ANALYSIS QUALIFYING EXAM FALL 1999

In order to pass, you must do well on both the Real and Complex Analysis parts - high
performance on one portion does not compensate for low performance on the other.

Start each problem on a fresh sheet of paper, and write on only one side of the paper.

REAL ANALYSIS. Answer question 1 and any two of the other three questions.

L. Let {f,} be a sequence of functions on (X, A, 11). Suppose {fa} is Cauchy in measure,
that is, for every £ > 0 there exists V such that m,n > N implies

pl{z € X :|fu(z) = fm(z)| > €}) <&

Show that there exists f such that f, — f in measure. HINT: For n; < Ny < ...Yyou can
write fﬂt = f".f = f=_f+1(fn.- = .fn.l_.ij‘

2. Suppose f:[0,1] — R is a nonnegative Lebesgue measurable function satisfying
ff"dm= jfdm foralln > 1.
Show that f is the characteristic function yg of some measurable £ C [0, 1].

d. Let (X, A, u) be a measure space and let m denote Lebesgue measure on [0, 1]. Suppose
Fn and F' map X x [0,1] into R and satisfy

(i) Fu(z,-) is absolutely continuous and nondecreasing for all n, z:

(ii) F*(x,-) is continuously differentiable for all z;

(iii) %Fn(:c, t) = %F{:ﬂ, t) for almost every z, t:

(iv) |Fu(z, t) — Fo(z,0)| < tg(z) for all n, z, ¢, where g is an integrable function on X.
Show that

%LF{:::,E) dp(z) =fx%§{inﬂJ du(z).

t=0

4. Let X be a metric space and p a regular Borel measure on (X, B) with u(X) = 1.
Let £ = {F € B : Fclosed, u(F) = 1} and H = Npee F. (Note regular means
p(E) = sup{(K) : K compact, K C E} = inf{u(U) : U open, E c U} for all E € B.)

(a) Show that £ is closed under finite intersections.

(b) Show that p(H) = 1. HINT: Show that u(H®) = 0.

COMPLEX ANALYSIS. See next page.



