
Fall 2015 ☒
(a) Let f. g : ✗→ Y

.
We say It :X×I→Y

is a homotopy between f- and g if

H continuous
,

1-11×101=1-1×1
,
HCxil-gc-J.fig)

We sat f : ✗→ Y is a homotopy

equivalence between ✗ wd Y if 3g :Y→X

S.t. fog tidy and got _~idx
.

Hey)

(b) Re {o3cR by let . retract

but no bijective me between spaces
,

so R # {03
.

(c) stand 53 have trivial fundamental group

but they are
not homeomorphic because

Hals
')=z

,
Hzls

's)=O .

(d) SVS ' and 7=51×5 '

.

Hits 'vs
')= 1-1,651-01-1,64=2+02--4,04

but 146451=2*2
,
while IT

, (7) = 2×2
.
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F- 51×5 '

,
K= Klein Bottle .

(a) describe 2- sheeted covering P :T→K
.

(b) XOET
,
%=PCxo)EK .

Give generators for

IT , / Tjxo ) , ñ, (Kiso ) .
For each generator of it, /Tixo)

express its image under P* it, IT;xo ) -2191K;yo )
.

(a) gb

" "^
"

T
Mt """

§ bl→b
an K na

er>a

Cr k nc

{ }

(b) We see 1%(9×0)=2×2 ( ca , b)
IT

, ( K ; Plxo )) = ta , bl abib =D

and P*(ca)=a2
,
P*( b) =b
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Eg

,
Eg , closed orientable surfaces of genus g

, g
'
>0

.

f- : B2→ Eg embedding
.
Simple closed curve 8=5-15)cEg

.

✗
'
= f-
'(8) c. Eg , with f

' :B
2.
→ Eg , .

✗ = top . space obtained by glory Eg and Eg ,

along 8 and 8
'

.

I. e. ✗ =EgUEg ,

by gluing flx) to 84×1 txes
'

.

(a) compile it , IX) .

f- embedding ⇒ F homotopy from V to

the constant map at 8105 . Same for 8 '
.

9ÉÉ?;s÷g '

Egvsg.rs
'

✗

a

gÉ§f÷÷÷És ' =siy:g .



Hence kill)= IT
, /{ g) * IT, (G) * ñ, 64

= ⑦×z)*

(b) link)ñÑ. (4) ④ Hiles .) ④ Hi (5)
0 n=0

= $+9 ')n=1
2+03 n=2

O n > 2

(c) No hearse Held =/ Hz(Eg×Eg .)
.
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M n -dorvil mfd .

WER
" - '

(M ) . SµW=O f

(n- 1) - dime oriented closet svbmfd N of M .

Claim : dw=O ,

let ✗EM
.

There is a chert centered at X
,

call it (Usd ) . So 01 : U→R
"

with 0114=0 .

7 small (n - 1) - time sphere 5^-1 COCU) centered at 0 .

Let this be the bounty of a small B "
.

Then

d-
'

(B) contos x in M with bounding d-
'

6^-1
.

This 0 "(s " ") is a In -D-dime oriented closed

submfd by regular law set theorem wrt the radius

function
. Then S¢yµyw=S¢yµydw= 0

by Stokes
. Sma ✗ arbitrary , 3- a collection of

such
" (Bn) covering M . Hence low -0 on M

,

for if not
,

then I ¢-11Bn) on which

Spyro)dw =/ 0 .
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V. F. v=2xt✗Z2z ,

w=2ytyz2z in IR } .

PER
>

.
F ? local contrite system in a nbd

of p in with v and w ?

Ie . is there a diffeomorphism 01 : U→V from

anbl U of P to an
open VCR

's
the sends

v to 2x at w to 2g ?

We need 0 s.t.to/p(2xtxz2z)--2x

and top ( 2ytyz2z)=2y
.

it
.

µ µ
, 1oz::÷:÷¥H:)

hid

µ, yay 01%::÷÷:X ::H :)
So 0ft ✗ 2- 0£ =/ , 0ft yz0E= I



① It ✗ZOE = 0 ⇒ -2/2-0It 92-02-2--1

⇒ 0E=÷F⇒
⇒ 02 = Ight) 1- C

⇒ $3 = - xzÑz= - ✗ 2- z¥= -⇐ = ¥

But 01 = - ¥2bnA) ⇒⇐
.

µ ,
w] = vw - WV = (2×+2/2-22) (2ytyz2z) - WV

= 2x(2ytyz2z)txz2z(2ytyz2z) - WV

= Jay 1- yzrdxz 1- XZ2yz 1- Xyz Jztxyzodzz - WV

= Jay 1- yZ2xz t XZ2yz 1- Xyz Jz + Xyz
'

Zzz

- ( 2g tyz Zz ) (2x +✗2-Zz)

=##z 1-

XZ-dyztxy-ztxyzi.LI#-Xz2yz-yz-2xz-xyz2z-xyE2z2
= 0
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f :b-71C polynomial of one complex variable .

One point compactification Gu {x} -552
.

(a) Prove f- extents to a continuous f- : 52-252
.

(b) Prove deg (F) = deg (f) .

(a) extend to f- by Guts} -¥¥¥ev{x}

sending ✗ to IF ¥
52 F- 52✗

.
We live

to check that f- is continuous
.

if 2- → ✗ does fcz>→ x ?

f- (E) = WoZ° + v , z 't - r
- t Wdzd for D= deg (f) .

f-( re
" )= Wort w

,
reid + . - - + wdpdeibd

= rd(Wo÷ ,
+ w,¥ei0- + -

-
- twgeiod )

' in flreio)= lim

r→✗
rdw , eido =

✗
.

So I continues .
r→x

(b) f-
*

: 1-1,44-7 Hall
'

) is multiplicate by NER .

z → 2 ⇒ deg (F) =n .

Geometrically
, Ss , f-* w = nfgzw for WENCH

.



(f-* w )y( V , ,Vz)=( dtylw) (4) , dFy (WICK))

dtg = Wit Zwzy 't . - . + dw ,
d- '


