Analysis Qualifying Examination
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Tuesday, May 2, 1995

InsTRUCTIONS. Do any seven of the following problems; begin each problem
on a fresh sheet of paper.

Problem 1. Let f(z) be analytic in |z| < 1, with f(0) = ap # 0. If M =
]|:I'1|Ei}11£|f{z}|, show that f{z) # 0 for
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Problem 2. Let u be a finite measure on (X, B), suppose fn, — f a.e. on X, and
I fnllz = M < o for all n. Show that fn, — f in L.
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Problem 4. Suppose u is a measure on (X, B), and suppose the function f :
R x X — R is differentiable in the L* sense, that is, f(t,-) € L2(u) forallt and
(fit+h, )= f(t,-))/h converges in L2(u) to a limit g(t,-) as h — 0. Define

(s, t) = Lffax}f{t.xn dp(x).

o
Prove: —— exists.
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Problem 5. Show that f(z) = z% + z} + 2z + 3 has only one zero in the first
guadrant x = 0,y = 0 (where z = X + 1y).

Problem 6. [nvestigate the convergence of >, Wy, where
b

| P
s = J sin{1rx) dx.
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Problem 7. If f(z) is analytic for |z| < 1 and f(0) = 0, prove that
Z fz")
n=1

converges in |z| < 1 to an analytic function.
Problem 8. If f : R — R is Lebesgue measurable, prove that its graph
G={(x, f(x)):x € R]

has Lebesgue measure zero in R*. (Hint: first do it for bounded functions.)



