USC Qualifying Exams — Geometry and Topology Alec Sahakian

2012, Spring

Problem 1.

Let M be a compact n-manifold and suppose f : M — R™ is an immersion; this in particular
implies that im(f) # @. We now have the following.

e Since M is closed and f is continuous, then im(f) C R™ is closed.

e Since f is immersive, then for any x € M, the map df, : T.M — T;)R" is an injection
between n-dimensional R-vector spaces. Hence df, is an isomorphism, and so f is locally
a diffeomorphism by the inverse function theorem. This implies that f is an open map,
whereby im(f) C R™ is open.

Thus im(f) # @ is a simultaneously closed and open subspace of the connected space R"™, whereby
we must have im(f) = R™. However this is impossible since the image of the compact space M
under the continuous map f must be compact. O

Problem 2.

(a) We stretch the missing disc inside the unit box outward until we're left with the box’s (pre-
identified) frame. Identifying the appropriate edges yields a wedge of two circles.

Y= (\/: = o ~ ~glygl
Z .7 = Oa
Hence H;(X11) 2 H;(S'vS) = 792 j=1, 0
0 else.

(b) Decomposing 3, as the union of the punctured tori U and V below, we have that U = V =2 X 4
and U NV =St

<
1R

Hence by (a),

Z j p— 5 Z o O 1
H](U')gH](Uv)E Z@Q ]:1, H](Uﬂv)g J =Y, 1
0 else.
0 else,
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We already know that Hg(32) 2 Z since X5 is path connected. Furthermore by Mayer-Vietoris,

0 —— Ha(Xs) _% .z M 74 kil H () o ZM 782

is exact.

« By exactness, ker(d2) 2 0. Moreover, (i1,71) is induced by the inclusions i : U NV — U
and j: UNV < V of the boundary U NV into either U or V, so im(i1,71) = 0. Hence
we have im(02) = ker (i1, j1) = Z, whereby Ha(X2) & Z.

« By the above, ker(ky — ¢1) = im(iy, j2) = 0, so ker(d1) = im(ky — £1) = Z®*. Note also
that (i, jo) is injective since it’s induced by the inclusions i, j of path connected spaces,
and so we have im(9;) = ker(ig, jo) =2 0. Thus Hy(3p) =2 Z%4.

z  j=0,
78t j=1
Therefore H;(X2) = 7 ‘7 2’ O
J =4
0 else.

Problem 3.

At any point p € S, write wp = a1dy A dz + azdz A dz + agdx A dy for constants a1, a2, a3 € R, and

write e; = (e],e?,e]) for each j = 1,2. Then, using n = (n1,n2,n3) = e1 X e, we have
n34+ni+n3 = n|P=1=w p(e1, e2) = ardy Adz(er, e2) + asdz A dz(eq, e2) + azdzr A dy(eq, ez)
=ay(eled —efel) + az(efel — efed) +as(efel — elel) = ainy + az(—n2) + azns.

Comparing the left- and right-hand sides gives a1 = n1, a2 = —ns, a3 = ns. O

Problem 4.

(a) Observe that X is the Klein bottle obtained by gluing M; and Ms along their boundaries.

M, = My = ’ X

14

Firstly My = M, = S, so let 21, 75 be generators of w1 (My) = Z and 7y (Ms) = Z, respectively.
Moreover M; N My =2 OM; =2 S', so for each j = 1, 2, the inclusion tj : MiNMy = 0M; — M;
winds the loop 1 € 71 (M; N Ms) = 71(S') 22 Z once over the “front” of M; and once over the
“back,” so that ¢;(1) = 3. Then by van Kampen,

(z1,72)

7T1(X) = ﬂ'1(]\41) *mry (M1NMa) m (M) = m

= (21,25 | 2 =23 = 1).

(b) No. The Klein bottle is unorientable. O
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Problem 5.
Equivalence classes of connected covers of RP4\/ RP1® are in bijection with the subgroups of
T (RPM Vv RPY) 2 7y (RPM) 5 7 (RPP) 2 Zy % Zy = (z,y | 2° = y* = 1).
The identity subgroup corresponds to the universal cover S'# \ S15; the entire group corresponds

to the trivial cover RP'4 v RP'; the subgroups generated by x and y correspond to the covers
RP4 v S15 and S'* v RP15, respectively. O

Problem 6.
By Cartan,
F(Lyw) = ydw) + fH(diyw), Lx(ffw)=1x({df*w)+dix(f*w).

We show that the right-hand sides are equal by showing equality of the corresponding summands.
We have for the second summand

frldiyw) = df* (yw) = df*(w(Y)) = d(w(Y) o f) = d(w(f+(X)) 0 f) = d((f*w)(X)) = dex (f*w).

Next, for any © € M and v € T, M, we have for the first summand

(f* (v dw))2(v) = (by dw) y(2) (fev) = dwp) (Y (f (@), fiv) = dwy(a) (f«(X (@), fiv)

= (f"dw)a (X (2),v) = (x (f*dw))z(v) = (tx(df*w))a(v),
and so f*(tydw) = tx(df*w). O
Problem 7.
Remark. 1t’s indeed the case that [X,Y] = 0, but this only tells us by Frobenius that the rank-2
distribution defined by X and Y (not the one orthogonal to X and Y') is integrable.

No. Denote by & the rank-2 distribution orthogonal to X and Y, and begin by taking some
arbitrary vector field V = vla%l + vza%Z + vga%s + m% € 2. Then

(V,X) =0 = vix1 + voxa + vsz3 + v424 = 0,

(V)Y) =0 = —vixo + vox1 — v3xg + vgx3 = 0,

so we have the matrix equation

(5 )G o)) -o
—Iy I Vg —T4 I3 Vg

By assumption, (1,29, r3,74) € R*\ 0, so w.l.o.g. o1 # 0. Then this equation gives

~1
U1\ _ . X ) T3 Xy U3\ . 1 T1X3 + ToTy XT1T4 — T2X3 V3
U2 —T2 I1 —T4 X3 Vg :E% + :17% To3 — T1T4 T1T3 + T2Ty vg)
Now, we may freely choose (v3,v4) € R? and this equation determines (vq,v,) € R? such that the

resulting vector field V belongs to 2. Setting (v, vs) = — (2?2 +23,0) and (v}, v}) = —(0, 23 +3),
respectively, we obtain two sets of coefficients

U1 T1X3 + Loy V1 T1T4 — L2X3
Vo ToTy — T1T4 vh T1T3 + Ty
== 2 2 and i ==
V3 -] — T5 Uy 0
vy 0 vl —z? — 23
which yield, respectively, two vector fields V, V' € 2. But now, [V, V'] = —2(z% + 23)Y, whereby

[V,V'] & 2 since (—2(x% + 23)Y,Y) # 0 for 1 # 0. Thus Z is nonintegrable by Frobenius. O
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