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Problem 1.

Assume [ is nonsurjective; then deg(f) = 0. The map [,, : Hjg(M) — R is an isomorphism
and the map f* : Hjg(N) — Hjz(M) is surjective, so [, f* : Hjzg(N) — R is surjective. But by
definition of degree, [,, f* = deg(f) [ = 0, and the zero map is nonsurjective. O

Problem 2.

o We first set X, := (T2]I D1)/ ~, where we identify each point €? € 9D;,0 < 0 < 2, with
the point (e’??,1) € T%. Now let U := D; C X, and V := T2 C X, so that UUV = X,, and
UNV =0D;. Leti:UNV — U and j: UNV < V be the canonical inclusions.

Firstly, the induced map j. : m (U NV) — w1 (U) is trivial since U is a contractible disc.
Next, observe that 71 (U N'V) = 71 (S!) = Z is generated by a single loop u, and (V) =
71(T?) = Z%? is generated by a meridianal loop z and a lateral loop y. Say w.l.o.g. that
D; is the disc glued onto the corresponding meridianal circle of T2. Then the induced map
ix :m(UNV) = 7 (V) sends u to 2P, so by van Kampen

« Now observe that X,y = (X, [[ D2)/ ~, where we identify each point e € 9Dy, 0 < ¢ < 27,
with (1,e%?) € T2, Let R := Dy C X,4 and S := X, C X, so that RU S = X, and
RN S = 0Dy. Then similarly to the above,

m1(Xpq) = mi(R) *m1(RNS) m(S) = Lx ({2, 9)/{a?)) = (z.y) =7y D ZLy.

(y?) (zP,y1)

Problem 3.

The universal cover 7 : R — St satisfies m.(71(R)) D fi(m1(X)) since both of m(R),m;(X) are
trivial, and thus we have the lifting diagram on the right

7T1(R) ~1 R
A
T Elf///// s
mX)=1 —L 5 r(sh), x —1 st

Let {ht}o<t<1 be a homotopy with hg = idg and hy = ¢ for some constant map ¢ : R — R. Then
{hto f}ogtgl gives a homotopy between f : X — R and the constant map ¢ : X — R. We likewise
have a lift g : X — R, together with a homotopy between ¢ and ¢. So f and g are related by some
homotopy {k:}o<i<1 with kg = f and k; = g, and then {m o ki}o<t<1 is a homotopy between f
and g. O
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Problem 4.
Let X := S! x D? be the solid torus and A := S' x 9D? its boundary; then X = S and A = T2, so

Z  j=0,
~ JZ j=0,1, o 2% j=1,
H;(X) = H;(A) = :
0 else, Z j=2,
0 else

By the long exact sequence --- — H;(A) — H;(X) — H;(X,A) — H;_1(A) — --- for relative
homology, we have

0= Hs(X,A) > Z — 0 — Hy(X,A) 37292 5 72 " H(X,4) B Z 3 7 8 Hy(X,A) — 0

and we calculate the relative homologies as follows.
o Immediately, Hs(X, A) = Z.

e Hy(A) is generated by a lateral loop [z] € H1(S!) and a meridianal loop [y] € H;(0D?). The
inclusion ¢ : A < X maps z to the same lateral loop, so that ¢1([z]) is the single generator
of Hi(X) = Z, but includes y into the contractible component D?, whereby ¢;([x]) = 1 and
t1([y]) = 0. Thus we have im(ds) = ker(11) = Z, and also ker(d2) =2 0, so Ha(X, A) = Z.

~ ~

o By the above, ker(x1) = im(:1) = Z, and so ker(d1) = im(k1) = 0. Moreover ¢ is injective
since it’s induced by the inclusion ¢ : A < X of path connected spaces, so im(d1) = ker(1g) =2
0. Thus H; (X, A) 0.

o We now have ker(kg) = im(19) = Z since ker(tp) = 0. Then im(kg) = 0, and since kg is
surjective, then Ho(X, A) = 0.

0
Hence H;(X,A) = ( Z
0

Problem 5.

For each 1 < j < n, let 6; be an angular coordinate for the j-th S! component of T 2 [T S'. Then
df; is a closed 1-form on T, and f*d6; is a closed 1-form on M, with [f*df;] = 0 € Hig(M) =2 0.
So [(f*dO1) A...A(f*d,)] =0 € Hig(M), and

0:/ (f*d&l)/\.../\(f*den):/ FAdOL A AdOy) = deg(f) [ dO1 A AdO,,
M M

T

#£0
where the integral on the right is nonzero since df; A ... A df,, is a volume form on T™. O

Problem 6.

Remark. We can actually do this more generally. Let m,n € N, denote by Mat,,«,(R) the vector
space of all m x n matrices, and denote by X C Mat,,«,(R) the subset of those matrices having
rank k € N.
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Denote by X’ C Mat,;, x»(R) the submanifold of those block matrices x = (Z

b
d

Z) whose upper-left

k x k block a is invertible. Any matrix = = (Z ) € X', written in the form above, has rank k

if and only if the product

a b Tixk —a~'b _fa 0
c d 0 1(m—k)><(m—k) “\e¢ —calb+d
——

mxn mxXm nxm

has rank k, since the matrix we’re multiplying by is invertible. Since a already has rank k, this
requires the lower-right (n — k) x (m — k) block —ca=1b+ d of the matrix on the right-hand side to
be 0. Thus the space X" of rank-k matrices belonging to X’ can be identified with f~*(0), where
f is the smooth map

fi X" = Mati_pyxm-n)(R), f(z):=—ca 'b+d,

with a, b, c,d corresponding to z as above. To conclude the proof, it’s enough to show that X"
is a manifold, since matrices in X and matrices in X" are related by (smooth) elementary row

operations. Now, it’s enough to check that 0 is a regular value of f. For any x = <(CI Z) e f~10),
if y € Mat () x (m—k)(R) is arbitrary, then defining

o1 0,1] = Mty o (R),  a(t) := (“ Z>+t<0 0>,

c 0 y
we see that
af. (§ §) = (Foa)(O) = (~ea b d 1) (0) =,
whereby df, is surjective. Thus X" is a submanifold of X', and in particular is a manifold. O
Problem 7.

Suppose w € Q1(S?) has ¢*w = w for every ¢ € SO(3). Then for arbitrary x € S? and v € T,S?,
We (V) = P*wz (V) = We(a) © doz(v)
for every ¢ € SO(3) by the definition of the pullback. Now SO(3) acts transitively on TS? by

¢ (y,w) := (¢(y),dpy(w)), so we may let ¢ € SO(3) above be such that ¢ - (z,v) = (z,0), and
thus w,(v) = 0. Hence w = 0. O

10
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