USC Qualifying Exams — Geometry and Topology Alec Sahakian

2009, Fall

Problem 1.

(a) Let p: N — N be the cover corresponding to the subgroup f,(m1(M)) C m(N). This cover
has k sheets, where k := deg(p) = [m1(N) : fu(m1(M))]; note that k is a finite integer by
assumption, and is nonzero since p is a covering map. By definition of p, there exists a lift

N
~ g
af lp
M L> N,
whereby deg(f) = deg(p o f) = deg(p)deg(f) = [r1(N) : f.(m1(M))]deg(f). O
(b) The antipodal map a : S? — S? given by a(x) := —z has deg(a) = —1, but since S? is simply
connected, we have [11(S?) : a.(m1(S?))] =[1:1] = 1. O

Problem 2.
No. Suppose f: R? — R? is differentiable and has df(Z) = X,df(a%) =Y. Then

0 0 0 o0fr 0  Ofy 0 0 0 0 0fr 0  Ofy 0
xax + dy df <8x> Oz Ox * Ox Oy’  Ox +x8y df <8y> Oy Ox * Jy Oy
and this in particular gives the system of equations

0fs | 0f2 _
Ox Ty

The equation on the left gives fo(x,y) = x + g(y), for some function g : R — R of y, but the
equation on the right gives fo(x,y) = zy + h(z), for some function h : R — R of . These two

expressions for fo can’t agree on all of R2. O
Problem 3.

If there are no points x € S™ with f(z) = z, then f is free of fixed points, and is thus homotopic
to the antipodal map a : S® — S™ given by a(z) := —z, by problem 3 of 2014, Fall. But
then deg(f) = deg(a) = (—1)""!, a contradiction. Similarly if there are no points z € S™ with
f(x) = —=x, then —f is free of fixed points, and is therefore homotopic to a. Then

deg(a)deg(f) = deg(a o f) = deg(—f) = deg(a) = deg(f) =1,
again a contradiction. O

Problem 4 (7).
(a) Let g: M x B2 — R" be given by (z,y) — x — f(y), and observe that

im(g) = {v € R™ | there are v € M,y € B*so x = v + f(y)} = {v € R™ | T,(im(f)) N M # o}.
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Now for any v € im(g) and any (z,y) € g~ *(v), the map dg(, ,)(M x B*) — T,R™ is nonsur-
jective since dimg (M) < n — 3 and dimg(B?) = 2, so dim(im(dg(,,))) < n — 1. Hence v is a
critical value of g. So by Sard, the complement

R™\im(g) = {v e R" | T, (im(f)) " M = &}

contains all of the regular values of g, and thus has full measure in R™. Therefore R™ \ im(g)
contains arbitrarily small vectors. (Il

Take any g : S' — R™ \ M; we’re done if we can show that g is nullhomotopic. Consider a
(continuous) map f : B2 — R™ which glues dB? onto g(S'). Since M and g(S') are disjoint
compact sets, then there exists an open neighborhood U D ¢(S!) disjoint from M.

Thinking of B? as the closed unit disc in C, then there’s some € € (0,1/2) small enough so
that f~(U) contains the “open collar”

Cye := {z € B? | dist(z,0B?) < 2¢}.

Analogously defining the open collar C. C Cs,, then B2\ C, is itself homeomorphic to B2. So by
(a) there’s an arbitrarily small vector v € R™ such that v+ f(B?\ C.) is disjoint from M; since
U is open and f(Cs) C U, we may choose v small enough so that v + f(C2.) C U C R™\ M.

Finally consider the homotopy {h: : B2 — R™ \ M }o<¢<1 given by

ha(2) = te ldist(z,0B*)v + f(2) =z € C,
ST o+ f(2) 2z € B2\ C..
We see that {h:}o<i<1 is a homotopy between hy = f and the map hq which pushes the “inner
disc” f(B?\ C.) by v, fixes the boundary f(S'), and continuously connects these images by a
collar which lies entirely in U C R™\ M.

But hy(B?) is the image of a (contractible) disc, mapped into R™ \ M. Hence there exists a
further homotopy {k; : B> — R™ \ M }o<;<1 which contracts this image to a point ¢ € h;(B?),
ie. kg = h1 and k; = ¢, where ¢ : B2 — R” is the constant map to ¢. The composition of
these two homotopies, restricted to the boundary 9B2?, is a nullhomotopy from ¢ to c. O

Problem 5.

Recall that S"~! is a deformation retract of R™ \ 0 via the normalization map u : R**1\ 0 — S"
given by u(z) := x/||z|. Hence we have an isomorphism u* : Q*(S™) — Q*(R"*1\ 0), so

/ = S e = / (o ) ((u)w) = deg(uo f) / () 1w

n

and similarly for g. Therefore as long as the denominator on the left is nonzero,

fsn frw _ deg(u o f) fsn(u*)*lw _ deg(u o f) c
Jsng*w  deg(uog) [q.(u*)"lw  deg(uog)

since deg(u o f),deg(uo g) € Z. O
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Problem 6.
Observing that the solid genus-2 surface W is equivalent to \/2 St

Z j ::Q
. Z j ::07
H ~ 2@4 le’ H o ®2 S
R T R I !
’ 0 Ise.
0 else, e

By the long exact sequence --- — H;(S) — H;(W) — H;(W,S) — H;_1(S) — --- for relative
homology, we have

0= Hy(W,8) = Z — 0 — Ho(W, ) B 204 2 292 "L (W, 9) B Z % 7 58 Ho(W,S) — 0

and we calculate the relative homologies as follows.
o Immediately, Hs(W, S) & Z.

e Hi(S) is generated by two lateral loops [z1],[z2] and two meridianal loops [y1], [y2]. The
natural inclusion ¢ : S — W maps z1, 22 to themselves, so that ¢1([z1]),¢1([z2]) generate
Hy (W) = Z%2 but includes y1, y2 into contractible meridianal discs of W, whereby we have
11([1]) = t1([y2]) = 0. Thus im(d2) = ker(e1) = Z%2, and also ker(dy) = 0, so it follows that
Ho (W, S) = 792,

o By the above, ker(k1) = im(11) 2 Z%2, and so ker(d1) = im(x1) = 0. Also ¢ is injective since
it’s induced by the inclusion ¢ : W < S of path connected spaces, so im(d1) = ker(zp) =2 0.
Thus Hy (W, S) 0.

o We now have ker(kg) = im(19) = Z since ker(ip) = 0. Then im(kg) = 0, and since kg is
surjective, then Ho (W, S) = 0.

0 j=o0,1,
782 =2
Hence H;(W, S) = 7 j 3’ O
J =9
0 else.

Problem 7 (7).

Remark. 1 think this problem is way too hard for a qualifying exam. Maybe there’s an easier
approach which didn’t occur to me.

Let n := dimg(N). We begin with the following construction at some fixed point © € M. Let
V C N be an open subset containing M.

e Since M C N is a codimension-1 submanifold, we can find a connected chart (W, ¢) centered
at = in the maximal atlas of N such that ¢(W N M) = ¢(W) N (R*~! x 0). W.Lo.g., W was
chosen small enough so that W C V. We have an induced homeomorphism

n—1 n—1

¢o: \ T"WAM) = N\ T (W N M).
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Now, A" ' T*¢(W n M) is a (locally trivial) rank-1 vector bundle and ¢ is a homeomor-
phism, so we may assume w.l.o.g. that W was also chosen small enough so that we have a
trivialization

n—1

fr \ToWNM)— ¢(WnM)xR.

e By our choice of ¢, we have a natural inclusion ¢ : d)’WnM(W NM) = (W) N (R x 0)
of codimension 1. And also since ¢(W) is open, we can find a sufficiently small connected
neighborhood S C ¢(W N M) x R of ¢(W N M) x 0 such that we have an inclusion

g—(LdeR)} Sf—>q5( ),
which further restricts to a homeomorphism g : S — g(S)7 denoted again by g¢.

o Hence the composite go f o ¢, : /\”71 T*(W N M) — ¢(W) restricts to homeomorphisms h
and hg as in the commutative diagram below. Let S be the preimage ¢, o f~1(S5), let R be
the preimage ¢! o g(S), and let Ownns : W N M — A"~ T*(W N M) be the zero section.

ALTHW A M) 90700+ H(W) o W

S h g(S') ¢71’9(§) R

g

- ¢ S
S\ im(Owrr) - g(§) N (R x ) 20,y

We now repeat this construction at each point x € M, writing = as a subscript for each of the
maps and spaces above to keep track of the base points. Denote also by ¢, the restriction ¢| R
for each x € M.

n—1

A TuWn M) /\T S6(W M)

~p(W) (W)

(W N M) xR o(WNM) xR N

n—1 n—1
AT (WnM) AT oW M)
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We thus obtain a collection of charts {(R,, ¢s)}een for M. Clearly {R;}zcar i an open cover
for M, so we may choose a finite subcover {R;}.; by compactness of M, and consider the
corresponding collection of charts {(R;, ¢;)}7";. Now Ry, ..., Ry, are open and connected, and M
is also connected, so the union U := UTZl R; D M is itself open and connected.
o Assume that M is orientable. Then T*M — M is orientable as a vector bundle, which means
that the space ( AN M ) \ im(0,/) has exactly two connected components. Then

n—1
Sj \ im(OW].mM) C ( /\ T*(Wj ﬂM)) \im(Oij]yj)

also has more than one connected component, for each 1 < j < m. Hence via the composite
homeomorphism S; \ im(Ow;,nar) — R; \ M for each 1 < j < m, the space

o= (U a)var= U

is also disconnected.

o Conversely, assume that for every open subset V' C N containing M, there’s a connected
open subset U’ C V such that U’ \ M is disconnected. We take V to be the open subset
U constructed above, and let U’ C U be a connected open subset such that U’ \ M is
disconnected. Then upon patching together the disconnected images of the homeomorphisms

R; \ M — S; \ im(Ow,nn) for each 1 < j < m, we see that (A”_lT*M) \ im(0ps) is
disconnected. Choosing a connected component of this space specifies an orientation on M.

]
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