
Spring 2009 ④
5={44,41144%4×5--1} unit sphere in R ?

f : s2→R4 ftxiixrixz) = (Xi -Xi
,
✗1×2,4×3,212×3 )

claim : f immersion
,
f(SY diffeomorphic to RIP ?

dfp = 2×1 -2×2 0

xz ×
,

O ) for F- (kik , ✗g) Es ?
O Xi

y
,
y
,

detfdfp ")=X , (2×12+2×5)
detldfp" ) = 2x

, (4×2)+2×2644=2×21×14×5)
detldfpi ) = 2x, (-24×3)+2×2441=2×31×5 -Xi)
detldfpi ) = Xzl -4×3) - Xifxzxz)= -2×1×2×3

.

where Ifpi is Ifp with the ith row removed
.

If Xi -1-0 then detldfp 't ) -1-0
.

If ✗ 2--10 then Let/dfpñ ) -40 .

Otherwise p must be either 10,0;D or (0,9-1)
.

then dfp has rank 2
. This rakdfp 22 b- PES?

Since 5 is 2-diñl
,
the mens f- immersion

.

let [Xia :X}]ERÑ be represented by Hrithik)ES ?



Then send [X ,
:X
,
:X
,] to flair

, 's) C- f-(5)
.

This is well - defined since ffxi , -4, -✗g) =f(x, ,XzXz )
.

We have immersion

52 f- f- (5) CRY

as i
s%=Rp2 9

let Gil -Xi
,
X ,X~

,
X , xyxz.kz/--lYi-YiiYiYriYiYz,YzYz )

for lxnxzixz ) ,l%yz,y ,)Es~ to be to points ,nf(5)
.

If XFIY ,
then xz-t-yzad~z-t-yz.TK same is

true it Xz=± .bz or xp = 1=93
.

Otherwise Kitty, and xrityz and Xz±±Yz ;
we here

xi-xi-yi-yixi-yi-xi.si -1-0
Assure WLOG Xi -Yi -- xi- yi >0

then 7¥ > 1 mi "÷:< 1

then 1×1×251=4 ,yzf ⇒ xixz-fy.ge a contradiction
.

Hence ftxtfly ) ⇒ X=±y ⇒ g injective .

And g immersion b/c f- immersion .

Hence , g diffeomorphism .
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W closed C- R^(R"
'
- {03)

claim : W exact ⇐> Ssnw -0 ,
for Sn unit sphere in R?

W exact ⇒ w= do for a in 52^-1 (anti - { o})

Than fsnw=f,
do = Sasi =S¢o=0 .

Conversely
,

w closed ⇒ we Hir(PY" - {03)
out WE Hipfsn) .

There is an isomorphism

Hirsh _"sR sending 8h> Ssnr

Thus it Ssnw --0 then w must be

the 0 element in HIM i. e. W exact
.
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✗ = e×¥×

,

Y= ¥
,

rect
.

fields
on all of R

'

what Z satisfy [42-3=0 and [4,2-1=0 .

2- = g#¥ t h #is)¥y
[✗ it] f- = ✗Zf - 2-Xf

= ✗ §f×thfy) - Zéfx
= élgxfxtgfxithxfythfy) - 9¢×f×te¥×)

-héfxy

= é(gxfxthxfy - gfx) = 0
⇒ h×=O

, g×=g

[Y¥]f= Yzf - 2- Yf
= Ylgfxthfy ) - Zfy
= 9yfxtagfxythyfythfyy-9¥-htyy
= gyfxthyfy =D
⇒ hy=O 9y=O .



2-ec.li?tCz&y@-forG,czER .

[✗ it]f= ✗ (qexfxtczfy) - 2- Efx
= e×(f×+c¥××t¥y)
- GeYe¥+¥x) - czéfxy
= 0 ✓

[Yit]f= 0 similarly ,
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(
north pole

ñnl✗;✗o)={f :S"→✗ |f(NI=xo } /=
where is basrpv.int - preserving homotopies

.

Compute ITNGP ) for TP = Six - - -

✗ S
'

T .

Hatcher prop 4.li

A covering space projection p :(I,Ño)→(X, Xo ) induces

isomorphisms P*iñn(ÑÑ ) → Fn (Xoxo ) If nz2
.

Proof . Let [f) C- lTn(X , a) .

nz2
.

Then he have

I
I. - →
µ

This satisfies th titty criterion

-

'

'

because *
,
Isn)=OcP*lq(ñÑD

sn→X
f-

Thus
,
3 I :S

"

→ I a lift It (f) Eiihlxxo)

That is
,
Hlf]Eñn(Xixo)

,
]- (F) ftp.K.xojs.t . p*( [I])=[f] .

So p* is surjective
,

and we know it is injective already
.

Claim : IRP is a covering space of TP
.

Define p : RP→ TP by PCX , ,
-→
xp)= Lei " .

. . . ,ei%) .

This is a covering space because for arbitrary

Leia ,
.
. . ,ei0r)ETP

,
Let a- { Leila , .→ei% ) / Gif (Qi - E. ① its) }

for small E
. P

- '

IU) = { ( X , ,
. . .

, Xp ) / xielzn~kto-i-E.21.TK/-0-itE),kEz}



which is a disjoint collection of sets homeomorphic toll .

Hence
,

ÑNGP)~~ñnlRP)=O it nz2 ÑP .

And for A- I
,

we know IT,(X×Y)=ñ,H)xñkY) if

KY path connected
.

Thus
,
Film)=ZP

.

In sum

,%yr)={ZPi0 NEZ

Just use Hatcher 4.2
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Compute ñ,(R3- K)
. K= Union of vertical axis {a. 0,9=03

and unit circle {xtty :L ,z=o} .

Pi - K deformation retracts to B - K where B is

the ball of ratios 2 centered at the origin .

This is homotopy equivalent to the torus
,

by hollowing out the holes created by K
.

Hence IT,( Ri - k)~~ñ, (7) = 2×2 .

To see the second step , note flat the

half disc
;

detonator retracts to the
minus a point

circle
is

0
.

Do this homotopy equivalence

all around the circle to get B-k=T2 .
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✗ = Mz surface of genus 2 .

A as below
.

Tfi Compute Hnlx , A)tn-O.nl
(XA) is a good pair since A is a lot

.

retract of a nbd in X
.

Then
,

Hnlx , A) ~~tÑ(XIA ) and XIA = TZVT?

And tTn(TW4= Him ④ Hilt)= {
'

¥ ;;;24 n= 1

Her"

µnµ,A={%&÷É


