Qualifying Exam: Applied Probability

Unofficial solutions by Alex Fu

Fall 2024

1. Let X be a random variable taking values in Z* with probability mass function

PX=nm= o

a. Find E(u®).

Solution. By the law of the unconscious statistician,
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b. Find E(X) and var(X).
Solution. By direct computation,
x 1 & 1 1 &1 e
E(X) = P(X=n)= = [
= n;" X=m=7 ,,; (n-1! e-1 ,,ZO nle—1
To find the variance of X, we compute the factorial moment
1 & nn-1) 1 & 1 e
EX(X-1) = > = > = :
e-1,= n! e-1,;,5n-2)! e-1
which allows us to compute
-2
var(X) = E(X?) —-E(X)? = E(X(X - 1)) + E(X) —E(X)? = %
e—

c. Let (U;);>) be asequence of i.i.d. Uniform([0, 1]) random variables independent of X. Find the cumula-
tive distribution function of M := max{U;, ..., Ux}.

Solution. Since M takes values in [0, 1], consider m € [0, 1]. We compute

PM<=m|X=n=PWU;=<m,...,.Ux<m|X=n)
=PU;=<m,...,.U,<m|X=n)
=PU;<m,...,U,<m)
=PU,=m)---P(U,=<m)
=m".
By the law of total probability and by part (a), P(M = m) =Y3° , m"P(X =n) = E(m*)=(e™-1)/(e-1).
We conclude that

0 if m<o,
P(M=m)={ <=L ifosm=]1,
1 ifm>1.



2.

a. Let Z;,7,,... bei.i.d. Exponential(1) random variables, and let S;, = Z; + - -- + Z,,. Find the joint proba-

bility density function of (S1/Sp+1,--., S/ Sn+1)-

Hint: Show that the joint probability density function of (Sy, ..., S,+1) depends only on s,.;. Use this to
find the conditional distribution of (S,...,S,) given S;+1 = Sp+1-

Solution. We follow the hint. Since (s, S2,..., Sp+1) — (51,52 — S1,..., Su+1 — S) is a linear transformation

(skew transformation) with Jacobian determinant 1, the following holds for §; < < s,,41:

150,52, 8001 (51,82, 0oy Sna1) = [ 20, 75, Ziar (1552 = S15+ 05 Sl — Sn)

=fz.(s1) fz,(s2=81) 7,01 (Sns1— Sn)
— /le—/lsl -/16_“82_51) .. ./"/e—A(SrHI_Sn)

— An+le—/15n+1_
Induction yields fs,,, (sp+1) = A" 15", e7$m+1/n], and hence

fSl,...,S,Hl (Sl) ) SVH-l)
fSnH (Sn+1)

J510801Sme1 (815 es S | Spe1) =

=—— H{o<sy <+ <sp<sSps1h
n+l

It follows that

n
I517Sns1reSniSnar1Snet (s or b | Sna1) = Syt fS1,.SulSner (E1Sna1s -+ s EnSpa1 | Sna1)
=nl-1{0<fh <---<tp<1}

51 1Sns0SniSper (F1y s t) =nL-1{0< ) <--- < 1 < 1}.

Remark. In other words, (S1/S,,41,...,S,/S;+1) has the same distribution as the order statistics of 7 i.i.d.
Uniform(0, 1) random variables.

. Let Uy, ..., Us be i.i.d. Uniform(0, 1) random variables. Find P(U;) + Us) < 2U(3)).

Hint: Use part (a).

Solution. Because fy,,,..,us (I1,..., 15) =5!-1{0 < 1 <--- < 15 < 1}, part (a) implies

d (S 55)
Un,...,Us)=|—,...,—|.
(Uny ) (56 Se

This allows us to compute

I]:D(U(l) + U(5) = 2U(3)) =P(5;+ S5<283)
=PRA+ 2o+ 23+ 2y +Z5<2/1+27>+273)
=P(Zy+ 25 < Zp+ Z3),

which is % by symmetry (Z; + Z5 and Z, + Z3 are i.i.d. continuous random variables).



3. There are n = 6 people, numbered from 1 to 7; each wears a hat with their number written on it. The people
throw their hats into a pile, and then each takes a hat from the pile, with all 7! permutations equally likely.

Let N be the number of pairs {i, j} such that person i has hat j, and person j has hat i. Let M be the number
of triplets {k, ¢, m} such that person k has hat ¢, person ¢ has hat m, and person m has hat k.

a. Find E(N) and E(M).

Solution. Call the given random permutation F, and observe that

N= Y 1FG) =} F() =i

l<i<jsn

By the linearity of expectation,

EN= Y PFED=jFj)=id= Y

l<i<jsn l<i<j=n

(n—2)!_ n (n—2)!_1
n |2 n 2
Similarly,

M= Y  1{F(k)=¢,F()=m,F(m) =k},

l<k<{l{<m=<n
— 3!
EM= Y PEKR=LFO=mFm=k= (”) Rt Y
lsk<l<ms=n 3 n! 6

b. Find cov(N, M).

Solution. By the distributive property,

NM=Y Y 1{F(i)=j,F(j)=i,F(k)=¢,F{¢)=m,F(m)=k}.

i<jk<fl<m

Call the above indicator I; j ¢ ¢,m- Because permutations are bijections from {1,...,n} to {1,..., n}, we can

have I; j t.o,m = 1 onlyif i, j, k, £, m are distinct. There are () (g) ways to choose such distinct i, j, k, £, m,

so, by the linearity of expectation,

n\[5] (n->5)! 1

i<jk<lem n!
By part (a), cov(N, M) = E(NM) -E(N)E(M) =0.
c. Are N and M independent?
Solution. No. Observe that P(N = 5) >0 and P(M = g) >0,butP(N =%, M
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