Qualifying Exam: Real Analysis

Unofficial solutions by Alex Fu

Fall 2025

1. Let (X, .#, 1) be a measure space. Assume that p is semifinite: for every E € .4 such that u(E) > 0, there exists
A< Esuch that Ae /4 and 0 < u(A) < co. Prove that for every E € .4,

U(E) =supi{u(A): ACE,Ac M, u(A) <oo}.

Solution. Let o/ = {AC E, A€ M, u(A) < oo}. By monotonicity, it suffices to prove u(E) < sup{u(A) : A€ of/E}.
If u(E) < oo, then E € o/ and we are done; thus, suppose that y(E) = co. Assume for the sake of contradiction
that u(E) > sup{u(A) : A€ ofg} = s. The supremum is attained by some A* € o/ (e.g., Ufle A, where A,, € o/
and u(A,) > s— % for all n). But the semifiniteness of y yields some B € ofp\ 4~ with u(B) > 0, which leads to

A*UBE€ ofE,
W(A* U B) = u(A*) + u(B) > u(A*) =5,

a contradiction. We conclude that p(E) < sup{u(A) : A€ o/g}.

2. Compute -
r}grc}o A (1+%)_nsin(%)dx.

Solution. The dominated convergence theorem, with (1 + %)_2 -1 as the dominating function, implies that

lim OO(1+%)_nsin(%)dx=fooo lim (1+§)_nsin(%) dx:foooe‘x.odxzo.

n—oo 0 n—oo



. Let f € L'([0,1], m), and let A, = {(x, ) € [0,1] : |x — y| < &}. Prove that
ffA I[f(x) = f(Idxdy =4l fll .
Solution. The triangle inequality and Tonelli’s theorem imply that
1 px+e 1
ffA If(x)—f(y)ldxdysszA If(x)ldydxszf0 f If(x)ldydx:4efo | f(x)]dx.
£ £ X—€

Prove that )
lgl(l)szAglf(x)—f(y)ldxdy:O.

Hint: Apply a change of variables.

Remark. Draw a picture of A.. Rotate it 45 degrees clockwise.

Solution. Let s=x+y and ¢ = y — x, and suppose without loss of generality that f = f-1;01;. Then,

1
ff If(x)—f(y)ldxdyz—f f IF (555 - f(&D) dsdz.
Ae 2 Ji-e,e1J10,2]

The inequality of part (a) implies that the function ¢ — [i'|f (555 - f(55h)1ds belongs to L' (R). The Lebesgue
differentiation theorem then implies that

1
lim—f soty_ peatt dsdtzf Sy FSds =0,
e—02€ Ji—g,¢] [0Y2]|f( 2 )= f( 5 )| [0'2]|f(2) f(2)|

. Let n and p be integers such that 1 < p < n. Assume that Ej, ..., E, are measurable subsets of [0, 1] such that
each point x € [0, 1] belongs to at least p of the sets Ej,..., E,. Prove that there exists j € {1,..., n} such that

mE) = 2.
n

Solution. We are given the inequality }-1" | 1, (x) = p for every x € [0, 1]. Integration yields

n n
Zm(E,-)zf Z]IE,-dme pdm = p.
i=1 [ [0,1]

0,1] j=1

If the sum of n nonnegative numbers is at least p, then one of the numbers is at least %.



