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Problem 1.

Denote by (X, M, ) the measure space, and write X as a countable disjoint union X = |_|j€J X;

with p(X;) < oo for each j € J. Suppose A = {Ay}aer is uncountable. Each A, has positive
measure, so it has u(X; N A,) > 0 for some collection of j’s in J. Since there are uncountable
many « € I but only countably many 5 € J, by the pigeonhole principle there must be some 5 € J
and some uncountable subcollection I’ C I with p(X; N Ay) > 0 for all o € I’. But then

0o > u(X;) = p( [ (6N 40)) = 3 plx; N Ad),

! ’
acl a€cl >0

which is impossible since any uncountable sum of positive numbers in infinite. O

Problem 2.

(a) Let a > 0. Consider a simple function ¢ = 37, a;1p,, with {a;}}_; C R and {E;}}_, C Bg
a disjoint collection. Observe that 1g,(az) = 1,-1g, () for any 1 < j < n, whereby

/tp(ax)dx = Zajm(aflEj) = %Zajm(Ej) = é/(p(x)da:.

Now suppose f € L}(R) is arbitrary. By decomposing f = f+— f~, it’s enough to consider the
case f € L¥(R). Let {¢;}52, C LT(R) be a sequence of simple functions with ¢; < ¢y < ---
and lim;_, ¢; = f. Then

[ taryds = tim_ [ oytarids = tim + [ gire = [ oo

by applying monotone convergence twice. (|

(b) Set f(x) :=nF(x)/z(1+n?2z?). Then by (a),

a3 [1G)oe= | it [

for any n € N. Now taking the limit as n — oo, we may apply dominated convergence since
the integrand on the right satisfies

1 nClz/n|  C
T 14a? lz] 1422

‘ 1 F(z/n)
1+22  z/n

and the right-hand side is integrable. Then
) . 1 F(x/n) 1 . F(z/n)—-F(0O) ,

—F'(0)

where we used that F'(0) = 0 since |F(x)|

IN

C|z| for all z € R. O

17



USC Qualifying Exams — Real analysis Alec Sahakian

Problem 3.
Assume first that f > 0. Clearly 14+ f 4+ -+ f* <14+ f+---+ f*+ f* for all n € N, so by
monotone convergence and the geometric series formula,

nlgmm/)((1+f+~-~+f"):/)(H|me(1+f+-~-+f”):/)(ﬁ.

The right-hand side always exists since u(X) < co and |f| < 1. Now consider a general measurable
function f = f* — f~ with |f| < 1. We have that f/ = (fT — f=)7 = (f*)7 + (=1)J(f~)7 for any
j > 0 since the product fTf~ appearing in the cross terms is always 0. Then

lim /X(1+f+-~-+f")=nleoo/)<[1+f++~--+(f+)’L]+ lim /X[l—f‘+-~-+(—1)”(f‘)”]

n— 00 n— o0
< dim [ [T+ fF+ 4+ (D" + dim [ I+ 4+ ()] = L !

T nooo Jy n—oo [ lefWL leff7
and we’re done by the nonnegative case since f*, f~ > 0. ]
Problem 4.

For simplicity, denote Fp := F, and let j > 0. We may write dur;, = dv; —I—ijdm7 where m denotes
the Lebesgue measure and v; L m, by Lebesgue-Radon-Nikodym. Thus there is some m-null
Nj C [a,b] with vj([a,b] \ N;) = 0. Then N := |J;Z( N; is also m-null, and for any E € B,
disjoint from N, we have by monotone convergence that

[ Fam=3" [ Fan=3" [ due, =3 e, (B) = pe(B) = [ dur = [ Fam.
B /e —i/E = E E

Since E was arbitrary and N is m-null, we conclude that Zj‘;l Fj =F' m-a.e on [a,b]. O
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