Qualifying Exam: Real Analysis

Unofficial solutions by Alex Fu

Fall 2022

1. Let f: R— R be a Lebesgue-measurable function, and suppose that E is a measurable subset of R such that
0< [ (x)dx < co. Show that for every ¢ € (0, 1), there exists a measurable set E; € E for which

f fdx = t/ fx)dx.
E; E

Solution. Let E,, = En (—oo, u], and define F: R — R by
F(u) :f fx)dx.
Ey

Note that F(—o0) =0, F(oo) = f [ (x)dx, and F is continuous: for every u € R and every € > 0, the dominated
convergence theorem (with | f|- 1 g as the dominating function) yields N such that

1
|u—u’|<N = |F(u)—F(u’)|5f L |f(x)dx <e.

En(u—,u+y)

Then, for every t € (0, 1), the intermediate value theorem yields u; such that

F(ut)zf f(x)dxztf fx)dx.
Eu, E

2. Letfe LY(R), and let F(r) = fR f(x)e”x dx. Prove that F: R — C is continuous, and prove that
lim F(#) = lim F(¢) =0.
t——00 —o00o

Note: There is a typo in the original problem statement. The codomain of F is C, not R.

Solution. Let t € R. For every sequence () ,>1 that converges to 0, by the dominated convergence theorem
with 2| f] as the dominating function,

lim |F(t+6,) - F(1)| < lim f|f(x)|-|e"5"x—1|dx=0.
n—oo n—oo Jrp

This shows that F is continuous at .

For every ¢ > 0, the denseness of step functions in L (R) yields g = 2?21 ¢j - La;,p;) such that
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This shows that lim;_, F(#) = 0. Symmetrically, lim;_. o F(£) =lim; .o [z —f (-=x)e'™ dx = 0. We remark that
this result is the Riemann-Lebesgue lemma.



3. Compute
n 2\ —(n+1)
lim (1+—
n—oo Jq n

Solution. The inequality

T S
no(1+ %)n+1 a1+ x)ntl nn+1)"

and the dominated convergence theorem, with (1 + x?)~2 as the dominating function, imply that

n 1 o0 1 o0 b3
lim — dx = lim s dx =f e_xz dx = £
n—oo J (1+x7)n+1 n—oo Jg (1+x7)n+1 0 2

4. Let f e LY (R), and consider the maximal function

1 x+h

Mf(x)zsup—f [f(nldt.
h>0 2h Jx-n

Prove that there exists a constant A > 0 such that for every a > 0,

A
m({xE[R:Mf(x)>a})sEIIfIILL

Solution. This is the Hardy-Littlewood maximal inequality [Folland, Theorem 3.17].



