Math 505a 2013 Spring Qualifying Exam
1. a) Let X and Y be square integrable random variables such that
E(X|Y)=Y and E{Y|X)=X. (1)
Show that
PX=Y)=1 (2)

@ Prove that (1) implies (2) under the weakened assumption that X and ¥
re integrable.

2. Suppose k balls are tossed into n boxes, with all n* possibilities equally
likely. Let D be the number of boxes that contain exactly 2 balls.

a) Compute p := P( exactly 2 balls land in box 1).
b) In terms of p, give an exact expression for the mean ED.

c) Compute r := P( exactly 2 balls land in box 1 and exactly 2 balls land in
box 2).

d) Give an exact expression for the second moment ED? in terms of p and
T.

e) Compute the variance of D.

3. a) Suppose g(u) := EuS is the probability generating function of a non- Qc\\\’
negative integer valued random variable S satisfying P(S > 0) > 0. Let T GO\V#}
be distributed as S, conditional on the event S > 0. Express h(u) := EuT, AN
. . . . . \&% pal '
the probability generating function of T', in terms of g(u). { W0 N\‘}rﬁ
©
%

In parts b) and c) below, N is a nonnegative integer valued random variable
with probability generating function f(u) := Eu, and S is the number of
heads in N tosses of a p € (0,1) coin, with all coin tosses having probability
p of coming up heads, independently of each other and of V.



b) Write the probability generating function g(u) := Eu’ of S in a simple
form.

:) Now combine parts a)jand b): what is the probability generating function
{“h of the number T-of'heads, in N tosses of a p-coin, conditional on getting
at’least one head, when N has probability generating function f?

Parts d,e) can be worked on even if you are stumped by a,b,c).

d) Suppose someone claims that for a € (0, 1), the function

flu):=1—-(1-u)*

is a probability generating function of a nonnegative, non constant integer
valued random variable N. What properties of f must you check? Is the
hypothesis o > 0 used? What happens in the cases a =0, =1 and a > 17

) Combine parts a)-d), that is suppose @ € (0,1), N has the generating
function f(u) :=1— (1 —u)®, and T is the number of heads in IV tosses of a
p-coin, conditional on getting at least one head. Do N and T have the same
distribution?

[Sv]
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1. 0) = Var (x|v)=0":

Q Var (x) = E [Vor w1 [ +var ( E[xIv])
= €[Vor (xi1v)] +Var(v)
= & [Var (x1v)] +E [Var (v1%)] +Var (g(v1¢])
= Elver (XIV)+var (vix)] +Var (x)
Since Var(X)< © (pecause of assumption ) e get £ [Vor (xiv) +Var (vix)] =0

(o)

=% Var(Xl\/)-f\/ar(\/lﬁ()?o = \/OF(X/‘/)=O and Var(vix)=0

— Vor(X) =Voar(v) :

vvarav) = e Leiy] - (Elxav]) = €l iv) - v*

Se, Wwe lhove (E()(ZI\/] :yl andl we. etein

t0Ling  expectation of loothr sieles,
E[XZ_] = E[\/IJ ) TVUS Q(SO "9|'Ve$ us VOr’\() - VOJ’ (\/) sinc.c_ E[x] - EC\,J bt{

:u_ssumph'orw (E[E[K(\/” = [ (v) ) :

— Elxv] =€(¥):

Elxv]) = E[E[X\/IX”: EE[X&E[\/(x]] - £(x*]

— P(X=v)=1|"

Var (x-v) = Var (X) +Var(Y) ~2Cov(¥%X,\V)
=AVor(x)-3 E[x\/] L2 E[x) E[\/}

=2EC] -2(€M) - a€(x) +2E[x)"
= 0

So,  P(X-y=c)=1 ie. X=Vic ae. Since E[X)-E[Y], we must have c=0O.
Thus, P(x=v)=1|

K._,,.) L. D=#of boes thot tontoin exoctly] 2 bolls

’

n
fveinenial (e ) ondpe Plrea)s (£) (5)1(42)%0 < (5) L0

0) X=# of balls in box 1, ana P(ony boll lands 1q box 1)= L . So




n
b) D= IiD- where Dyi is the event thot
1= !

(™ box contorrns exorctly
[a) w (VL")L’L + ( )
2 oolls. Thew, E[D]=I PO  where P = (§) 52— by part (o)
So, i

: .
E(D]- ) (£) e = Tp=rp

c) Firstly, 1tt X=#of wolls lond in fist box. So, X~ Binomiel (e, %),

+hew ch-(ng M= #‘o{“ batls lond n  seond box ,we See thot

NMIX v Binomral (L«_ X, == ) Se
P(x=2,M=2) - P(v=2ix=2)Plx=2)

(IL‘?:Z> (r?—')z‘ ( n- )IL ’ ( ) >L—l ol possible infe

= (5) () e wemoose 2 thew eneort 2 T pp b ot
- (5)(3) e
) ®[p]- Z&[i 1w D B[4 4)

KL(J <n

P(D‘) £ P(DinD, )

1‘|(J(v»

Pt r

1€1¢j¢n

M: L ,\/lj

I

=np +("‘"2V\ r

) Var (p)= €[p*] - [p]* = np. (rnn
2

r-n*p* =np (t-np)+ (h-on
3 a) (E[uT]

2

ff

Eluls>o)pissob«g[u] s-0]P{s:0}
3(U)P7)5>0} n ELlu” 4550 ]

1




b) We hove S~ Binomiol (N,p) . Then,

ElusInen]= S ue P(S-& Inen)

-0

O n

- Eou“ (v)pe-p)™™
3 (T) uregpy
= (1-prpu)”

So. E(u®IN]s (1-p1pu)™  Then,

E[u®]- & [ElusIn]- E(U-p+pu)] = F (4-prpu).

) c) T=#o0f heads in N tosses of a p-coin
One [/lead

)= E(u” [T>0] =

, condirtional  on 3e+f/‘n\9 ot least

E (uT 137>o}]
P3Ty04

where T Binomial (M. P ).

(:D._a PiT0f- 2;F3T>olw:nspemnv>:j;[d-(vp>"]P§N:n§==fiP§Nm>..§i(rPWP%hn}

L =1
Since =\ o 4

—rt

]

= 1- E[("“P)M] 1= f(tp).
T By 1 2 vt e - 2 uwPRTed = Y GPiTewt - PiT-ol
=0 =\ i=p
=hlu) -P3T<0} =hu) -1+P3T>0% = hiu) -1+1-F(1-p)
=hu)~F (1-p)

Thus, m) = M
1-1 (1-p)

o\) To have F(W)=1- (1-u)* as o

Wwe must havye

Probobitity generoting Ffunction of /\/)

DM = Ssince F@):E[uN]:kzuLP§N=k} impties  f(1)=1. For the

qivent function  fud, ()= 1- (1-1)% <

: JF a0 |, this conartion is sotisfied
Notet +hat (f a=O0,thn £y =) Wiren is net Q/ :F >/ s

N () o probobilty generating function. ‘So, let ad0
U 1_1-) P{N = k? = L__(_) / 1.¢. 79 mugst pe ,'()?’f’f,«] | -}cl\(j manj tires d/"f}’erfn't:bb/é

k)
(€) ) ® (© (0)
and  og Ff(0) and S_L?(r” ~1
k.'. =0 :

The 9/ve : . .
3 v funcﬁon }7 s lnfmltcl.(_, Moty timies differcntrable Then,consSider



Frlw = w(i-n — PiN=1} = {7(0) = «

F"(w) —mo (1) (1-u) X7 — P3 N=2§ = x(n:()
£ (W) = o((x—l)("(’l)(1'u)°(-3 —Pin=3l= & (oc-lé(x—,z)
. -1
. . L ke
Oy = et T D) 0™ L By - (ZT T (i)

Sl'nce, P%N:(% we must  houe « £ |
If a=1 | Pin=0$=0 and P3IN=1§=1
auey ot ir’f}

SO) we must have O<0Lél to howve FCU\) s & PV'DUQ‘O(LH:} j

APl fl) comnot we @ prokobitity  qenciating function
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