
Obspul
-

counterexample for lit and lii) :

let 9=2%2" Xcmntiyzzn] For K=l, 2,3, . - .

glk) = 2
"
→ A as K -> X

.
Thus g is not

bounded on R and g IX) -150 as x → a
.

And 1191 = En? , f 2
"

Xen , at Van ]
= 2nF, 2722N = En?, Kzn < A .

g is not continuous
,

but define f to be the function

which has a triangle under each rectangle of the indicators
in g , whose height is equal to that of the rectangle.
Then SAIL SIGIL ,

and f unbounded
,
f -170 as X -2 a .

D

Now
, assume f ' exists everywhere and is bonded

.

by M .

Iii ) Assume not : then for some E > o , IN C- IN
,
z x > NS.t.lftxd > E .

Then we have SET
""

tflxl I 972M
,
since MVT

will not allow lfcxsl to die below the triangle of area EYZM .

We can find infinitely many of these situations that are

non overlapping
,
she f -170

. Thus SHE E
- EYZM =D

. ⇒⇐
.

D

Ii ) By the same logic
,
fix) -70 as x.→ - x

.

Thus
,
I NEIN s.t.tt X Et EN, N]

,
Ifcxslel

.

And f continuous ⇒ f bounded on C-NSN]
,
compact

.

Hence
,
f bounded on IR

.

D
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(a) We see that ose
-9×2=1 ⇒ '-eI e ¥

This for Ezo , SE '-I dx ESE Ix = - tie = La ex.

Now, by L' Hopital
,
we have

him l-eI=¥yo4×e = ftp.zoye-M-y
.

X-20

1 - e
- 9×2

Thus I E > O S.t. Ta 229 t X Elo, E) .

Hence
,
SF '-I tox = So

' "eIdxtsei-eIIdxa-2yetf.es .

O

(b) Gqyg= figo GHthY# = him
. Eff

'-ei"I7 -

'-e"dx
= Ligo th fore e

- Y X
'

- e
- Yue -hxz
Tdx

= limo 's fore e -9×2 i÷dx
= Side

- ' x' Ligo '-enI dx by DCT

= ST e- 'MIX by L' Hospital

= try f ! e-Mls s - Myx

= rHzrg Is =D dx

⇒ fly ) = VITT t C
.

And fly) -70 as y -70
,
by DCT

=3 fly ) = VITT
.

e-
yxz i-eI z '-eI E i-e-Y7 integrable on loss) by Cal

,

ht h in the sequence ⇒ DCT applies .

lim teL =

'
I:O = his

.

e-
"
=L

.

h -70

D
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( X
,
M

,
m ) v. finite ⇒ T countable partition X=X,UXzU - -

r

sit
.

de ( Xi ) L - ti . Thus Egoroff 's Thm can be

used on an arbitrary Xi . ⇒ a Fine Xi sit.

Al ( Xi - Fi
, , ) L l and fn→f uniformly on Fin .

Then we repeat : F Fi ,z C Kil Fi , ,
sit .

M (Xin Vries Fisk ) L 'T and fn→f uniformly on Fire
.

This continues
,
and for arbitrary j we see F Fi, ; CXilviiiifi.ie

5. t . M l Xin Uriel Fisk ) hit and fn -s f uniformly on Fiji .

Now
,
define Fi ,o:= Xii VET, Fisk = A (Xii Viii , Fisk )

which is a nested intersection
.

And since mlXi'Finks ,
we can use continuity from above to deduce
M ( Fi ,o ) = IIe del Xii Viii Fine ) E 'II- ÷ = O

⇒ At (Fi ,o ) = O
.

Finally , define Eo -

-
= UE , Figo

,
and define { Ei }T to

be an enumeration of the countable { Fi
, .k3i7k=i .

Countable additivity gives MIEO) =D
,

and we've

seen that fn→f uniformly on each Ei
,
izl

.

D
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-

(a) Lemma : If 9-
' ( la , - J) is open it at IR

,
then

g is 1. S.C
.

Pf : let XE IR
.

let Xn -> X
. Assume Glx) > liminfgfxn) .

Set a EIR sit . liminfgtxn ) < as g. CX)
.

g-
' leases) open =3 g-

'
(Ex

,
a] ) closed

.

liminf gcxn) s a ⇒ F subsequence {Xn , } sit
. linguini ) La

and sit
. glxni ) ca ti

.

Then {xni 's c g
- ' U-x. a] )

⇒ him Xn ; = X E g
"
H- no ,

a] ) ⇒ gas a ⇒⇐ .

D

Now
,
consider f-

"

( la , -7)
.

Let XE f
- ' Lea, - I ) .

⇒ f (x ) > a ⇒ supra fuk) > a ⇒ F K s .t . fklx) > a
.

fu cont . ⇒ F f s .t . fkly ) > a Fye (x-8
,
Xtf ) ⇒ fly) > a f such y

⇒ (x - S
,
xts ) c f

- ' (Ca, -11 .
Thus

, f-
' Clairol ) open ⇒ f I - S.c

. o

(b) Claim : if g is t.sc . ⇒ g-
' (C - x. a] ) closed for aelR

.

Pf : let X. → X in R ,
with His cg-YC-x.az ) .

⇒ gun) sa tf n
.

g 1. S.c
.
⇒ sad E limit glass a

⇒ XE g
- ' LL -x , a] )

This g-
'
le -x. and closed

,
measurable

Hence
, g is measurable

O


