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(1) Suppose f : R — R is continuous and in L*(R). For each of (i) and (ii) give a proof or a
counterexample.

(i) Is it true that f is bounded on R?

(i) Is it true that f(z) — 0 as z — oo?

How do the results for (i) and (ii) change under the additional assumption that f* exists
everywhere and is bounded?
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(2) For y > 0 define
o
6t)= [ d
0

(a) Show that this integral is finite for all y > 0. |
(b) Show that G is differentiable, and find an explicit formula for G'(y) and G(y). HINT:
You may take as given that [° e ds = VT/2.
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(3) Let (X, M, ) be a o-finite measure space. Let f,, f be real-valued measurable functions
and suppose f, — f a.e. Then there exists a partition of X into disjoint measurable sets

Ep, By, Fy, ... with p(Eg) = 0 and with f, — f uniformly on E; for each i > 1, HINT;
Egoroff's Theorem requires a finite measure space,
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(4) A function g : R — R is said to be lower semi-continuous if

liminf g(z,) 2 g(z) whenever z, — .
(a) Suppose that fi, &k = 1,2,3,... is a sequence of continuous functions, and f(z) =
SUPy~ fi(z) is finite for all z. Show that f is lower semi-continuous.
(b) Show that a lower semi-continuous function is measurable,
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