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1. Let f be a Lebesgue-integrable function on R?. Prove that for every € > 0, there exists § > 0 such that

mA) <d = flfldm<e.
A

Solution. Let E,, = {x € RY :| f ()| > n}. The dominated convergence theorem yields N such that f; Exn [ fldm <
e/2. Then, with 6 = ¢/(2N),

m(A)<6:f|f|dm:f |f|dm+f Ifldm< £+ m(a)-N<e.
A AnEn A\Ey 2

Remark. What we have proven is that the measure A— [,|f|dm is absolutely continuous with respect to m.

2. Let f be a Lebesgue-integrable function on R. Prove that

limf|f(x+h)—f(x)|dx:O.
h—0JR

Solution. Let € > 0. The denseness of C.(R) in L! (R) yields g € C.(R) such that || f — gll;1 < /2. The continuity
of g and the bounded convergence theorem imply that

1imf|g(x+h)—g(x)|dx:f1im|g(x+h)—g(x)|dx=0.
h—0JRr R h—0

Then, the triangle inequality implies that

limflf(x+h)—f(x)|dxslirnf|f(x+h)—g(x+h)|dx+0+f|g(x)—f(x)ldx<£.
h—0JRr h—0JR R

3. Let f and fj, f>,... be Lebesgue-measurable functions on R. Prove that if there exists C such that for every n,

C
lefn(x) - fx)ldx = pok

then f,, — f almost everywhere as n — oo.

Solution. Let g(x) =limsup,,_ | fn(x) = f(x)|. For each k = 2,
> C
ng(x)dxsfsuplfn(x)—f(x)ldxs Yo lfnx) = f)ldx= ) len(x)—f(x)ldxs Y =< 1
n=k -

R n=k R p=k n=k n

Then, [, g(x)dx = 0. Because g is nonnegative, g = 0 almost everywhere, i.e., f, — f almost everywhere.



4. Let f: [0,1] — R be a Lebesgue-measurable function that is positive almost everywhere. Prove that if Ey, E, ...
are Lebesgue-measurable subsets of [0, 1] such that

lim fx)dx=0,

k—ooJE;
then limy_.o, m(Ex) =0
Solution. Let A, ={x: > fl) = 1}, with A; = {x: f(x) = 1}. By Tonelli’s theorem,

X1
Ozklimff~]lEkdm2klim Y =14, -1gdm= Z—hmf]lA" 1g dm=0.
—00 —ood o1

nln —00

A sum of nonnegative numbers is zero only if each of its terms is zero, so limy_.o, m (A, N E) = 0 for all n. The
equality m(I_I =m({x: f(x) > 0}) = 1 and the dominated convergence theorem then imply that

hm m(Ey) = hm Z m(A, NEy) = Z klim m(A,NE) =0
=1 —00

ﬁoon

Remark. This is Problem 1 on the Spring 2023 exam.



