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M compact n -diñlmfd

.
Claim : M cannot be

immersed in Ri .

Assume fi M - > Rn is an immersion

then dfp : Tpm -> Tippin is injective Y PEM
Rn -> BY

which mens it is surjective tf PEM by dimension
.

Thus f is also a submersion and therefore
a local diffeomorphism .

Since f is smooth
,
flm) compact in Pi .

Let { Ui}É
,
be an open cover of ns.t

.

Flu
;

: Ui → Flu ;) is a diffeomorphism Hi
.

Then it is also a homeomorphism Yi
, and

twelve flu ;) open and Vi!iFlui)=M is open in IR?
Then R^=1Rr_ MUM is the disjoint union of two

open sets ⇒ Rn disconnected ⇒⇐ .
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{
,
,
,

= T2 - 5m41 disc
.

(a) Compute Hn (Eu )

(b) Ez = closed
,
oriented swine of genus

2
. Use (a)

to commie Hn(E.)

(a) 92
- smell ↳a bet

. retracts to s
'

vs
'

so
, TILE , ,)ñtÑlsVsY= Hits ' )④tTnlsD

= { 2+02 no0 else
I n=O

⇒ Hnk
, , )={ ' tent

0 else

(b) Let A
, B = 2 overlapping punctured tori

as in the diagram :

AN÷yBThen AVB = Er
,

A)Be E
, , ,

and AAB - S
'

.

Hence
,
M.v. gives "→ Hnls ')→ Hnk

, ,)④Hnk.si) → Haka)→ . . .

For n 23 we have

① → Hn(Ez)→O implying HnKz)=O
.



Otherwise
,

we have shoeqpathan?⃝
0→HzlEd→2→I "→ Hika)→2→z①z→Z→o
Consider themrsHilAnBi_ti5HiU-l@HiCBJ.A1- chain in AAB is the bounty of a

2- chain in A or B ⇒ i*,j* are o -mps
.

Hence
, 24 ↳ H ,(Ea) .

Constr the mp

Holan B)→ Hoot)①HolB) is injector ⇒ 141%1-72
is the 0 - mp ⇒ 7<4→ Hiltz)

. Hence Hike)=Z "

2*-0>24 also ⇒ Hiss) → 2 and the

0→ His) ⇒ Hike> 2. Hence Heck)=I

In sum 1-1.1%1 :{
2 " 92÷:
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S oriented embedded surface in R3 and w area form ons

tuple . ,ea)=l b- PES and any orthononw basis legend of Tps

If (minims ) is the unit norm vect
.

field of S
,

then porethtw-mdyndz-nzdxt.dz/-ngdxndy.W--PlyhdztQdxndztR
dxrdy EATS ) > timing ) /

p

←ñTpswpla.eu)= PIP)&yAdz)(qeji-Qlnldxndtkei.ee) 1-R .
. .

I Plp)( eiyezz - breezy) + QIP) (eixezz - eizezx)
1- RIP ) leixezy - eiyezx) =\

= Pn
, + Qnet Rn

, =/
e. xei.at %)Pm + QmtRnz=n?tnitng2 eexezyezz

nip- hit ntoiniltn }lAni=O (ezzÉziy,V. PES .

dxAW= dxllpdyndz = 3¥ dxrdyrdz =D



dw = %× lxndyndz + ¥y dyhdxndz +2¥ dzndxldy
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✗ = M , Umz M

,
ah Mz Mobius bonds and

MinMz=2Mi=2Mz .

Molars land -_ ([-1,13×1-1,1])/ ~

(1)g) ~( -1 ,
- y ) .

(a) compute MIX) (b) no b/c I Klein bottle

(b) ✗ e commit orientable Surfin of gems gtrsoneg ?

y • § •
✗

As a CW complex , ✗ has two

0 - cells
,
Xif .
It has four 1- cells an va

a)bind
.

So before attatohy 2-cell,
✗

• C •

yit looks like ;=.¥€
,

whrh d

Y • Sc •
✗

is homotopy equivalent to SUSHI and hes

fundamental gp 2*2*2 -_ ( at'

,ac , ad) b n Vb

we attutch two 2- cells along the
✗
• <

y

•

y
paths acad and

bcbt-ba-lacba-hd-lab-Y-laclab.tl"ad
Then kill)=(ab-jac.at/acad=lab-y-'aclab-Y-1ad--l)--(Usv,wIvw=U-1vU-'w--1)

= ( a. v1 u"vu"v -1=1 > =(uNIv=u☒



r
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Determine connected covering spaces of RP "vRP

'S

IT
,
LIMP HUMP

's ) = IT
, /RIP

' ")*tY(RIP
's )

.

For nz 2
,

5
"

is a 2- sheeted ¥41 cover of

IRP
"

(sixeteD . Thus
,

it's induced ( trivial)

image in it,( RIP
" ) has index 2 ⇒ IT

, /RP
")=zz

So IT,
/RPHVIRP

's) = 22*22 = { a,bloi=b'=D

The connected covering spaces of IRPHVIRP
" thus

correspond to the subgroups of 22*22 .

a
,
b
,

ab
,
ba
,
aba

,
abab
,

- - - } iÉ{④④④,
- . . ababa

aba
a

( ab - - - ba) = { 1
,
ab . .

-

buy⑧
.
. . baba ba lab abab

.

- .

b

Zz
bab

↳ a . - - ab ) = bab:b



( ab) = { 1
,
ab

,
abab

,
ababab, - - . ]bag baba

,
baba

,
. - .

uhh his index 2

indeed a or b multiplied by (ab ) gig you

the rest of the group .

Lab .
.

- ab)= { 1
,
Nab )

,2ntabb3nlabbr.TTMba )
,
Inbal .sn/bab... }

whrh his index 2h

The "

rings
" of alternating 84,515

are th connoted cows :

s
"

s
" even -sheeted covers

.

'¥j•n
÷•☒•--→

.



Spring 2012 ⑧

f.- M-> N smooth
,
X, Y feet. fields on M, N .

f-*✗ = Y ,
i.e. f-* 1×1×11=46-1×1) b- ✗EM .

Claim : f*LyW = ↳ (f*W )
,
WER

' (N) .

[
y
U = DIY- b) t Yu dw

(f*LyW)×(D= (f*Hww)) ✗ 14+4*1%41,14
= d(www.gldfxlhtlkhw#ldfxlrD=&-tlt=o(lY-HlfoHlHD

+

t.ws#(YlfcxD,dfxlvD=&/t=o(w(YllfoHH1DDtdwf*g(f*lXexD,
dfxlvl )

[✗ If
*b)

✗
( v) = (d(×uf*w))*H + Hard f*w)×lv)

= YI /⇐ •
(1×4%118111-11) t df*W×(✗obv)

= ¥ /t.io/f*wlXlrltD)tf*dwx(Xc*v)--f-+f+..oLw(t*XlrltDDtdwf*(s-*
1×1×11,4×14)

= ¥ / t.olwlxlf.HN/)tdwfaj(f*lXcxD,dfxlv) )

where 8 : HD -7M
,
Not ×, 840)=V

⇒ for :[ 1) 1)→ N
,
Cfo 8)µ= fat , (for) to)= dfxv
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X
, Y vet . fields on R "- Eo}

✗ = X,¥
,

th 3×2 + ✗3 By,
+
✗
4 ¥4

Y = - xz ¥
,
+9¥, - ✗4 Fx

,

+ ↳ ¥4 .

Is the rank 2 distributor orthogonal to these two vect
. fields

integrable?

See Chapter 19 Lee smooth rifts .

[✗ it]f = ✗ Yt - Yxf

✗Yf = ✗ ( - ✗23¥, 1- ✗13¥
- ✗43¥

,

1- ✗33¥)
= -X,Xzfµ t Kfz t Xifiz -Xixyfiz 1- 24×3 fly

- Xzf
,
- Xjhf ,z 1- ✗ ixzfzz - Xzxyfz } + ✗2×31-24

. .
.

Yf = Y ¥
,

the 3×2 + ✗3 By,
+
✗
4 ¥4 )

= -Xzf , - Xixzf , , - ✗2×242 - Xzxg



-*3¥, " ¥, -4T¥,×3¥i
X

, ¥ ,
① ⑨ txifz ② ③

Xz%x
,

⑦ - xafi ④ ⑤ ⑥

✗3¥
,

⑦ ⑧ ⑨ Dtxzfy

14%4 ④ ④ ② - Xyf, ④

4¥
, MBE ✗33¥ "43¥

- Xz%×
,

① - ×'t' ⑨ ⑦ ④

✗1%2 ① ④ txifz ⑧ ④

-✗4¥
,
② ⑨ ④ -Kif,

④

✗375×4 ③ ⑥ ⑤ ④ t%£,

Hence all the terms are the same and

[✗ it]=O
.


