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Problem 1.

If X is a CW complex (for instance, a graph) and A C X a contractible subcomplex, then the
natural quotient map X — X/A is a homotopy equivalence, whereby 71 (X) = 7;(X/A). We
satisfy these assumptions by letting A; C X3 be the union of the three inner spokes, and As C Xs
the union of two of the inner segments, as below.
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Hence 71 (X;) & 771<\/3 Sl) =~ F3 and mp(Xo) & 7r1(\/4 Sl) =~ Fy. O

Problem 2.

By problem 3 of 2006, Spring, X = S v S! v S2. Defining U =2 S' v S,V = S2 gives U NV = x,
and

Z j=0,2,

Z =0,
H;(U) = 2% j=1, Hj(V)'ZV{O lse

0 else,
We already know that Ho(X) = Z since X is path connected. Then by Mayer-Vietoris,

00— Z —— Ho(X) —— 0 —— 282 220y (x) 2y 7 Godod geo 7

is exact.
o Immediately, Hy(X) = Z.

o By exactness, ker(k; — £1) = 0, so ker(9;) = im(k; — 1) = Z®2. Next, note that (i, jo) is
injective since it’s induced by the inclusions ¢ : U NV < U and j : U NV < V of path
connected spaces, so im(01) = ker(ig, jo) = 0. Thus Hy(X) = Z%2.

zZ  j=0,
792 =1
Hence H;(X) = ‘7 ’ O
Z  j=2,
0 else.
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Problem 3 (7).

No. Suppose ¥ C R3 is a compact immersed surface without boundary and satisfies K(x) = —1
for all x € . Then by Gauss-Bonnet,

—area(3) = — //E dA = //E KdA = 27x(Z) = 2m(2 - 29),

where g is the genus of ¥. Thus —27(2 — 2g) = area(X) > 0, and so we must have g > 1. But it’s
well known that any surface with genus g > 1 contains points having positive Gaussian curvature,
so we’ve reached a contradiction. (]

Problem 4.
Background. The orthogonal group O(n) C Mat, (R) is the group of isometries of R™, that is, the
group of those matrices € Mat,,(R) which preserve the dot product, (z-,z-) = (-,-). It’s the real
counterpart of the unitary group U(n) C Mat, (C). In this problem we show that O(n) is a Lie
group.
Consider the map f : Mat,,(R) — Sym(n), where Sym(n) is the space of symmetric n x n matrices,
given by f(x):=xz". Then O(n) = f~!(1). Since f is clearly smooth, we’re done if we can show
that 1 is a regular value of f. To this end, let a € f~*(1). Then for any = € T,Mat, (R),
fla+ hz) — f(a) i aa’ + hra' + ahx’ + b2z’ —1

= lim

dfo(w) = flllno h h—0 h
T

= lim (:L'aT +az' + ho:xT) =za" +az'.
h—0

The right-hand side is indeed in Sym(n) since taking its transpose leaves it unchanged. And, df,
differential is surjective since for any y € Sym(n),

1 1 1
dfa(iya) =3 aile —|—§ aa’ y' =uy.
= =1 =y
This shows that O(n) is a manifold. To find its dimension, observe that any matrix in Sym(n) is
completely determined by its n diagonal entries and %(n2 —n) entries in the upper triangle. So it
follows that we have dimg(Sym(n)) =n+ 4(n? —n) = in(n+1), and

dimg(0(n)) = dimg(Mat,,(R)) — dimg(Sym(n)) = n? — 1n(n +1)= %n(n —1).

2
|
Problem 5.
Note that w = o on S™~! since the denominator of « is identically 1 here. Then by Stokes,
/ a:/ w:/ dw:/ dzi A ... Adx, =vol(B™) # 0.
Sn—l Sn—l n n
If o = d3 for some 3 € Q""2(R™ \ 0), then we obtain the contradiction
[ a=[ =] 50
Sn—1 Sn—1 osSn—1
|
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Problem 6.
Suppose X € X(R?") satisfies txw = df. Then upon equating the two expressions

ixw =Y ux(de; Ady;) = [(exda;) Ady; — daj A (xdy;)]

j=1 j=1
and
" (Of of
df = <dx4+dy->,
= ox; 7y
we have dz;(X) = ixdx; = BBTfj and dy;(X) = 1xdy,; = —5% for each 1 < j < n, whereby
x=% (Wa 7 Wa) ,
= 8yj 6.1‘j ij ayj
Note that dw = 0. Then Lxw = tx dw +dixw = d(df) =0 by Cartan. a
~ =~
=0 =df
Problem 7.

(a) If @ € C,(X;Z) has O = 0, then « defines a homology class [a] € H,(X;Z). Since H,(X;Z)
is a finite Z-module, there’s some k € Z\ 0 with k[a] = 0 € H,(X;Z), or equivalently, koo = 93
for some 8 € Cpy1(X; Z). O

(b) The element u € CPT1(X;Z) defines a cohomology class [u] € HP*1(X;Q) =2 0 since du = 0.
Then [u] =0 € Hf“(X; Q) and hence u = dw for some w € CP(X;Q). With «, 8,k as above,
we define a map L,, : C,(X;Z) — Q by

fua) = Lu(g) = %dw(ﬁ) _ %w(aﬁ) - %w(kza) — w(a).

Indeed for any pair 3, k satisfying ko = S, the right-hand side is dependent only on a, so L,
is well defined. Moreover, suppose o € C,(X;Z) has [a] = [¢/] € Hy(X;Z). Then a—a’ = dv
for some v € Cp11(X;Z), and so

Lu(a) = Ly(a/) = w(a — o) = w(dy) = dw(y) € Z = [Lu(a)} = {zu(a’)} € Q/Z.

Thus we have an induced well defined map L., : H,(X;Z) — Q/Z given by L,([a]) := [L.(a)].

And since w = L, is a homomorphism, then so is L. O
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