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Problem 1.
We already know that Ho(X x S™) 2 0 by path connectedness. If j > 1, then by Kiinneth,

H; (X % S™) 2 [Ho(X) ®H;(S™)] @ [H;(X) @ Ho(S™)] @ @D Hi(X) ®H.(S™) = H;(X) @ H;(S™).

~7 ~7 k7£21 )
= = kt+l=5  —
Z j=0,n,
Thus H; (X x S*) = J = O
0 else.

Problem 2.

Let U =2 R3, and let V be the union of the attached handle and a curve v connecting C; to Cs.
Then U is equivalent to a wedge of two circles, and U NV is the “pair of handcuffs” C; U~y U Cs.

Denote by i : UNV — U and j : UNV < V the canonical inclusions. Then i, : 7 (UNV) — m1(U)
is trivial since 1 (R3) & 1, so it remains to determine j, : 71 (UNV) — 71(V). Thinking of Cy, Cy,
and v as oriented paths, we see that 71 (UNV) is generated by the loops [C1] and [y*Cy*~y~1], and
71(V) is generated by [C1] and [y]. The inclusion j sends [C1] to itself, but identifies [C1] and [Ch],
which are now connected by the 2-cell A. Hence j,([C1]) = [C1] and ji ([y*Coxy~1]) = [y*Crxy~1].
So by van Kampen
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O

Problem 3.

We may think of det as a function R™ — R, with R"’ being coordinatized by (z;;)1<i, j<n. Then
for the matrix I = (z;;)1<i,j<n € Mat, (R), denoting by I;; € Mat,,_1 (R) the matrix obtained from
I by deleting the i-th row and j-th column, for 1 <, ;5 < n, we have

L 0 0 i#7,
det([) = Z xij(—l)’ﬂdet(lij) — ( . .
1<ij<n Oy 1 i=

det> (I) = (1)t det(1;;) = {

n

Hence for any matrix v = (v)1<; j<n € TrMat,(R) =R 2, we have

(d(det)s(v) = > <8ijdet> (I)vij:Zvjj:tr(v),

1<i,j<n

where tr denotes the trace. Hence (d(det)); = tr as maps from T;Mat,(R) = Mat,(R) to R. O
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Problem 4.

The sphere S"~! is a deformation retract of R \ 0 via the normalization map u : R® \ 0 —» S"~!
given by u(z) := z/||z||, so assuming that 0 ¢ im(F), we have a well defined composite f~touoF :
M — OM which fits into the diagram

-1
oM d M—LE S R\0 45t — L g

(ftouoF),

H, 1(OM) —— H, (M) H,_1(0M).

Notice that the composite function OM — dM along the top row is idgys since F|aM = f, so the
induced composite function H,,—1(0M) — H,,_1(0M) along the bottom row is certainly nonzero.
However, the single generator [0M] € H,,_1(OM) is clearly mapped to a boundary in H,,_1 (M) by
Ly, and so

(f " owo F). o ([M]) = (f " oo F).(0) = 0,
a contradiction. 0

Problem 5.
(a) We have that

T Y 0 T 0 Y
dv=d|——= |Ady—d| ———— | Adz = | — | ———— — [ —"—= || dzAd
w (4:172 +y2> y <4z2 +y2) . L{h (4:1:2 +y2> + oy (4172 +y2>} rAdy

B —411,‘2 + y2 4332 _ y2
- (41,2 + yz)z (43:2 + y2)2

]dx/\dy:().

(Note that the denominators above are never 0 on €2.) ]

(b) Consider the ellipse X C € defined by the equation 42% + y? = 42. If w = dn for some
n € Q°(Q), then by Stokes [y w = [, 1 = 0 since X = @&. But parametrizing X by
x(t) := 2cos(t) and y(t) := 4sin(t) for 0 < ¢ < 27, we have

[Ty O =y’ ) L [T
/Xw_/o v dt_—/0 8 [cos®(t) +sin’(t)] dt =,

16
so w can’t be exact on (2. O
Problem 6.
e The set
2,2 3 Ty y» 2w
e(C)=A{lr:y: 1] eRP* |y —x +x=0}={[2:2:1} 22—23+Z=0,zeR\0}

={lr:y:z]| v’z — 2>+ 222 =0,z € R\ 0}.

isn’t closed since it doesn’t include the case z = 0. Consider the equation %z — 23+ 222 =0
with z = 0; regardless of the choice of y € R, this equation yields z = 0, so the only element
of RP? satisfying y?z — 2% + x2? = 0 which doesn’t already belong to ¢(C) is [0 : 1 : 0]. Then
defining f : RP?2 = R by f([z: ¥y : 2]) := y?2 — 2> + 222, we have that

RO ={[z:y: 2] | v’z —a3 + 222 =0} = p(C)U{[0:1:0]}.
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This set is closed since it’s the preimage of the closed point {0} C R under the continuous
map f, and is also obviously the smallest closed set containing ¢(C). Thus f~1(0) = ¢(C).

e So to show that (C) is a submanifold of RP?, we need only verify that 0 is a regular value
of f. To see this, let [z :y: 2] € f71(0) and consider the map dfjz.y:z] © Tiaiy:s) RP? — ToR,

dfleiy:z) = (—35(}2 +22 2yz Y+ 2xz) .

This linear map is surjective as long as one of its entries is nonzero. Now, at least one of
x,y, z is nonzero by definition of RP?, so we have the following cases.

e Suppose x # 0. If z =0 then —322 4+ 22 # 0. If 2 # 0 and y = 0 then y? + 2zz # 0. If
z # 0 and y # 0 then 2yz # 0.

e Suppose y # 0. If 2 # 0 then 2yz # 0. If z = 0 then y? + 2x2 # 0.

e Suppose z # 0. If y # 0 then 2yz # 0. If y = 0 and = # 0 then y? + 22z # 0. If
y =2 =0 then =322 + 22 £ 0.

Hence 0 is indeed a regular value of f.
O

Problem 7.

Let yo := f(xo) € N, and let p : (N, %) — (N,0) be the covering space corresponding to the
subgroup f.(m1 (M, xo)) C m1(N,yo). Then

k= [7T1(N, yO) :p*(ﬂ—l(NagO))] = [ﬂl(Nv yO) : f*(ﬂ—l(M7 IO))]&

and p is a k-sheeted covering of (M, zp). So we’re done if we can show that k < co. Assume that
k = co. Now by definition of p, there exists a lift

(N7 gO)

(M, o) 1 (N, %0)-

Since M is compact, then so is im( f ) C N. But N is certainly noncompact since it’s an co-sheeted

covering space, and so f is nonsurjective. Then deg(f) = 0, and thus deg(f) = deg(p)deg(f) = 0.
But this is a contradiction since H,,(f) : H,(M) — H,,(N) is nontrivial by assumption. O
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