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(1) A function f : R — R is said to be upper semicontinuous (or w.s.c.) if for all z € R and all
€ > 0 there exists § > 0 such that f(y) < f(z) + € whenever |y — z| < 4.

(i) Show that every u.s.c. function is Borel measurable. HINT: Consider {z : f(z) < a}.

(ii) Suppose p is a finite measure on R and A is a closed subset of R. Using (i) or otherwise,
show that the function x + u(z + A) is measurable. Here x + A = {z +y :y € A}.
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(2) Suppose {f,} and f are measurable functions on (X, M,pu) and f, — f in measure. Is it
necessarily true that f2 — f? in measure if:

(a) u(X) < o0

(b) u(X) = 0.

In each case, prove or give a counterexample.
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(3) Suppose f : [0,1] — R is a strictly increasing absolutely continuous function. Let m denote
Lebesgue measure. If m(E) = 0 show that m(f(E)) = 0.
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(4) For n > 1 define h, on [0,1] by

n

hp = Z(_l)jX(Q_L]-

J=1

Here xg denotes the characteristic function of E. If f is Lebesgue integrable on [0, 1], show that

lim / fhy dm = 0.
[0,1]

n—00

HINT: First consider f in a suitably smaller function space.
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