
Fall 2009 #
f :M→N .

MN compact oriented mfds of same dimension n
.

f-* (mind)e IT
,
IN) has finite index as a subgp.

Ca) Prove [ñ,
IN) : f-* (Kdnl)] divides the degree off

.

(b) Give ex .

where Girl : f-
* (MIMI] =/ degree off .

(a) We know Hnth)
,
HNIN) =L

, so f* : Hnlm) → HNCN)
I → E

B multiplication by an integer K which
✗ ↳ kx

is the degree of ✗
.

Denote l :=[MINI :f*lñilMH] .

Let p :Ñ→N be a

covering with P*HilÑ)) = f-
* ( it ,lM))

,
guaranteed to exist

by classification of covering spaces
. Then the lifting

criterion is satisfied and I f- iM→Ñ
. Also

,
sire

p*(MIND has index l , it is on l - sheeted covering .

Ñ is n - dim 't as well
, so we get induced

homomorphism on homology f*=P*oI* : Hnlm)→Hn(N)
.

Hence deg (f) = deglp) deg (F) .

In particular degcp)

divides deg (f)
,

and deglp) is l
.

(b) T2-> T2 MIND→ MUY
24 2×2

a

is ↳ s

0

I o



Ñ 1- sheeted

¥.

-

'

⇒

his leg (f) = tegcpoftdeglp)tg(F)

Mt> N

HNIÑJZ

¥7 tp* ?⃝
vlad

£-41m ) ¥ HnlN)z
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Is there a diff . map R2→Ñ that sends reef. frey

÷ to v.f. X=x%~t§
,

and sends v.f. % to

v.f. Y=¥txZy ?

ftp.Tp/R2-sTpRZ Hence
,

dfp = ( TI) in

11,0) → (Xsl)

(Q1) 1-> C- 1.x)
matrix form

.

Then 2¥,=x , ?¥= -1 ,
?É=1 , ?÷=✗

for f- IX. g) = ( flags, f-Ynys ) .

Claim : $ f
'
: R'→ R s .t . 3¥ =/ and 2¥y=x

The only f-
2 satisfying 3É=x are of

the form Xy + gtx) .

Then 3¥ = y +91×31=1 .

Hence the answer to the original qrosnn B
.
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Let fish→ Sn degree 5

.

(a) show I x , C- Sn s .t . f-(4) = -Xi
.

(b) Show I xzc.sn Svt
.

fix)=Xz
.

If ☒ x.ES
"

s .t . fcxi )=
-X

,
,

then

we can draw a line segment from each ✗ to fix

that doesn't pass through the origin . Let this path

be parameterized by lxlt) .

Since the line doesn't

pass through 0
, the path f¥¥ is well defined and

lies in S"
.

These paths give a homotopy from the

identity map to f. then deg (f) = deg G-d) =L ⇒⇐.

This proves (a) .

Similarly
,
if (b) is false then we get a homotopy

from f to the antipodal mep whih his degree 1=1 ,

a
contradiction

.
In this case me drain line

segments from fix) to → .
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M compact submfd of Rn w/ dam In -3

.

f : B2→ Rn differentiable .
Tv : Rn-> Pin translation

along ✓ C- Rn .

(a) Show I arbitrarily small vectors VER
" s.t.tk

image of Tv of B disjoint from M ,

(b) Conclude tht R "
- M simply connected

.

First we show G)⇒ (b) ,

let 8 be a loop based at Xo in Rn - M
,
which is open .

F X E 8
,

there is an open ball nbd containing ✗ in R^-M,

call it Bqxlx) where Ex is the radius
. This B an open cover

of 8 which is compact since 8 :[0, ☐→ pi- M
.

Thus
,
I

✗
, , . .

-

,
XK finite points s.tv Ya U Booxicxi)

.

Let E=min{Exi}

Then there is a vector V Sit . IVKE and ⇐ of)(BY disjoint .

from M . Now ,
we can build a homotopy from 8 to

the constant map Cxo
.
First there is a homotopy from

8 to Ñ := v. Troy • V " where V is the path from E. to X.tv.

We can see that in this diagram :

•☒•I
"

Then I is homotopic to

Cxo since Tv 08 Cxotv

with Trot serving as a homotopy .

Since 8 was arbitrary
,

IT,(R^ - M) trivial
.



Now we prove (a)
.

let 9 : MxB2→1B
"

be smooth .

t.im/MxB4sn so

by Sal 's thin
,

g(MxBD his measure
0 in R

"

.

if we can have glM×B4= {VER
"

:(Trot)lB4nM¥0}

then we are done because if (a) is false then

{ VER
" :(Trot)lB4nM¥0} would have positive measure.

Define g(X, 9) = X - fly) ER
" for XEMCIRN

,
GEB?

Then g(MxB2)= { VER
"
: v=X - fly) ,

✗EM
, YEB
'}

= { VERY i ✗= Vtfly)
,
✗EM, YEBZ}

= { VER" :X-1%01-1195 , XEM, YEBZ}

= { VERY :(Tof)lBYnM # of}
.
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WENCK "" - {03) closed . f,g:s^→R

"'
- {03 diff

.

claim : the ratio %fg*!¥, EQ when denominator to
.

Define r :B
""
- { 0 } → 5 " by rlH=¥

,
a retraction

.

Then roof
, rog :S

" -25 "

have degrees Kf and kg C- 2
.

That TS
, Sgnlro f)

*
D= Kfssnid for a any

diff
.

form
.

ons"
.

Is there an ✗ c- ITSY sit . r*G)=W ?

I : Snc> Pitt - { o} is the inclusion mep .

then poi -_ Id ⇒ i*or*=(roij*=Id*= Id

⇒ r* surjective
,
so yes

,
7 a St

. r*(d) =W
.

Then (rot)*& = f*fr*K))=f*Cw) and d. g)
*
= g*cw)

.

Then

fsnf*lw)= kffgnd
and S.sn 97W)=KgSgnd

Hence
, sgntg.IT?-,=E;-c-Qwhenkg=o .
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f- surface of genus 2 ER
}

.

W is the closure of the

bounded component of IRB-5
,
ie .

the solid with bounty 5
,

Wes 'vs '
.
Compute Hnlw , g) .

we get the relative

long exact sequence of homology ;

- - - → Hnls )-> Hnlw) → Hnlms)→ . - -

tinlw)=H~n( sirs ' )ñ tints .tt/-TnlsD--Sz+Okn-- I0 else

I n=O

So Hnlw)={z①zn=l
0 else

let's do M.V. for S
.

Let A = left hrivs and

B-- right torus as such : B
A ←

Then AAB 55
'

,
A,B =P- {*3=5

'
vs

'

so we get :

- .
-→ Hnlsi ) → theirs

' )④Hnls'vsD→Hn( 5)→ . . .

{ a
" " {YI e

0 else
24 n=I

For n >_ 3 we have 0→ Hnls) -20 ⇒ Hnls)=O
.

Otherwise, we have ( since Hols)=Z by path connectedness)

0→ His ) -77<-724-21-1,15)→2→z④z → I -20



Consider Hits ' )i*_¥H,CsvsD①H ,
csvs

')

I → 24

If we have a loop in ARB
,
then we have a loop

this

around the puncture in A. As we can see in
is a

the same representation " tVY?
,

""

a)in the

torusµ¥ - {*} gets sent to sirs '
. * µ

And aba
- '

b- 1=0 in homology
⇒

Hence 2-724 is

two - men
, and iµp%n = n ns.:0

mm ,

,nm
0×-0>1-4151 -72×-0>24

implying His)=z by exactness .

The prep Holst)→ Holt )①Ho(B) has kernel 0
z → 202

× 1-7 (a) b) So im (1-1,61-22)=0 .

Then we have ¥24 → His)_% implying

Hits )~~Z " by exactness
. Hence Hiss -_ {

% " " "

24 n=l

0 else

Then our original sequence is

-
. -→ Hnls)→ Hnlw)→ Hnlw,

5)→ - - .

For nz 4 we have 0-7 Hnlms)→O ⇒ HnC4
For n =3 we here 0→ Hzlw,s)→z→O ⇒Hzl4d-☒
otherwise we

have

0→Hz(W,s)→ 24-72+02 → Hilwis) -72-22 → Hocus)→O



The final I -22 is on isomorphism
,
so t= since

Holms )→ 0
.
This also means im(z④Z → Hons))

= Her / Hilwis)# 2) = 1-1,145)
.

Consider Hits)→Hdw) whish has Ker = 7<+02

24 → 2+02 and image = 2+02
a

;}i→{ :
then imltlzlw.SI ↳ I")=Z④Z ⇒Hz(w,s)=z
and Ker / z①I→> HHS) ) = 21-02 ⇒ image =O=H(
In Sumi Hnlus)={Y?!=z n =3
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M compact
,
connected submfd of oriented mfd N of d.mn

dim M= dim N - 1
.

Claim : M orientable ⇐> it admits

arbitrarily small connected nbds ns.t.u-M is disconnected .

I. e. ⇐ it open VCN containing M,
F open connected UCV

S.t. U-M not connected
. Mc?⃝

let 2 be an orientation form on N .

i. e. 2 nonvanrshny n -form
.

Let M be orientable with w orientation form
.

Since M is compact, it is covered by finitely

muy ,
positively oriented coordinate charts U

'

, .
.
. ,U

" with

positively oriented coordinate fumes ( Ed ) , . . , LEE )
,

Then we get a posit direction at each point

based on the oriatntm Of N
,
whehi} consistent

.

?⃝ Ask


