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Problem 1.
(a) We consider the cases of finite and infinite countable unions separately.
e Suppose {F;}"; C € and let € > 0. For each 1 < j < m, there’s a set A; € A such that

A; C E; and M(E \ 4;) < ¢/m. Note that A:={J;_, A; € A since A is an algebra, and
we have A C E := Jj~, Ej. Then

m

u(ENA) = (| J BN 4) < p (L:J (Bj\ 45)) <

j=1

m m
€
1(Ej\ Aj) <ZE =
i=1 i=1
so F € C.

» Now suppose {E;}32; C € and let ¢ > 0. Letting I, := |J;_, E; for each m € N, we
have an increasing sequence Fy; C Fy C --- with F,, / E = U 1 Ej as m — oo, so by
continuity from below, u(Fy,) — u(E) as m — oo. Because ,u(E) < p(X) < o0, we can
choose m € N large enough so that u(E) — u(Fy,) < €/2, whereby

WE) = W(E\ Fp) + p(Fn) = w(E\ Fp) = p(E) — p(Fy) <e€/2,

the first equality holding since F,, C E. Moreover, F,, € C by the above argument, so
we can find some A € A with A C F,,, C E and u(F,, \ A) < ¢/2. Then

:U‘(E):N(E\Fm)‘i’,u(Fm) - /L(E\A)S}L(E\Fm)+,u(Fm\A)<%+%:e7

and thus F € C.
O

(b) Let X := [0, 1] with o-algebra B[ ;; and Lebesgue measure p. Let A C By 47 be the algebra
generated by all singletons {¢}, ¢ € E := Qn[0,1], using complements and finite unions.
Then A € A if and only if A is a finite collection {g;} 7.y C E or Ais the complement of
such a set. Note that {0} € A,{0} C E, and p(E \ {0}) < u(E) = 0 < € for any € > 0, so
E is approximable from inside by A. But observe that any element A € A contains at least
one rational, while E contains only irrationals, so we can’t have A C E°, and thus E° isn’t
approximable from inside by A.

Problem 2.

(a) Both f, g are continuous on the compact set [a, b], so there’s some M > 0 large enough so that
|f],lg] < M on all of [a,b]. Now let € > 0 and choose 6 > 0 such that for any disjoint collection
{(a;,b;) C [a, b]}] 1> we have

N N
> (bj—a;) <8 = Zlf f(aj)|aZ|9(bj) —g(a;)| < ﬁ

J=1
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Then for any such collection,

N N

D 1FBy)gby) = flaz)glas)| < D11 (b;)a(bs) — f(by)glas)| +1f(bs)g(as) — flaj)g(ay)]

—1 =1

J N N j . .

< M<Z|g<bj> —glap)|+ Y1 (b))~ f(%)l) <M(g7+557) =€

j=1 j=1
<e/2M <e/2M
O
(b) We've just seen that fg is absolutely continuous, so we have
b b b b
f0)90) - @@ = [ oy = [ (o s)= [ sa+ [ 1o

by the fundamental theorem for Lebesgue integrals. |

(c) Take some [a,b] C R with b—a # 2, and let f, g : [a,b] — R be given by f(z) := (x—a)/(b—a)
and g(z) := %1[})—7{117](1‘). Then f' =1 and ¢’ = 0 a.e. on [a,b], but g isn’t continuous (in
particular, g isn’t absolutely continuous). We have

b , b . b _b—a 1_
/aifw/af\go//ag T 5 = {090~ f(@la).
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