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continuous on [0,1] ,

compact ⇒ f has a minimum .

f- positive ⇒ min {fix)} > O
.

Call this l .

Let Eso .

f- absolutely continuous ⇒ I 820 sit.

for any collection of intervals { Cai , bit}
,

we have

{ (bi - ai) s f ⇒ I lflbi ) - flail a El'

Thus for any collection of intervals with Ecbi -ai) 28
,

we also have

{ I ftp.T, - f÷/= { lflait-flb.fr/ai)fCbi)
s { lHai)-fIb#

12

= Yer Elflai) - f- (bi ) I

< E
.

Hence
,

'tf is absolutely continuous
.
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Looks like

Kayla's works
a) Note f- (X) = SXEIYIXEIY -X) dmcy) = SXE /g) ✗⇐+✗ (9) dmly) = m(En Etx)

.

First
,
assume E- = (arb) is an open interval.

Then flx)=m((a) b) ncatxibtx) ) = Xoe.xes-alhlb-a-xltxa.gs#olx)(b-a+X)
which is continuous

.

Try again .

By linearity, flx) is continuous when E is a countable finite
Union of disjoint open intervals

,
with mCEKx

.

Now, consider arbitrary measurable E with mlEKx.
We can find a countable union of disjoint open intervals St .

U= Ulaiibi ) > E and m(Uh E) < E , for any E > 0
.

For clarity denote f-
e- (x )==m(EnE+x) and fulxt m(UnUtX ) .

fulx) - felt)= mlunutx ) - mlEnEtx)=mlUnUtxh(EnEtx) )
I MCM E) + mlutx \ Etx)
< ZE

.
V- ×

.

This
,
for 2- → ✗ we can make f-

e-
(2)→ felt) ,

since E is arbitrary
,
and fu is canthus b- U constructed as above .

b) 5. = E- E = Uyc.EE - y
.

Try Kayla's
.
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Let E > o
. f continuous ⇒ I 8 > o at

.

tf XE Ci- s
, B ,

we have I fix) - f- IDI C E .

Then HIT. So
'

nxn
- '

flxldx = n' 'Ina Si
-

tax " - ' flxldx this Sign xntfcxsdx

First
,
assume ftp. = O .

Then him 1St's nxn
- ' fcxsdxl Entire. Sisnxmlfcxsldx

E E n' 'Ii
.
Sisnxn

- '
Ix

= E n' a x.It's
= E

.

Thus
. Sis nxn- 'ffx ) dx → O = fu)

.

Now assume fu) 20 . Assume we've taken E smaller than HD
.

Then '
n'
'

To Sis nxn
- ' flxldx Elfin -E) him Sisnxn

- '

dx

= fu ) -E
.

Similarly
,

hiya Sisnxmfhdlx EFIDTE.

Thus
,

since E arbitrary
,
Liza Sr 's nxmffxstx = fll) .

This reasoning works when FCDCO as well .

And hire. So
' -snxmfhddx = So

' - ' flx) '
n'7- nxn" dx =D by DCT.

f- continuous on Costs] ⇒ f has a maximum , say at X . Then
,

I nxn- ' = X
" '

t n X
" - '

hlx) = Xn
- ' ( ltnhlx) ) =O when n= Tx

.

So for n > Fa
,
nx
" ' decreases .

Thus f- n
,
nymfly ) s tha ) x

"" - " fix) which is integrable .

Hence
,

him. So
'

nxntfixldx = Ot HD -

- ft )
.
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S-8 S l Xiao, Hix) ) - Xetrslscxslldacxldt
= S S-El Xetiolfexs) -Xena,( 91×111 It dread
= S S-5 I Xena

, #⇒
H) - Xena, gcxsglttldt dark)

= S S- I Xcminsfixs , god
,
max { fun , gang) Lt) Lt dm IX)

= S Iflxs - gcxsl Im

we can swap integrals because of Tonelli ,
since I Xct,x,#xD - Xctpjlg.IM/ELtLlRxSL ) .

Indeed
,
this function is measurable because

the composition of measurable functions B measurable .

D .


