours
. So homeo with R

"

Hence RIP
"

is a smooth mfd of dim n
.



Spring 2013 #4☐
(a) Every closed 1- form on Sn

,
n > 1 exact

(b) (a) ⇒ em closed 1-form on RP
"

,n > 1 exact
.

(a) Hjpf5)= 4,64=0 t n > 1
.

⇒ closet 1- forms are
exact

.

(b) Let f : RIP
"

→ S
" be a section

of the quotient map q :S
"
-> Rpn

Then Itqofi RIP
" -45^1> IRIP

" induces

f*oE* : HIRIRP
") Hails ") Apiary

0

the identity .
Then f-

*
mist

.

be surjective

and HIRLRP " ) = 0 .

i. e. closet 1- forms exact
.



Spring 2013

✗ = R
'
- axes

.

Computer
,
(X ) , H*(X) .

✗ e B.3- axes _~ 52 - axes = 5- { 6 points}

=D
'

- {5 points}

=p yrs

⇒ *F;¥;÷r
on setts

.

HH={>0 else

p : ✗→ 52- axes deformation retract .

rlx ) = ¥1



Spring 2013

✗ =P- { pie}
,

P =/ q

Compute H*(× ; 2)
,
1T
,
(X)

.

F- { pie} e s
' vslvsl

= ¥fÉ = = .NO

So MIX) = 2*2*2 =F
,HnH={E¥¥§



Spring 2013 ④
(a) Find all 2- sheeted covering spaces ofSis

'

.

(b) ✗ path connected
,
locally path connected

,

it,H ) finite
,
f- : ✗→ s

'

⇒ fnullhomotopic
.

(a) Let F be a 2-sheeted army space of SIS!
P : F→T⇐ 51×51

.

P*:ñ, (F) → Tilt) 2×2P*(ñ,EDhisnbx2in2xz.④Ñ
Horn ( it, (51×5) , Ez) = {2-sheeted Carissa.es}

{5- { 11,443222 .

Let fi 2×2 → Zz
be a homomorphism .

f- determined by f-( co, D) and flood .

• f- (1%11)=0 and fall ,o )) = 0



• = I =D

=D = I
&

• = I =L

Each of these four are dissed

2- sheeted coverings
,

corresponding to

b
b

7
g

cnn.i.im/aii;i:i::::f.:l>
d

,

} I

d

(b) ✗ path connected
,
locally path connected

,

it,H ) finite
,
f- i ✗→ s

'

⇒ fnullhomofopic
.

×

f-
,

?

Ft : I
→

• fcxo)

¥,



Htx ,t)=

f-
*

:p,lH→ñ,
(5) horn

⇒ f-
*
=D - map b/c any element

in Hill) his fake order and the

only elf with finite order is it,H=z

is 0 .

⇒ f- lifts to some I :X→ IR

since f-
*
ftp.lx/--OcP*lKlRD-- 0

for universal arcing map piR→s !

Then I = Co constant nip by

Hlx,t)=É(x)( 1- f) . ⇒ Poteen ,

Then f- = pot _~ Cpco) .

I. e. f ndlhomotopic .



Spring 2013 ☒
(a) f :S

" -55
"

no fixed point ⇒ deg 11-1=1-11^+1
,

(b) ✗ his 8
"

as a universal covering space

⇒ it, 1×1 = { is or 22
.

(a) fish-25h no fixed point .

Then F straight line path the from

✗ to - flx) tht doesn't pass through

the origin .
Then Y¥ is a path from

- fix
✗ to - fix) on 5h

. ÷i÷
This defines a homotopy

•

ft)H :S"×I→sn

between Idthat)=Y¥¥,

and oof
,
w/ o the mipoddmp

Henie deg (d) beg (f) = deg Got)=deglID= 1
.

We know degli)= f- 1)
"+1

, so

deg (f) also = 1-11^+1
.



(b) ✗ his 8
"

as a universal covering space

⇒ it, IX) must be { is or 22 ?

Since S
"

the universal cover of X
,

MH ) = Gls
") the group of

deck

transformations on S
"

.

This group

acts freely on S
"

.

That mens

tf f EGG
" ) nottriuiw , f :S

"
-75
" has

no fixed points .

deg (f) =L-112^+1=-1

f- fEG(sin )
nontrivial

.
Thus me

define a mp to :Gls")→{±1 }

sending f- to deglf) . d is a homomorphism

because deglfgj-deg.lt) desks) . And Keld)

= trivial elfin Gls
") by whether said

above .

This d injective homomorphism

⇒ ii. 1×1--6157<22 .


