
20gp.lf.IR
→ R strictly incr . ,

cont
.

Ac pp Lebesgue mersrubr then f- ' IA) Lebesguemarble .

False
. Let Coco , D be the center set

.

Let gcxs be
the cantor function . Dehne hcx) = glxstx , hi Lois → Co, 23 .

g
,
X continuous ⇒ h continuous

.

h4xl= I a. e . since gkxt-oa.ee.

⇒ h strictly increasing .
Thus h " : [0,23 → Cord well defies

,

continuous
,
and strictly increasing .

Consider mlhko.DK/)=m(hlUTlai,bi) )) where {Caissons are the intervals

= m ( UT hkaisbi)) )
' fakes out to form C

.

= ET mlhllai , bit ) )
,

sine h strictly increasing
= ET mllhlailghlbil) )
= EF mllglailtai

, glbitbi ) )
= ET bi - ai

,
since gcai) - g Choi)

= mlco.DK)
= I

Thus
, m ( h ( C)) = mkay)-mlhlco.DK) ) = 2-1=1

.

Then
, F non -measurable set E cha)

,
since mlhcc)) > O

.

But h
- ' (E) ch- ' Ch (D) =L,

and set in Lebesgue measure
.

Since Lebesgue measure complete, h
-'CE) Lebesgue mensurable .

So fake f -

- ht
,
with tails that go to ta on IR

,

and take A ⇐ h " ( E)
, Lebesgue memorable.

Then f- ' (A) = hlh - 'LEH = E
,
not Lebesgue measurable .

Nok
,
ht LE) special because it's Lebesgue measurable, but not Borel .

If A is just Boral measurable
,
this is true .



20sp.2-ntim.nl
.;cosixt¥ ↳

? How

= Lifo tf ;coslxthlx-cosx-dx-fjxh.7owskthl-cosx-X.cn
, ,
Ix * by DCT

= So'Txa Ix
= fo

'

-smI dx so
,

since -m contours on co
, D

art ¥70
-sm =

'
x'Ii" = - I

.

*
Let f , = Ix cosHth)h Xu

, ,

By MVT , 16051×+4-19×-1 ⇐ Icosllxthll , for XE Lo
, D

,
h small

.

= If - sin lxth) I

Thus
, Ifaf ⇐ sinYXan, txt (QD , th .

Lingo fhlh ) -- Ysu sinful = links
.
2. sunlit = 2

.

÷ finch ) = th sinned = 2hwsl24-w.sn/2hl- -20 when h >O
,
because

2h cos th ) - Shhh) 20 ⇐ 2h aslrhksihkh)

⇐s talk > 21h

⇐ 2h E lo, Th ) .

So
,
full ) 92 as hls 0 .



Similarly ¥ s.nl#hI=XwsKthl-IsmHD- ( O for xtfo ,

Hence Ifaf E 2 V-xtlo.IT
,
th

.

Which is clearly integrable an CYD
.



Uspd

f .

- IR -SIR
,
Mso

.

Pure (a)⇐ (b) where

Ca ) lflxl-fcy.tl EM Ix - yl t x, y EIR .

(b) f abs
. cont .

with lfyxsl EM K X EIR .

(a)⇒ Cb) : NT5 HE > o
,
3- 8 > o S -

t
. for any finite

collection of disjoint intervals
,
{ Cai , bi ) }

,
we have

[ Cbi - ai ) Cf = E IH bit - flails E .

Take f = Elm ,
then

[ lflsil - fruit ) E EM Ibi - ail = ME Rbi - ai ) < Mf = C

And If 'Cxsl= I '

II. ftp.t#nl=y!7.HYy7IY'- EM
since tHYy¥EM A x. YER .

(b) ⇒ Ca ) : fats cont ⇒ f abs .
Cont

.
onfksk) for any KEZ .

⇒ f diff a. e . on C- kik) and
Sabftcxjdx = Hb ) - feta ) F - KEAEBEK

.

If'lxllEM f- x EIR = > S!f4xIdx E Mlb - a )
⇒ f- ( b) -Ha) E M (b - a)

and fabfkxslxz -Mlb- a)
⇒ flb) -Hai -z -Mlb -a)

Whrh is to say lflb ) - flail E Mlb - al t a. BEEK,k].

Since K arbitrary
, for any X

, ye IR , the result
holds

,
since I KEI , sit

. aye Ek, KJ .
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M Lebesgue measure
,

m * Lebesgue outer measure .

M
*
(A) = sup {mlk ) : KCA

,
k compact} .

Prove m*lAt=m*lA ) and m # (A) and ⇒ A Lebesgue measurable
.

-

m# KA ) = in f- { E bi - ai : Ac Ui%i , bi
.

) }
= Svp { mlk ) : KCA

,
k compact} L A

claim : A is m* - measurable ⇒ A is Lebesgue measurable
.

Claim : tf Ee IR , m
* (E) = m

*CENA) tm# LEAAC ) .
How m

# CE ) E m* ( EAA ) t m # (ENAC) since m* ortrrregre
.

I k compact , { Cai , bi ) } S.t. Ko Aa UF Cai , bi )
and Elbi - ai ) - mlk) s E

.

Let Eck
,

m * (E) = int {E bi - ai : Eo Viola, bi ) }
m* CENA ) = int { E bi - ai : EAA CUTCai , bi) }
m * ( EAA ') = int { E bi - ai : EnA'CUP Lai

,
bit }

F K cannot sit .
mlk) > m*fA) - E

.

K commit ⇒ KE Bp ⇒ km*- measurable ⇒ m*LE)=m*lKAE)tm*lKnE)
.

EAA = (Erik) V ( En larks)
m
# CENA) Em * LEAK)tm* ( EA Calk) ) E

= m* (E)- m*CK 's E) tm*fEAlAik ))

÷ :*:i÷÷÷÷¥i÷:÷÷:{
"" ⑧mbE

"

⇒ m*fEAA ) t m
# (ACA E) sm*lE)tE

⇒ m
* (EAA)t m# (ACA E) Em*(E) Done .



f- ( x ) -- X
.

A- = { finite disjoint unions of h - intervals }
,
an algebra

.

Mo ( Vi (aj , b;] ) = Ei FIB; ) - Hajj = ET bi - ai
,

a premature on A
.

B. as
= Borel o- algebra = OCA )

.

Next (E) = int { ETMoCA ; ) : A ; EA
,
Ee UTA; } , an outer measure

.

= int { ET bi - ai : E CUP Ca;,bjS } .

M = { M* - measurable sets }

Car theory ⇒ M o- algebra
,
M* In complete measure .

1.13 ⇒ Aest ⇒ Bosch

Define Lebesgue measure m = he * In


