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REAL ANALYSIS QUALIFYING EXAM
USC DEPARTMENT OF MATHEMATICS
FEBRUARY 12, 2003

INSTRUCTIONS. Do four out of the five problems, on separate pieces of paper. Be
gure to justify your work.

Froblem 1. {fu} is a sequence of measurable real-valued functions on a measure
space (X, .A, u).

(i) Suppose that f,, — f in measure and |f,| < g € L'(dw). Show that f,, — f
in L(du).

(ii) Show that the result in (i) is false if the condition |f,| < g € L'(du) is
omitted.

Problem 2. For a > 0, show that
f e~%% =1 ginx dr = arctan(a™?)
0

by integrating e™®*¥ gin x with respect to z and y.

Froblem 3. Let A and B be Borel measurable subsets of a circle C of circumference
1 centered at the origin. Let 4, denote the set A rotated about the origin through
an arc of length . Prove that there exists a value of ¢ such that

m({A; N B) = m{A)m(B),

where m denotes the arclength measure.

Problem 4. Consider the functions f,,(z) = n®ze ™ to be integrated with respect
to Lebesgue measure over the interval E = [0,1].

(i) Determine the values of the constant o for which the dominated convergence
theorem applies.

(ii) Determine the values of e for which

lim / fa= lim fr
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Problem 5. A function f : R — R is said to be Lipschitzian if there exists a constant
M = 0 such that

|f(z) = f(w)| < Mz —y|

for all z,y € K. Prove: if f is Lipschitzian and {1 C R has Lebesgue measure zero,
then the image f({) has Lebespue measure zero.



