REAL AND COMPLEX ANALYSIS QUALIFYING EXAM

FALL 1996

Problem 1 (Stability of contractive iteration) Let (M, d) be a metric space, and suppose T :
M — M satisfies
dTx, Ty) < k-d(Tx,Ty) forall z,ye M
where () < k < 1. Now suppose £ > 0, and a sequence {1,}, in M satisfies
M, TEa-1) <€ foral n=1
Prove that for 0 < m < n,
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Problem 2 How many zeros does the polvnomial p(z) = 2* — 22+ 3 have in the unit disk |z| < 17
Problem 3 Suppose f : B — R is Lebesgue integrable and

f o) fla) d=D

for all continuous functions ¢ : K — B which have compact support. Prove: f(z) =10

for a.e. x.
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Problem 4 Evaluate
Problem 5 Let (X, X, 1) be a measure space with u(X) < oo, and let M denote the space of
Y-measurable extended-real-valued funetions on X. Define p: M <« M — R by

\f — gl
Show that p is a metric on M, and that f,, — f in the p-metric iff f, — f in measure.
Problem 6 Suppose f: C — C is an entire function. Prove that there exists a point z; € C such
that we can expand f(z) into a power series about zg,
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for which all ¢,, # 0.
Problem 7 Suppose { : R* — R has continuous partial derivatives f «p 800 foo. Prove fi. = fi..
Hint: use Fubini's theorem to integrate f,, and f,, over a rectangle [a, b] x [¢, d].
Problem 8 Find a conformal mapping from the unit disk [z{ < 1 to the region
D={zx+iy:(z=<0)and (g > 0), or (z = 0) and {y > b))

where b = 0.



