MATH 505a QUALIFYING EXAM September 13, 2005
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1. A building has k > 1 floors above the street level.

Some number m > 1 of people enter at street level and board an ele-
vator. They choose floors independently, uniformly at random. Let X, be
the indicator of the event that at least one person selects floor i, so that
S = X, +...4 Xj is the number of stops the elevator must make.

a) Find the constant a = EX,; as a function of m, k.

b) Find the constant b = EX, X, as a function of m, k.

¢) Find ¢ =Cov(X,, X;) in terms of a, b.

d) Use the method of indicators to find ES,

e) Use the variance-covariance expansion to find Var(5) in terms of a, b, m.

2. Let (X,,,n = 0) and (Y;,n > 0) be two independent simple random
walks on Z starting at zero.

a) Prove that the sequence of ordered pairs (Z, = (X!, Y'),n > 0}, where
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is a simple random walk on Z?.

b) For a standard basis vector e; in R?, find P(Z; = —e,).

c) Find P(Z, = 0).

d) Find the asymptotic of P (Z}, = 0) as n — oc.

Hint: Use Stirling’s formula: n! ~ n"e~"v/2mn.

3. Let X have the binomial distribution Bin(n, ), where [/ is uniform
on (0,1). Show that X is uniformly distributed on 4R — ¢

Hint. Compute the generating function of X.



4. The n randomly chosen real numbers ay, .. ., a, are rounded off to the
nearest hundredth a, + X, ... a,+ X, where the round-off errors X, ..., X,
are assumed to be independent and uniformly distributed on [—2107%, 21072].

Use the CLT to find a number A > 0 (depending upon n) such that

T
P} |1X:| < X) ~ 0.99.
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STANDARD NORMAL DISTRIBUTION FUNCTION
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For x < 0, use the relation Plx) = 1 — P(—x).
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