ALGEBRA QUALIFYING EXAM, JANUARY 2025

Justify all arguments completely. Every ring R is assumed to have a unit 1 € R. Given a field k, a
k-algebra A is a ring which is equipped with a central ring homomorphism k — A. Reference specific
results whenever possible.
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Let R be a finite ring.
(@) If r2 = 0 implies 7 = 0 for any r € R, show that R is commutative.
(b) Show by example that the converse is false.

Proof. Because R is finite, R is an Artinian ring.

(a) Suppose 0 # z is nilpotent and 2" = 0 with n minimal. If n is odd, then 2" = 0 implies
n+1 n
T T = 0, which contradicts the minimality of n. If n is even, then 2 = 0 contradicts the

minimality of n. Since R is Artinian, J(R) is nilpotent; hence J(R) = 0. By Wedderburn-
Artin theorem, R = []""_; D; because R has no nilpotent element. Since R is finite, each D;
is a finite division ring; hence, D;’s are fields. Therefore, R is commutative.
(b) Note that Z/4Z is a commutative ring, but 22 = 0.
O

Let n be an integer which is divisible by an odd prime. Prove that the dihedral group D,, of order
2n is not nilpotent.

Proof. Suppose D,, has the presentation (r,s | 7" = s> = 1,srs = r~1). Since p | n, we have
r# is a nontrivial element of order p. Because gcd(2,p) = 1 and (s) < D,, and sylow subgroups of
nilpotent groups are normal, we have s commutes with r». However, we have

n _n 2n
srps=1r »p — rpr =1.

This contradicts with the fact that p is odd. ]

Let R be a commutative ring. Consider collections of prime ideals p1,...,p,, and qq,...,q, in R
which satisfy p; Z p; and q, € qs at all pairs of distinct indices, and suppose (p1 N - - - N py,) =
(910-+-Nqn). Prove that m = n and that, after applying a permutation o € S,,, we have p; = q,;)
at all 4.

Proof. The main observation is that if aNb C p for some prime ideal p and ideals a, b, then either
a Cporb Cp. Thisis becauseifa € a\pandb € b\ p implies that ab € aN b C p contradicts
to the assumption that p is prime.

From the observation, we have q; 2 p; for some i and p; O q; for some j. Since q,, Z g, for all
r # s, we must have j = 1 and q; = p;. Therefore, we have n < m and g; = p; for some j. Using
the same argument and p; Z p; for all ¢ # j, we have m < n. Therefore, m = n and the result

follows. OJ

Recall that a Z-module M is called torsion free if, for each nonzero integer n and nonzerom € M,
the element n - m nonzero. Recall also that a Z-module M is called projective if, for any surjective
module map 7 : Ny — N; and arbitrary module map f : M — Nj there exists a module map
f: M — Ng which satisfies 7 f = f. Prove that a finitely generated Z-module M is projective if
and only if it is torsion free.

Proof. The result holds for any finitely generated module over a PID. Recall that a projective mod-
ule is a direct summand of a free module. Assume M is a finitely generated Z-module. By the
structure theorem for finitely generated modules over a PID, we have M =~ Z" @ Tor(M). There-
fore, M is projective if and only if Tor(M) = 0, which means M is free. O

Let k be a field and A(k) be the group ring k[Z/pZ] at a prime p. (This ring has basis provided by
the elements g in Z/pZ and multiplication (3_, ay - 9)(3_y an - h) = >_, j, agan - gh.) Take for
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granted that A(k) is semisimple whenever k is of characteristic 0. Provide the Artin-Wedderburn
decomposition for A(k) when:
@ k=Q.
(b) k=C.
Proof. Let G = Z/pZ. Then k[G] is semisimple since p does not divides the characteristic of k.
Since G is abelian, irreducible representations of G are one-dimensional. Moreover, there is a ring
isomorphism k[G] = k[X]/(X? — 1) by sending a generator of G to the variable X.
(a) Since XP —1 = (X —1)(XP~!1 4 ... 4+ 1) over Q, the Chinese remainder theorem says that
Q[G] = QIX])/(X - 1) @ QIX]/(XP™' + XP72 + - +1) 2 Q@ Q(¢)
where (,, is a primitive p-th root of unity.
In this proof, we used the trick that xP~* + .. +1 = (2P — 1)/(z — 1) = f(x) is irreducible
by checking f(x + 1) is irreducible using Eisentein’s criterion.
(b) Since C is algebraically closed, C[G] = CP where each copy of C corresponds to a root of
XP—1.
O
Take R = Clz1, ...,z ] and A € M, «n(R). Write A = [f;;] for functions f;; € R. Prove that A
is invertible if and only if, at each point z € C™, the complex matrix A, = [fi;(z)] is invertible.
[Note: You may use the fact that A is invertible if and only if its determinant is a unit in R.]
Proof. Note that f € Ris a unit if and only if f(z) € C* for all z € C™ and A is invertible if and
only if det(A) € R*. Therefore, A is invertible if and only if det(A(z)) € C* forall z € C™, i.e.
A(z) is invertible for all z € C™.
To prove the first claim, we note that f € R is a unit implies that fg = 1 for some g € R.
Evaluate both side at z € C™, we have f(z) # 0 for all z € C™ if f is a unit. Conversely, if
f(z) #O0forall z € C™, then V(f) = @ and I(V(f)) = R implies that f is a unit. O
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