
Fall 2007 #①
✗ path connected

.
Hp(Xi2)=0 t OGPEN .

Compute Hp(x+S^;2) it OLPEN .

Let A- = ✗ ✗ (SMN) and B= ✗✗ (5^-5) for Ms

the north and south poles of sn
.

Then AAB=X×(s^ - {Nis } ) def. retracts to ✗ ✗ 5^-1
.

A
,
B def retract to ✗ ✗ {s} , ✗ ✗ {v3 both - X .

.

- . → Hp(An B)→ Hp(A) ④ HplB)→ ftp.lxxsn)→ . -
.

ss ss is

- - .

→ Hp (✗✗5)→ Hp(⇒④ Head → Hp(✗✗5) → -
- -

so we get for 1 < psn

Hplx)④HpH)→Hp(✗ ✗5)→ ftp.ixxsn-Y-sltp.ilxlttk.CH
0 0

implying Hplxxsn)= ftp.lxxsn-YV-kpsn .

Thus Hp (✗ ✗ 5^1=1-1
,
( ✗ ✗ Sn

- Pti) If lspsn .

We have

1-1,1×1+01-1,1×1 1-1,1×+5
" - P ") -0s Hofxxsn

- P) How)④HoH)

0 {
Rockin 22

22 p=n

a 1-7 ( a, a)

{ laid → (atbsatb)



kerb =imj* =
0 ⇒ 2 injective .

im > = Keri * = { 0
• < ran

2 p=h

⇒ 1-1,0×5
- P ") = {

0 o< Pen

2 p=n

Hence
, Hp ( ✗ ✗g) = {

0 •<Pan

I p=n



Fall 2007

Cooh disjoint circles in R ? A=s'x[ oil] cylinder .

✗ = RP WA gluing 5×103 to co and

b' ✗ { I } to C
, by homeomorphisms fu ,f ,

,

compute it, G) .

Let U= 033
,
✓ = G'UCIUA V8

'

for 8 a path

connecting co and G
,
and Gili

,
8
'

small enough

neighborhoods to manton distinctness of Cosa ' and

keep V open . Then it ,V , UAN path connected

AN open ,
and UUV =X

.
Hence SVK gig

19,1×1=19,11197 * ñilciuciuttur
') / ( ilwjjcw)

-1 >

for weñiltlnv) , i : Milan ) ↳ ñilu)
,
jilt, /unite> ñ.lv)

the indeed inclusion reps
.

it,lÑ)= 1
.

Ciuc , 'uAU8
'
e SVS '

so

it,( D= 2*2 .

al un es 'VS
'

so ñ,
/ UAV)=I*z

.

Let aEñ,( UAV) be a loop around co
.

and let b. Eltham)

be the loop 8.4.84 . Then in Rs these loops

are contractible
,

but in V
,
a is sent to one

of the generates C of it, (v) .

b is sent to

dcd -1
for goats 91 of ñilv) . Hence

MIX)= 2*2/ (cited -15=4,1 / c- dad
- ' =D



Fall 2007 #3☐
Mn( R) vector space of nxn matrices w/ coeffs in R

.

det :MnlR)→R .

Compute dldet)In for INEMNIR) identity
.

µ
"

- - - Xin

÷
,

. . . ijnn)← (✗" s - -
- skins . .

- ,×m ,
. . . ,Xnn) E R

"

d"¥=[÷¥l . -
- - ¥÷k

.
]

det /A) = Ej? , 1-
Di"Xijdet( Ai;^) for any

i C- {t.sn}
,

where Aj is the matrix minor leaving out the ith

row and jth column . Let ( In 1=0 unless i=j

since Inij has a row and column of 0 's if i=j .

And dettnii ) =L tie { Is . - in}
.

This 39%-1, = {
1 it i=i
0 else

(Xu - - - Xin

Thus for any A- C- TÉNMNIR , with A- = ÷
,
. .
.in;)

dldet.IN/A)=Ei-Ixii--tr(A) .

Hence dldet)In:TqMnlR)→T±R is the trace

ss Ss map .

MNIR)
→ µ

A 1-7 trot)
.



Full 2007 #

M compact, orientable n - dime mfd

f :2MÉ> 5-
'CR

"

. F : M→R
" continuous

with ftp.m-f .

Claim : FIM) contains the center 0

of 5^-1 .

Assume not
.

Then FIM) deformation retracts onto SM
.

Call this retractor r
. Then

,
we here

sn-1€> 2M£> M-F> Pi - {03-1>5^-1
where i is the inclusion

. This composition B

the identity mp give rlflilf-Y~DD-rlflfY~ID-rtxt.ir
.

Then the indeed homomorphism (rofoiof-1)* : Hmcs " ") -21-1+(5-1)
is the identity map . But Hn

.
,( 2m ) -i*> th.IM)

is the 0- men, so this is a contradiction
.



Fall 2007 #5☐
D= {KYSER

'
: KEHYKW} w= ×¥,¥¥-

a) Show w closed in 5h .

b) show W not exact in R .

a) dw=d(¥+yt)ndy - d(¥+y.)nd✗
= "É¥¥ dxndy - "

YI.IE#disndx=-4YII+,IY--idxndg--0 ⇒ w closed inn .

b) Consider ellipse E : 4×21-92=8 CSL
which is parametrized by µHis) = (Rose, ZRs.no )

Then dx =-D sired -0 and I y=2kcosQdQ

so w=4É¥ = I do

Thus
, SEW = 5%110 = IT -1-0

.

If W exact in E
,
then w=H and Stokes gives

SEW = SE do = Syed = ↳
* =D

,
a contradiction

.

go W not exact in E
. And since ECR ,

⇒ w not exact in I.



Fall 2007 #6☐

Y : 1R2→ IRPZ Gifts line passing through 149,1)
.

C- { 199) c- R
'

; y? ✗
3-×}

.

Claim : NCT diff
.

sub .mfd of RIP?

Let f : R2-> R send CX,yj1→ -×3+x+y2

Then G- f-
'

(o)
.

Is 0 a regular value off?

dfp = [¥,|p ¥y|p] = [-3×2+1 2y]p for PEC .

29=0 ⇒ 4=0 ⇒ -xstx = 0 ⇒ ✗ C- {-5%1}

⇒ -3×21-1 C- {-2,1 } ⇒ dfp -1-0 it pec .

Hence C is a submfd of Pi by regular Val. Thm .

We see he is a diffeomorphism onto its image QCRY

and HURT = RP? Hence 4K ) is a

submanifold of YURY and ted is a

submanifold of HRT = RIP?

? Does the last part work ?



Attempt #2

4 : 1R2→ IRPZ Gifts line passing through 149,1)
.

C- { CYBER
'

; y?x3 - X} .

Claim : NCT diff
.

sob.mx of pgpz .

¥=× - É
E-vx-I-nstasx-x.tl/c)--{ [x.y.DE/RP2:-x3tx+y2-- 0 }

= { [4%7] ERP ' :-(E)' 1-5=+115--0,2-1--0}
= { [4%2] GRIP :-X> +2-2×+2-92=0 , 2- =/ 0}

Consider { [xiy.EE/R1P2:-x3+zZx+zy2--O } .

Then 7=0 ⇒ ✗=D ⇒ [On ,o] is the only e. tenet

of RIP with z=O in this set
. Hence tho]

set = Uk)U{ [0h01}
.
And it is f- " CD for

f : RPZ-> IR teethed by f- ([×,y,z]) = -x3+z2xtzy2
,

which is well defined since each term has degree 3 .

Ndu { [0,1 ,☐} is closed since it R the Prinze of

a closed set {o}cR .

And since it ☐ the smlkst

closed set containing 414
,
it is ☒

.

Is 0 a regular value off ?

dfp = [ -3×2+2-2 Zzy Zzxtyofp for PE f-
'

( o)
.



dfp =D ⇒ 2zy=O ⇒ 9=0 or 2- =D
.

4=0--7
5=0 ⇒ y=o

and

7=0 ⇒ -3×2=0--7/2--0
.

But [90,0T¢ RPZ ⇒⇐
.

9=0 ⇒ 2z×=O ⇒ Xorz=0 ⇒ 2-2 or -3×2=0

respectively ⇒ 2- or x=O respective . But again [0,0N]¢RP?

Hence dfp -10 Hp c- f-
'

lo) and therefore

Ñ4 is a diff
.

svbmfd
.

Of RP?



Fall 2007

MIN compact, connected , n - link mfds

f- in-7N continuous . Half) : Hnlm;2) → Hn(N;2) nonzero
.

f-* : IT
,
/Miko) → IT,

IN
,
1-1%1)

.

Claim : f-* (Atm ;xo ))

has finite index in it
,
/Niftxo ))

.

Hint : covering of N
.

Hatcher Thm 3.26 ⇒ Him :D , Hnlni 2) = 2 if M, N orientable

or 0 if nonorientable
.

Since Hnlf ) -1-0
,
it must be that

AN orientable
.

Thus we can let K= deg (f)⇐ beg (Hnk) :z→z)
By classification of covering spaces, F covering

P :Ñ→ NS.t . p*(tilÑ)) = f*(Film)) SITTIN) .

Thus
,

we want to show that p*(HTIÑD has finite

index
,
i.e. Hit P :Ñ→N is a finite-sheeted covering .

Assume not
,

then Ñ not compact ⇒ HNCÑKO
.

But then Hnlf)=Hn(Pot)= Hnlptotlplf) : them)→HnCÑ)→Hn(N)

must be the zero - mere
,

a contradiction
.

- ?⃝
moment ⇒ I :M→Ñ not surjective .

then let It Ñ - films .

F nbd U of q

that doesn't intersect ICM .
Let w be supported on U

.

Then fµI*w =D ⇒ degli)=O
.


