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Let A be a Borel set and let CE IR
. NATH -

- f
#
Im

we need to show
'I'Ic M ( Atx ) = M late ) =fµ×l%mdm

If we show x''
'

Ic Ml (Atx) Blato) ) = O
,

then
x''Ic ImfAtx) - MIA to ) I = IIE IM UAtxhlAtd) - MHAtoucans) I

⇐
'
II MHAtxh (Atc)) t M LIATCIXATXD

=
'
x'Tu tu ( Atx) blate) )

= O S Xaly -Hla
⇒ IIc M(Atx) = M (Atc )

, finishing the proof .
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function
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Then IMCA) -MI UY lai , bi )) I E lakh - Niall t l Mlu) - MCU !Lai,biDl
< 28
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Now
, M ( VT faith

,
bitx) BUY (aitc, bite) ) EZYmllaitx.bitxsblq.to, bite ))

=EY2min{ Ix -alibi - ai) }
which → 0 as X-7C . Thus

,
we can find a S > o s.t. t XE Cc - S

,
Cts )

M ( NY laitxibitx) b UY lait, bite ) ) e E .

( Atx b VT (aitx, bitx) )
-z

( A AUT lui , bi ) )

-f- (XI '- M (Atx) = fXa*bs ) daily ) = SIT cissxatxossdmcy)
= S DIE (g)Xaly-x) dm ly )

*TrveevenifmlA=x.limitoffinitecaseonFM,M



g. (x) = allAtx)
f- = dens

.

of M f= fam

god = S Xa ly ) fly-x) dm (y )

OR = SXn.ly - x) fly ) dmlg )
.

W
want to approx by a step fun

.

of y-X .

VIX) = S Xaly- x) dm (y ) Cen approx by step function
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First
,
we font the example .

Let f = Xco
, is .

⇒ g. txt Erik , Xco ,
DUH

.

XE ( Yz , I] ⇒ 2x Ct co, D ⇒ 91×5=1 .

XE ( Ys
,
427 ⇒ 3. X El Coop ⇒ gtx)=2 .

This continues and we see that gcx) - Ltx) on 10,13 .
And glxs -- O V X El Coors

.
Thus gta converges

almost everywhere .

But Sgcxs = So' L'z) = Skit 2+5%3 t - - -

=

'th t 43 t '14 t -
-

-

= A . D

Now
,
we prove the result .

Assume g diverges on a non -null set
,
E

Then consider { anx : NEIN
, XEE } ,

call this A .

Claim : Saf = Seg =D .

Seg = Se ET f Cana)

Sglx) = SE flan x ) dx

Shanxi dm =

atnffcxsdmu-qxdu-a.siSITH he
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f-5 (Fcxta ) - Axs )1x= S.IM/Cx,xtaT)dX
= S

-
I 15 Xeaxtasessdmlyjd.mx)

= f-55.5 Xex.xtai.ly) dmlxsdaecy)
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Because YE (x
,
xta]

⇐ XSY AND yes xta

⇐ xsy AND y- a EX

⇐3 XE @ - a , y ) .

J

Because Xcx ,xta]lY) E Lt(Rx R )
and M

, m are o - finite
,

so we can use Tonelli to

swap iterated integrals .


