Numerical Analysis Preliminary Examination Spring
2025

January 5, 2025

Problem 1.

(a) Let M, N € R"*" be given by

R S X 0
= () = (X )
with R, T, X, Z square and nonsingular. Show M and N are nonsingular by finding

well-defined expressions for M ~! and N~!.

(b) Let A € R™™ be nonsingular and have L-U decomposition A = LU with L; = 1,
1=1,2,...,n. Set Ay =A, L1 = L, Uy = U and partition L = L; and U = U; as

. o 1 0 . i U1’1 U{
L—Ll—(l1 Lg) andU—Ul—(O Us

where Ly, Uy € R®=DX(=1) and [, u; € R*!. Find an expression for A~! = A1_1 in
terms of Az_l where Ay = LyU, € R(r=1x(n-1)

(c) Use your result in part (b) to design an n— 1 step algorithm for computing A~' = A7
Be certain to explicitly specify the algorithm’s initial step. Specify your algorithm in
the form of pseudo-code or either Matlab or Python code. (Hint: Your algorithm
should step backwards from n to 1.)

Problem 2.

(a) Let z,y € R™, with ||z|s = ||yl and 2 # y. Let v =2 —y, set H =1 — 2% e R
and show that Hx = y.

(b) Let x = [3,4,5]" and y = [5,0,5]7. What is H and show that it works.

(c¢) Let v € R™ be given and set H = I—Q% € R, Find u € R" such that H = [ —uu?.
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(d) With n = 2, let u € R? from part (c) be given by u = [u;,us]? € R? and show that
w—1=1-u30<u}ui<2and -1<u?—-1=1-ui<1

(e) For u € R? from part (c), use part (d) to show that there exists a 6 € [0, 27] such that
cost) = u? —1=1—u2 and —uyuy = sinf.

(f) For the case n = 2 considered in parts (d) and (e), show that there exists a 6 € [0, 27]
such that H = (—cos@ sm@)

sind  cosb

(g) For x € R? given, and H as in part (f), provide a geometric interpretation for y = Hu.
(Hint: Let x = [Reos, Rsing]?, for some R > 0 and ¢ € [0, 27].)

Problem 3.

Recall, Francis’ QR algorithm (to find all the eigenvalues of a matrix A € R"*") is defined
as follows.

Let Al = A.
For k =1,2,... until an appropriate convergence criterion is met:

— find a QR factorization of Ay: A, = Qr Ry and
— let Appr = RpQ.
In this problem we will show that this method converges under the following assumptions.

e We assume A has real eigenvalues Ai, Ay, ..., A\, satisfying

A > Ao > ..o > |\,

e Let D = diag[A, A2, ..., A,] and let X be the matrix whose i’th column is an eigen-
vector corresponding to \;, so AX = XD. We assume X ! has an LU decomposition
X'=LU

where the matrix L is lower triangular with 1’s along its diagonal.

e For each k € N, we assume Ry, is the QR factorization of A, where the matrix Ry
has positive entries on the diagonal.

(a) Let Pk = QlQQ C Qk and Uk = RkRk—l Ce Rl. Show
Api1 = PLAP,
and Ak = PkUk

Notice, Py is orthogonal and Uy, is upper triangular with positive entries on the diagonal,
so the second equation is the QR factorization of A* where the diagonal entries of the

upper triangular matrix are positive. Hint: First show Ay, = PTAP,. Then show
PkUk = Pk_1AkUk_1 and use PkAk—H = APk
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(b) Let X = QR be a QR-factorization of X and X' = LU an LU-factorization of X!
Show
AF = QR(I + E,)D*U

where F, is lower triangular and converges to 0 as k — oc.
(c) Comparing the two expressions for A* in parts (a) and (b) show

Py = QQiDy
and U, = D.R,RD*U

where [ + RE,R™! = Qk]:?k is a Q) R-factorization (thre the diagonal entries in Rk
are all positive) and Dy, is a diagonal matrix such that D} = I.

(d) Using the expression for Py in part (c) and the expression for A4y in part (a) show
Air1 = D{QfRDR™'Q;,Dy,

and use this to show Ap,.; converges to an upper triangular matrix with diagonal
elements i, A9, ..., A\, in that order.

Problem 4.

Let A € R™"™ be a symmetric positive definite matrix. Follow the steps below to prove
that the Gauss-Seidel method to solve Ax = b converges for any arbitrary choice of the initial
approximation z(®.

(a) Write A =L + D + LT for appropriate matrices L and D.

(b) Show that the Gauss-Seidel method can be written as #**1) = Bx*) 4+-d and determine
the matrix B and the vector d.

(c) Let u be an eigenvector of B and —A\ its corresponding eigenvalue. Show that
uAu= (1+ Nu"(L+ D)u
where u* denotes the conjugate transpose of u.

(d) Show that
1 n 1
(I+X) 1+

Hint: Take the conjugate transpose on both sides of the result in part (c).

>>1

(e) Show that the spectral radius of B is less than 1. Finally, use the fact (do not prove)
that the iteration in part (b) converges for any initial approximation #(*) if and only
if the spectral radius of B is less than one, to prove our result about the convergence
of the Gauss-Seidel method.



