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W=X
, dxzndxgndxytxzdxihdxzr.dk,
tx, dx, 11×211×4 Compute fs } W .

dw= dxihdxzndxsndxy t lxzndxihdxrndxy
t dxzhdxihdxzndxy

= dxirdxzndxzndxy

By stokes
,

fgzw = SzpgW= Spy,dW= Spy dxidxidxsdxy =V0l(B .
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M= {⇐ g) ix. yc.IR
}
, 11×11=1,11911--1,1×197--03 .

Claim : M smooth cpct embedded submfd of IRB

and can be identified with unit tangent bundle of 52
.

Define M
,
= { (x,y) :X,yER3

,
11×11=1 } and

f
,
: Rb→ IR by f-⇐ g) = 11×112=92+2/24×5

.

Then M
,
= f- i' (1) and Idf , )p= [2×12×22×3 000]=10

F P EM , .

This M
, submfl of R°

.

Define Mz= {* 9) C- Mi : 11911=1 } and fz :M
,
-219

by fix,y)= 119114 Yityitui
. Then Mz= fill )

and ldfz)p= [000 292%293]=10 Hp c- Mz
.

Thus
, Mz Submfl of Mi .

Finally define f- : Mz→ R by fcx,yl= ⇐ Y)

Then f- ' lo)=M and dfp = [ y , Y , Y
,
X

, Xz
✗3) to

V. p EM ⇒ M svbmfd of Mz and therefore of R
'

.

And it must be cpct since lltx,y)Ñ= 11×1121-119112=2
.

We can identity M with the unit tangent bundle

by identifying ✗ with a point on the sphere 5h and

y with a unit tangent vector at X
, since the normal

vector at ✗ is just ✗ and all taywtveotschar.by Gss>=o
.
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RIP

"

-_ syn ,
✗ ~ - X

.

(a) Use covering spaces to compute it
, /Rpn )

(b) CW decamp ,
of IRP

"
NII

(c) Use cw decamp to compute HKLRP
")
, KZO .

(d) For whrh values of NZI Ts RIP " orientable ? Explain .

(a) IRP
'

Es
' so ñ

, /RIP
' )=ñ, (5) = 2 .

For n > 1
,

5h is a 2- sheeted cover of RP
"

and

S
"
is simply connected ⇒ it Ba universal cover .

Thus the trivial subgroup his index 2 in MURRY
.

That means M(RP ") = 22
.

In sum, ñilRP^)={¥z^n
(b) For nz2

, RP
"
= RIP " "WD

" where 2D^=S^ -1

is glued via the quotient map q :S
" - '

→ Rpm

identifying antipodal points .
IRP

'

is composed of

a 0 -cell and a 1-cell
, so RIP

"
is composed

of an I - cell for each iE{ On . - in}
,
glued as above

.

(c) Hk (Rpn) = 0 for K > n
. For Ken me heme

HK ( Rpn) = HKLX
" ) = HKLRPK) where ✗

K
B the

K -Unit svbarnphex of RIP "
.



H ,lRP
' )ñ 1-1,151=2

.

For K > 1
,

we have relative homology LES :

i.→ ftp.lxk-Y-sHKLRPKJ-HKCRPYXK-Y-st/k.,(xk-j-s...
for ✗

""
th 1k - D- dime svbcompkx of RPK .

HKIRPK ,X
" " )ñÑk( RIP "Y×k - 1) Iftp./sk)=zAnbHk-illRPK)~nHr.alR1P" " )

,
so we get

0→ HKIIRP " )→ 2 → the,( RIP "
")→Hµ( 1hPM

The map ftp.ylRIPK-Y#Hk-,(RPk) is the b-prep

b/c a (K - 1) chain in RIP " " included in RPK

is the bounty of a K -dime cell in the CW decamp
.

Thus
, HKIIRPK )↳ 2 → Hµ(RIP

"")
.

Hence
,
HKLRPK) = { 2

it HK.it/RPk-Y=0

0 if Hku , /RPK-11=2

In sum , HKIIRP
"

)={
2 k=0
O K > n

Z K odd
, 0<kEn

for n >_ IOkeuen,o<k
(d) Hence , since Hnlmn)=2⇐> M

" orientable
,
for Mn an

ndinil closed
,
connected mfl

,
then RIP" orientable when

n odd
.
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f- :✗→Y continuous
. Cf=( Cxxco,☐)UY)/~

(x, 1) ~ fcx) V-xc-X.lk,oJ~Yo ) ltxx'GX .

Claim : 7 LES :

a. → Hink)¥Hi+ilY )→ Hinks )→HiH-→*Hi(Y)→ . .
.

Hilt)={Zn=oLet A= ✗ ✗ [0,44] /~ -~ { *} o else

B. = ✗ ✗ [ 44 , ☐ /~ = Y

Then AAB _~ ✗
,

and by MV . we get L.ES .

- -
- → HilAnB)→HilA)④HiCB)→Hi(Cf)→ - -

-

ss

a-
-
→ Hill)→Hi( {*3)④Hilt)→ Hills)→ - .

For i > 0 this is

- - . → Hilx) → Hily ) → Hi (G)→ . .
-

and for i=O this is

- - - → How -72④ Holy) → Holts) -70

Thus
,

we can switch out this Katrin for

a- - → Hot)→ Holy) → Hike ) -20



and the whole LES is

- - . → Hilx)→HiCY)→Ñi(4) → .
- -

since ÑiKH= Him for i > 0
.

We can make the switch because

HoH)→I④HolY) and Holi)→HolY) both

have kernel 0
.

and in (2+01-1.14) → Holt))

= Holes ) ⇒ in / Holy) -7 How)= tolls)
.

The last thing we check is that

Hill)→HilY) is the map f*

we have : HIIAAB)€#> Hi /A)① HitB)

ix. 9 tr*
Hill) - - - - -

- > Hilt)

where i ,j,j
'
are inclusions and r is a retraction .

from Bey
.

Then (roiloi)x = rlx) = fcxj since
the retractor

just follows f into Y
. Hence the nip is indeed f*

.
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Recall a Lie Group G is a smooth mfd which is

also a group
,
and whose group oaths multiplication

and inverse are smooth maps
.

Claim : G connected lie group ⇒ it
,
(G) abelian .

We can choose the basepoint to be the identity
element in G

,
E

. Let [FI
, [g) C- IT, ( Gse) .

Then f , g : I→ G with Hotta)=yCo)=g( 1) =e .

Define H : IXI → G by HIS,t)= -5+159+6 )

f(21¥) -t)=f(o)=ewhere #={:÷s÷÷¥.☐f-(2s- t) SE [1-12,4-+1112]
f- (211-+1-2) -f)=fH=e

g. (24-+41-1--1)=96)=e* *={:÷÷÷÷÷:gczstt - 1) SE [4-+112,12-+7/2]
g(212¥)tt- D= gate

f g

1-115,0)= folsjg.is)={fks) stalk] }= (f.g) Is)912s -1) 50-[1/2,1]

Hls,D= f. G) g. 6) = { fast ) stand }=(g. f) G)
s f

912s ) 5610,42]

1-110,1-1=1-111 ,t)=e
.

Hence f.ge 8 -f and MCG abelian
.
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} embedded cpct oriented surface w/out bdry

of genus 921
.

Show Gavssm curvature K of

M must vanish somewhere
.

Gauss Bonet gives

fµKdA=2ñXlm)= 2*(2-3)<-0

So K must be negative

somewhere on M .

All mfls with genus 521 also

must have K positive somewhere on

M
. This it most vanish somewhere

by contwity .


