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First, assume f is one - to - one ,

f measurable ⇒ f- ' CU) E M for U mensurable in R
.

Let xc. X
.

f one-to-one ⇒ f- ' (fix)) = {Is
.

{ fix } is measurable in IR
,
and f measurable ⇒ Ex} EM

.

Now assume Ex} EM Axe-X .
let x.y be two points in X

5. t . fcxl = fly) .

M ' -- { EEN : x.YEE or x.yet E3
.

Note x.YEE means Both .

EEM ' ⇒ E
'

EM ' since x. YEE⇒ x.yet EC .

{Eiichi
.

{ A -4A) : A- EBR 's
G- algebra ?

If x. y f- Ei tf i , Hen XD & VEI -
f-yay -

- f-
'LAY ?

otherwise I i sit . x.YE Ei ⇒ x.YE VEI .

X , 0 EM
'

as well ,

⇒ N
'

is a o - algebra ⇒ MCM ' by minimality
.

⇒ Ex}
, {y } EM

'
a contradiction .

This f must be one - to - one
.

Is f mensurable for M
' ? f- '( lb, x) ) z X,y if ae (b.a )

& x.y if
a ¢ (bro)

⇒ f- 'Ilbo ) ) EM ' t be IR ⇒ f measurable
.



Mfa -2
-

⇐ silfnixsldx # So's . itncxydx si
? Seems

⇒ Emf lfncxsl converses almost everywhere
too short.

⇒ lfncxsl -s O ⇒ f. Cx ) -so almost everywhere
.

* we can exchange EE.
and fo' since Hnat E Lt

.

2nF fo
'

lfnlxsldx = 7- En So ' lfnlxsldx
=

'i'Is So
'

En ilfnlxlldx
= So

'

tis. En lfnlxildx by MCT.
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Let G open > A sit . m(GIA)< E. disjoint Union

G- Uilaisbi ) of closet
intervals

.

GlA=(UTlai,bi))lA=Ui( Cai ,biHA )

mllaisbi )\A ) = m( lai,bi)\(Adlai,bi ) ) I ☒= mllhisbi ) ) - m(An ( ai ,bi))
= (bi - ai ) - G

= bi-z
.

Then
,

m (G)A) = ET mlcai,bihA)=ETbI = Em (G)

⇒ EMIG)< E

⇒ ml A) em (G) < ZE
,

which is a contradiction since

M(A) = m(Anton])=tz and I >_ ZE for small E.
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Vflo , x) = sup Z I f- Cain ) - Hai ) I
0=9,2922 - - - Lan = X

f- gabs . Cont. ⇒ f fifteen table a. e . on G. D and f 't L' (Cosi) with
ab flex ) dx = f- ( b ) - fla) for OshEbs l

.

Vflosx) increasing ⇒ discontinuities are at most countable
⇒ Vf '( o,x ) defined a. e

.
on co, D .

J sequence 0=92 -

-
- Lan -- X sit

. Elfcain ) - Haist > Vflosx)- E .
Then

,
for this sequence,

Silfittldt = Effi! ' H'CHIH E ZI
" HASHI = Elfland - flail > Vtlox) - E

.

Since E arbitrary
,

SF H'Cttldt I Vflo, x ) .

For any xcy E Co, D
,
we have Iffy ) - fcxsl E Vfb) - Vflx)

Then for XE Co
, D where flex) and Vf

'

to,x) exist
,

we have If4xH= It'I×f" I = "

y :3, 't%¥ e- ythsxvtthti.TT#=VflCo,x) .

=3 SE H'HH Lt E Sirico,⇒ It E Vfloox )
* since Vf increasing . ⑦fight

.

Hence STH'Hldt= Vfloix ) and If'ltH C- L'Kord)
⇒ Vfloix ) absolutely continuous

.


