Preliminary/Qualifying Exam in Numerical Analysis (Math 502a) Spring 2012

Instructions

The exam consists of four problems, each having multiple parts. You should attempt to solve all four

problems.

1.
(a)

(b)

(c)

(a)

(b)

(a)

(b)

Linear systems

What is the LU-decomposition of an n by n matrix A, and how is it related to Gaussian
elimination? Does it always exist? If not, give sufficient condition for its existence.

What is the relation of Cholesky factorization to Gaussian elimination? Give an example of a
symmetric matrix for which Cholesky factorization does not exist.

LetC = A + iB where A and B are real n by n matrices. Give necessary and sufficient
conditions on A and B for C to be Hermitian, and give a nontrivial example of a 3 by 3 Hermitian
matrix.

Least squares

Give a simple example which shows that loss of information can occur in forming the normal
equations. Discuss how the accuracy can be improved by using iterative improvement.
Compute the pseudoinverse, xt, of a nonzero row or column vector, x, of length n. Leta =[1, 0]
and let b =[1, 1]". Show that (ab)t # btat.

Iterative Methods
Consider the stationary vector-matrix iteration given by

X1 = Mx + ¢ (1)
where M € C™™, ¢ € C™, and, x, € C™ are given.
If x* € C™is a fixed point of (1) and ||M|| < 1 where || - || is any compatible matrix norm

induced by a vector norm, show that x* is unique and that limy,_,, x;, =x" for any x, € C".

Let (M) denote the spectral radius of the matrix M and use the fact that r(M) = inf||M|,
where the infimum is taken over all compatible matrix norms induced by vector norms, to show
that limy_,, x; =x" forany x, € C™ ifand only if r(M) < 1.

Now consider the linear system
Ax =b (2)
where A € C™"™ nonsingular and b € C™ are given.

What are the matrix M € C™*™ and the vector ¢ € C™ in (1) in the case of the Jacobi iteration
for solving the linear system given in (2).

Use part (a) to show that if A € C™™ is strictly diagonally dominant then the Jacobi iteration will
converge to the solution of the linear system (2).

Use part (b) together with the Gershgorin Circle Theorem to show that if A € C™*™ is strictly
diagonally dominant then the Jacobi iteration will converge to the solution of the linear system

(2).



(a)
(b)

(c)

Computation of Eigenvalues and Eigenvectors

Consider an n X n Hermitian matrix A and a unit vector q;. Fork = 2,---n, let p, = Aq;_1 and
set

k-1
hy
i = o he =pk—2(qf’-pk)qj-
Tl 4

where ||+||, is the Euclidian norm in C™.

Show that the vectors gy, for k = 1,:--n, form an orthogonal set if none of the vectors h;, is
the zero vector.

Consider the matrix Q7 AQ. Use part (a) to show that it is a tridiagonal matrix (Hint:

[Q"AQ;; = ai'Aq; ).

Suggest a possible approach that uses the result of part (b) to reduce the number of operations
in the QR-algorithm for the computation of the eigenvalues of the matrix A.
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Direct Methods for Linear Equations.

a. Let A € R"" be a symmetric positive definite (SPD) matrix. There exists a nonsin-
gular lower triangle matrix L satisfying A = L- L*. Ts this factorization unique? If not,
propose a condition on L to make the factorization unique.

b. Compute the above factorization for

1 2 1
A=\ 2 13 8
1 8 14

Iterative Methods for Linear Equations.
Consider the iterative method:

N$k+1:P$k+b,]€:0,1,"',

where N, P are n x n matrices with detN # 0; and x¢, b are arbitraray n—dim vectors. Then
the above iterates satisfy the system of equations

Tpyr = Maxy+ N0, k=0,1,--- (1)

where M = N7'P . Now define N, = (1 + a)N, P, = P + aN for some real o # —1 and
consider the related iterative method

$k+1:Maxk+N;1b7 k:0717"'7 (2)
where M, = N 'P,.

a. Let the eigenvalues of M be denoted by: A1, Ag, -+, A,. Show that the eigenvalues jiq

of M, are given by:
)\k—l—Oé
a,k — ) k:1727”'7
Hok lta n

b. Assume the eigenvalues of M are real and satisfy: A\ < Ay < --- <\, < 1. Show that
14+ XM\
> —1.

the iterations in eq. (2) converge as k — oo for any « such that o >

Eigenvalue Problem.

a. Let A be an eigenvalue of a n x n matrix A. Show that f()) is an eigenvalue of f(A)
for any polynomial f(x) = >} _, arz".

b. Let A = (a;;) € R™" be a symmetric matrix satisfying:

n
ar; # 0, Zaij =0, Qi = Z |ail, i
j=1

J#i

I
—_

7."77/’/

Show all eigenvalues of A are non-negative and determine the dimension of eigenspace
corresponding to the smallest eigenvalue of A.

1



Least Square Problem.

a. Let A be an m x n real matrix with the following singular value decomposition:

A= (U Uz)<§ 8)(\/1T V2T)T,whereU:(UlUg)andV:(VlVg)are

orthogonal matrices, U; and V; have r = rank(A) columns, and ¥ is invertible.

For any vector b € R", show that the minimum norm, least squares problem:

min [[zflz, 5= {z € R" [ Az —bl|s = min}

always has a unique solution, which can be written as z = V;X1UT'b.

1 1
b.LetA:(1 1

least squares solution to the problem:

) and b = < ; ) Using part a) above, find the minimum norm,
min f[zflz, S ={z € R" [ |Av — bl|s = min}

Hint: You can assume that the U in the SVD of A must be of the form U = < Z “ )

—a
for some real a > 0.
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Problem 1. Let A € R™™ be a symmetric positive definite (SPD) matrix.
At the end of the first step of Gaussian Elimination without partial pivoting,
we have:

a1 | G2 - Qip

a. Show that A is also a SPD.

b. Use the first conclusion to show the existence of the LU factorization
and Cholesky factorization of any SPD.

Problem 2.

A matrix A with all non-zero diagonal elements can be written as A =
D4(I—L—U) where D, is a diagonal matrix with identical diagonal as A and
matrices L and U are lower and upper triangular matrices with zero diagonal
elements. The matrix A is said to be consistently ordered if the eigenvalues
of matrix pL+p~'U are independent of p # 0. Consider a tri-diagonal matrix
A of the form

a B 0 -+ 0
PR .
A=10 0
0 0 [ «

with |a| > 28 > 0.
a. Show that the matrix A is consistently ordered.

b. Show that if A # 0 is an eigenvalue of the iteration matrix B, of the
Successive Over Relaxation (SOR) method for matrix A

B, = —wL)™((1 —w)I +wU),
then 1 = (A 4+ w — 1)(wv/\) 7! is an eigenvalue of L + U.

1



Problem 3.

a. Assume that v; = (1,1,1)7 is an eigenvector of a 3 x 3 matrix B. Find
a real unitary matrix V such that the first column of the matrix V' BV
contains all zeros except on the first row.

b. Consider a matrix A defined by

1 -2 2
A=| -1 1 1
-2 0 3
verify that v; = (1,1,1)7 is an eigenvector of A and the first column of
the matrix VT AV contains all zeros except on the first row where V is
the matrix you obtained in (a).

c. Assume that VT AV has the form

VTAV =

o O %
o e %
ST S

Find a Schur decomposition of the matrix A. That is, find a unitary
matrix U such that U? AU = R where R is an upper triangular matrix
and U* is the conjugate transpose of U.

Problem 4.

Consider a n by m matrix A and a vector b € R". A minimum norm
solution of the least squares problem is a vector x € R™ with minimum
Euclidian norm that minimizes ||Az — b||. Consider a vector z* such that
|Az* —b]| < ||Az — b|| for all x € R™. Show that z* is a minimum norm
solution if and only if z* is in the range of A*.
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Instructions

The exam consists of four problems, each having multiple parts. You should attempt to solve all four

problems.

1.

(a)

Linear systems

For x € R"and M € R™" let ||x|| denote the norm of x, and let ||M|| denote the corresponding
induced matrix norm of M. LetS € R™" be nonsingular and define a new norm on R™ by
llxlls = [ISxI.

Show that || ||sisin facta normon R™.

Show that || ||gand]| || are equivalent normson R™.

Show that the induced norm of M € R™™ with respect to the || || norm is given by

IM]ls = ISMS™H.

Let k(M) denote the condition number of M € R™ ™ with respect to the || || norm, let kg(M)
denote the condition number of M € R™™ with respect to the || || norm and show that
k(M) < k(S)?k(M).

Least squares

(@) Assume you observe four (x, y)data points: (0,1), (1, 1), (-1, -1), (2,0). You want to fit a
parabola of the form y = a + bx? to these data points that is best in the least squares
sense. Derive the normal equations for this problem and put them in matrix vector form
(you do not need to solve the equations).

1 2
(b) LetA =0 1] and consider the linear system Ax = b, for b € R3. Find the QR or SVD
1 1

decomposition of A and the rank of A.

(c) Foragivenb € R3, state the condition such that the equation in part (b) has a solution, and
the condition such that the solution is unique.
(d) Find the pseudoinverse of the matrix A given in part (b).

-3
(e) Forb = [—2] find the solution x to the system given in part (b).
-1

Iterative Methods
Consider the stationary vector-matrix iteration given by

Xp41 = Mx, + ¢ (1)
where M € C™", ¢ € C™,and, x, € C™ are given.

Let (M) denote the spectral radius of the matrix M and show that if limy_,., x;, =x" for any
Xo € C™, then r(M) < 1.



(b)

(c)

(d)

(a)

(b)

Now consider the linear system
Ax=»b (2)
where A € C™™ nonsingular and b € C™ are given.

Derive the matrix M € C™*™ and the vector ¢ € C™ in (1) in the case of the Gauss-Seidel
iteration for solving the linear system given in (2).

Derive the matrix M € C™*™ and the vector ¢ € C™ in (1) in the case of the Successive Over
Relaxation Method (SOR) with parameter 6 for solving the linear system given in (2). (Hint: Use

your answer in part (b) and write Das D = %D + (1 - %) D.)

Show that if for the SOR method, lim,,_,,, x;, = x* for any x, € C™, then it is necessary that
6 € (0,2).

Computation of Eigenvalues and Eigenvectors

Let A be a nondefective n X n matrix with eigenvalues, A1, 15, ..., A,, with [A;]| > [1,] = |15] =
-+ > |A,|, and corresponding eigenvectors uy, Uy, ... ,Uy. Letx, € C™ be such that x, =

Y au;, with a; # 0. Define the sequence of vectors {x; }y=; S C™ recursively by

Xpe1 = Axy, k=0,1,2, ...

Let v € C™ be any fixed vector that is not orthogonal to u;. Show that q; =

T
vix
k“/ r. convergesto A;as k — oo.
UV Xk

Now suppose that |A,| > |15], v € C™ is orthogonal to u, but is not orthogonal to u, and
a, * 0. Show that limk_m qdx = Az.

Now suppose |A;| > [A,| > |A3] = |A4] = -+ = |4,|, v € C™is such that a;vTu; # 0. Show
that for k sufficiently large, qx = A; + C(A,/1,)¥ for some constant C. (Hint: Show that
limy 00 (g — A1) (A1 /2,)* = C, for some constant C.)
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Monday February 3, 2014

Work all problems and show all your work for full credit. Thisexam is closed book, closed notes, ho
calculator or electronic devices of any kind.

1. (@) Let {fi}r=1ben linearly independent real valued functionsin L,(a, b), and let Qbethen x n
matrix with entries Q; ; = fffi(x)fj (x)dx. Show that Q is positive definite symmetric and
therefore invertible.

(b) Let g beareal valued functionsin L, (a, b) and find the best (in L, (a, b)) approximation to g
in span{fi }i=1-

2. Let A bea3 x 3 nonsingular matrix which can be reduced to the matrix

1wy u
U=10 1 u3“
0 0 1

using the following sequence of elementary row operations:

(i) a4 times Row 1isadded to Row 2.
(i) a5, timesRow 1 isadded to Row 3.

(iif) Row 2 is multiplied by -
3
(iv) a4 times Row 2 is added to Row 3.
(@ Find an LU decomposition for the matrix A.
(b) Letb = [by b, b3]" beanarbitrary vector in R3 and let the vector x = [¥1 *2  x3]Tin

R3 be the unique solution to the linear system Ax = b. Find an expression for x5 in terms of
thea;'s, the b;'s, and theu;'s, i = 1,2,3.

3. Inthisproblem we consider the iterative solution of the linear system of equations Ax = b with
thefollowing (n — 1) X (n — 1) matrices



(8 Show that the vectors x* = (sin’l—k, sin%, sin@), fork=1,--,n—1
are eigenvectors of B;, the Jacobi iteration matrix corresponding to the matrix A given

above.

(b) Determine whether or not the Jacobi’s method would converge for all initial conditions
x0.

(c) Let L and U be, respectively, the lower and upper triangular matrices with zero diagonal
elementssuch that B; = L + U, and show that the matrix aL + a~'U has the same
eigenvalues as B, for al a # 0.

(d) Show that an arbitrary nonzero eigenvalue, A, of the iteration matrix

H(w) = (I — wL)™((1 - »)I + wl)
for the Successive Over Relaxation (SOR) method stisfies the following equation
A2 =2(1—w)A—plw?l+ (1 —-—w)? =0,
where u is an eigenvalue of B; (Hint: use the result of (c)).
(e) Forn = 4, find the spectral radius of H(1).

(a) Find the singular value decomposition (SVD) of the matrix
A= 3 1
0 3F
(b) Let {A;} and {0} } be the sets of eigenvalues and singular values of n X n matrix A. Show
that: miny o, < ming|A,| and max;, g, = maxy, |Ax|.
(c) Let A beafull columnrank m x n matrix with singular value decomposition A = UZV™,
where V™" indicates the conjugate transpose of I .

(1) Computethe SVD of A(4*4)~1A*intermsof U, Z,and V.

(2) Let || - |] = supy=o ”“; Tlllz be the matrix norm induced by the vector 2-norm, and let
2

Omax be the largest singular value of A. Show that ||Al| = gy
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Instructions The exam consists of four problems, each having multiple parts. You should attempt to

solve all four problems.

1.
(a)

(b)

(a)

(b)

Linear systems
Let A be an n X n matrix, B be an n X m matrix, C be an m X n matrix, and let D beanm Xm
matrix with the matrices A and D — CA™1B nonsingular. Show that the partitioned (n + m) X

(n+m) matrix M = [’2 g] is nonsingular and find an explicit formula for its inverse.

How many multiplications would be needed to compute M~ if you do not take advantage of its
special structure.

How many multiplications would be needed to compute M1 if you do take advantage of its
special structure (i.e. using the formulas you derived in part (a)).

Least squares
LetA € R™™and b € R™, withm < nandrank A = m. Let x, € R™ and consider the
constrained optimization problem given by

min ||x — x|,

subject to Ax = b, where the norm in the above expression is the Euclidean norm on R™. Show
that this problem has a unique solution given by

x* = AT(AAT) b + (I, — AT(AAT)"1A)x,,

where [, is the n X n identity matrix.

Iterative Methods
Consider the following matrix

Find a range for the real parameter w such that Richardson’s method for the solution of the
linear system Ax = b,
xk+1 = xk — (Ax* — b)

converges for any initial guess x°.

Find an optimal value for w and justify your answer.



4. Computation of Eigenvalues and Eigenvectors
Consider the following matrix

A:[1 1 |

0 1+¢
(a) Find a non-singular matrix T'(¢) such that the matrix T~1(£)AT(¢) is in Jordan canonical form.
(b) Find the limit of ||T'(g)]| as € tends toward zero.

(c) Explain what this implies with regard to using the LR or QR methods to compute the eigenvalues
of a matrix whose Jordan canonical form contains a Jordan block of size larger than 1.
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FIRST NAME:

LAST NAME:

STUDENT ID NUMBER:

SIGNATURE:

ProBLEM 1 Consider the following 3 x 3 matrix:

(a)

1 1 1
A= 0 € €
0 € e+é2

Use the Gram-Schmidt orthogonalization method on the columns of
matrix A to derive a QR-decomposition of A.

Use the Householder QR-factorization method to perform the same
task as (a).

Based on your calculations in (a) and (b), determine which method
would lead to a more accurate factorization on an actual computer
and justify your reasoning.

A graduate student programmed both techniques in Matlab and tested
them for the case e = 107!°. He evaluated the norm of A — Q * R in
Matlab and found that the norm was equal to 0 for the Gran-Schmidt
factorization and 4.6032 x 10726 for the Householder factorization. Is
this consistent with your conclusion in (c)? What other quantities
would you suggest him to examine that may support your conclusion
in (c)?




Name:




Name:




Name:

PROBLEM 2. Let A be an n x n real-valued, symmetric positive definite
matrix and b € R™. Consider the following two-stage iterative procedure for
solving the system of equations Az = b:

Tpyl =Tn +wi(b— Azy,)

Tntl = Tpp1 + wa(b— A$n+%)

(a) Let e, = x—x, be the error between the n-th iterate x,, and the exact
solution z. Find the matrix K such that e,+1 = Ke,.

(b) Find the eigenvalues of K in terms of the eigenvalues of A, w;, and
w9.

(¢) Show that wy and ws can be chosen so that the method converges with
any initial condition. Express the rate of convergence in terms of Ay
and A, which correspond to the largest and smallest eigenvalues of A,
respectively.




Name:




Name:




Name:

PROBLEM 3. Consider a least square minimization problem:

minimize|| Az — b|3, zeR", beR™, (1)
and a regularized form of the (1):

minimize|| Az — b||3 + a|z||3, a>0. (2)

(a) State and justify a necessary and sufficient condition for a vector xq to
be a solution of (1) and determine whether or not this problem always
has a unique solution?

(b) State and justify a necessary and sufficient condition for a vector z to
be a solution of (2) and determine whether or not this problem always
has a unique solution?

(c) Let R(A”T) be the range of AT and let A/(A) be the null space of A.
Explain why a solution of (2) must be in R(AT).

(d) Suggest a method for approximating a minimal norm solution of (1)
using a sequence of solutions of (2) and justify your answer.




Name:




Name:
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Names:

PROBLEM 4. Let A be an n x n skew-Hermitian (i.e. A¥ = —A) matrix.
(a) Show that I + A is invertible.
(b) Show that U = (I + A)~}(I — A) is unitary.

(c) Show that if U is unitary with —1 ¢ o(U) , then there exists a skew-
Hermetian matrix A such that U = (I + A)~}(I — A).

(d) Show that if B is an n x n normal matrix (i.e. BYB = BBH) then it
is unitarily similar to a diagonal matrix.

(e) Let C be an n x n matrix with singular values oy > 09 > -+ > 0, > 0.
Show that if A is an eigenvalue of C, then |A| < o} and that | det(C)| =

H?:l Oi-




Name:

11




Name:
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Problem 1. (Iterative Methods) Consider the block matrix

A=|-M, I, 0

ITL 0 _Mll
0 My I,

where [, is the n X n identity matrix and M;, M,, and M3, are n X n matrices.

a) Find the Jacobi and Gauss-Seidel iteration matrices for solving the system of
equations Ax = b (for some fixed vector b).

b) Show the methods either both converge or both diverge and, in the case of
the former, the Gauss-Seidel method converges three times as fast as the
Jacobi method.

c) Now consider the Jacobi and Gauss-Seidel methods for the system of
equations AT x = b. Show they either both converge or both diverge and, in
the case of the former, the Gauss-Seidel method converges one-and-a-half
times as fast as the Jacobi method.



Problem 2. (Least Squares) Let A € C"™*™ and consider the following set of
equations in the unknown matrix X € C™*™ known as the Moore-Penrose equations
(MP):

AXA = A
XAX = X
(AX)* = AX
(XA)* = XA

(a) Show that the system (MP) has at most one solution (Hint: Show that if both
XandY are solutions to (MP) then X = XAY and X=YAX.)

(b) When A = zeros(m, n), show that there exists a solution to the system (MP).
(Hint: Find one!)

(c) Assume that A has full column rank and find the solution to the least squares
problem given by min||AX — I||2 where I denotes the m X m identity matrix
1

and ||*||r denotes the Frobenius norm on C™*™ (||B||r = (Zﬁlz}";l bl-ZJ-)E =

1
(Z;il iz, bf j)z). (Hint: Note that the given least squares problem decouples
into m separate standard least squares problems!)

(d) Assume that A has full column rank and use part (c) to show that the system
(MP) has a solution. (Hint: Find one!).

(e) Assume rank(A) = r, 0 < r < n, and show that there exists a permutation
matrix P € C™" such that AP = [AMR], orA = [/ﬂAR]PT where 4 € C™*7
has full column rank and R € C™®"), (A permutation matrix is a square
matrix that has precisely a single 1 in every row and column and zeros
everywhere else.)

(f) Assume rank(A) =r, 0 < r < n, assume that a solution to the system (MP)

has the form X = P [i] where S € C™™ and T € €™ ™ and use parts (c),

(d), and (e) and the first equation in the system (MP) to determine the
matrices S € C"™™ and T € C™~"*™ i terms of the matrix A, and therefore
show that the system (MP) has a solution.



Problem 3. (Direct Methods) Consider a vector norm ||-||; for R™. Define another
norm |||+ for R™ by [|x|ly+ = maxyegn |y, <11x" ¥I.

It is known that for every vector x # 0 € R", there exists a vector y € R" such that
yTx = |lylly+llx|ly = 1. A vector y with this property is called a dual element of x.

a. Consider a nonsingular n X n matrix A. We define the distance between A

C.

and the set of singular matrices by
dist(A) = min{||6A||y: 54 € R™", where A + §A is singular},

where [|A||y is the operator norm induced by ||-||;. Show that

1
dist(4) = ————.
1A=y

Hint: Suppose the matrix A + §A is singular. Then there exists x # 0 such
that (A + 6A)x = 0.

Let x be a unit vector such that |[A™ x|, = [|A7 ||y and y = A~ 2x/||A7 Y|,
Consider a dual element z of y and the matrix

xzT

§A = ———
lA=ly

Show that 4 + §A is singular.

Show that [|54]ly = |4~l;* and

dlSt(A) = m
%4



Problem 4. (Eigenvalue/Eigenvector Problems) Let A be a real symmetric
matrix and g a unit vector. Let

K (4,q1,j) = Span{q,, Aq1,A%qq, ..., AV q, }

be the corresponding Krylov subspaces. Suppose {q;, 43, ..., ¢, } is an orthonormal
basis for R™ and {ql, qz, ) q]-} is an orthonormal basis for X (4,q4,j),1 <j <n.
Let Q; be the n X j matrix whose columns are q4, q5, ..., qj,1.e. Q; = [ql, qz e qj]. It
is easy to see that Q] AQ; = T; where T; has the form

a; B O
Br az P 0
_ ( 0 B a3 \}

0 L Y1 ﬁj—l/

ﬁj—1 o

Tj

a) Derive an algorithm to compute the vectors q; and the numbers a; and f;
iteratively from the fact that AQ,, = Q,, T,,. This algorithm is known as the
Lanczos algorithm.

b) Let M; be the largest eigenvalue of T;. Show that M; increases as j increases
and that M,, is equal to the largest eigenvalue of 4, 1;.

Hint: Recall that M; = max,  j xTY}- xand A; = max, cgn xTA X.

c) A standard approach for finding 4, is to use Householder transformations to
tridiagonalize A and then use the QR algorithm. Suppose A is large and
sparse. How could you use the Lanczos algorithm to improve on this
method? What are the advantages of this alternative approach?
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Instructions The exam consists of four problems, each having multiple parts. You should attempt to
solve all four problems.

1. Linear systems

Consider the symmetric positive definite (spd) n X n matrix A and its LU-decomposition A = LU
with lii = 1, i= 1,2, e, 1L

det(Ak)
det(Ag-1)
k X kmatrix formed by taking the intersection of the first krows and kcolumns of A.

a. Showthat u;; = a;q, and uy, = .k =2,..,n, where foreach k = 1,2, ...,n, A is the

b. Show that 4 can be written as A = RTR with R upper triangular with positive diagonal entries.
(Hint: Let D = diag(uy1, Uzy, ..., Uny) and consider the identity A = LDD~1U.)

c. Show how the decomposition found in part (b) suggests a scheme for solving the system Ax = b
with A spd, that like Choleski’s method requires only U, but that unlike Choleski’s method, does
not require the computation of square roots.

2. Least squares
Let A € R™™ m > n, be given.

(a) Show that the x-component of any solution of linear system

(I O =(). 3

is a solution of the minimization problem
miny ||[b — Ax|]>. (2)

(b) Show that the solution of the linear system (1) is unique if and only if the solution of the
least squares problem (2) is unique.

3. lterative Methods
Let A be an n X n nonsingular matrix and consider the matrix iteration
Xier1 = Xi + X (I — AXy),

with X, given. Find and justify necessary and sufficient conditions on A and X,for this iteration
to converge to A™1.



4. Computation of Eigenvalues and Eigenvectors

Consider the matrices A and T given by

3 a B 1 0 0
A=|-1 7 —1] and T=|[0 1/2 0 ],
0 0 5 0 0 1/4

where |a|, |B] < 1.

(a) Use the similarity transform T~1AT to show that the matrix A has at least two distinct
eigenvalues. (Hint: Gershgorin’s Theorem)

(b) Inthecase @ = f = 1verifythatx =[1 1 1]7is an eigenvector of A and find a unitary matrix
U such that the matrix UT AU has the form

(c) Explain, without actually calculating, how one could find a Schur decomposition of A.



1. Suppose

Dy F 0 0 ... 0 0 0
Ey Dy Fo, 0 ... O 0 0
0 Es Dy Fy ... 0 0 0
0O o0 0 0 ... En.qy Dy Fo
o o0 0 o0 ... 0 E, D,

is a real block tridiagonal matrix where the blocks are all size ¢ x ¢ and the diagonal blocks
D; are all invertible, 1 < ¢ < n. Suppose, moreover, that A’ is block diagonally dominant,
in other words

1D ([E-a |l + [ Eigalh) < 1
for 1 <14 <n where Fy = E,,; = 0.
(a) Show A is invertible.
(b) Show A has a block LU decomposition of the form

I 0 0 ... 0 O v, I, 0 ... 0 0
Ly I 0 ... 0 0 0 Uy, Iy ... 0 0
0 Ly I ... 0 O 0O 0 U; ... 0 0
A= o . . . .
0O 0 O I 0 0O o0 0 ... U,.1 F,1
0O 0 O L, I O 0 0 ... 0 U,
where

x ||Lilh <1,2<i<n-—1and
« each matrix U; is invertible with ||Us||1 < ||A]|1, i <@ < n.
Hint: Recall, if a square matriz M has ||M||; <1 then I — M is invertible and

(I-M)y'=T+M+M*+M +...

(¢) Show how you can find this block LU decomposition numerically and how you can use it
to solve the system of equations Ax = b (for a given vector b). Explain the significance
of the bounds in (b) and why this approach might be preferable to employing Gaussian
elimination with pivoting on the whole of A.



2. Consider the following 2Xx3 matrix A
_(1 -1 1
A=, 7 o)
(a) Find a two dimensional subspace S* such that

i |Ax|l, = max min ||Ax]||,.
x€S*||x|l,=1 dim S=2 x€S,||x||,=1

Justify your answer.
(b) Find a rank one 2x3 matrix B such that |4 — B||, is minimized and justify
your answer.



3. Let X be a linear vector space over C and let P be the n X n matrix defined by the linear
transformation on X™ given by

PX = P[xy, X5, e, X 1T = [X5, X3, 0o, X1, %17

(a) What are the matrices P, P°, P2, P™" 1 and P™ ? (Hint: Although you could do this with matrix
multiplication, it’s easier to base your answer on the underlying transformation.)

1 21l

Let F be the n X n matrix given by [F];; = ﬁa(j‘l)(k‘l),j, k=12 ..,nwherew=en =

2T . . 2T
coOsS— + 1Sin—.
n n

(b) Show thatfork = 1,2, ...,n, PF, = @* DE,, where Fyis the k™ column of the matrix F.

(c) Show that the matrix Fis unitary.

Leta = {a;}; € C, setpy(2z) = X, a;z" "1 and let the n X n matrix 4, be given by
a, a, as a .. Qa
[ an a, a, as ... an_ll
A = | an-1 an a1 az .. ap_|
a |ap-—2 Ap-1 An QA1 ... QAp_3[
| a, as; a, as .. |

(d) Show that Ais diagonalizable with eigenvalue/eigenvector pairs given by {p, (@*~), Fe},
k =1,2,...,n. (Hint: Parts (a), (b) and (c).)



4. Let {Z,S}Z=1 be n points in the complex plane and consider the following iteration:

ztand zt, k=12,..,n—1

z™*1is equal to the average of{ 2™ and zM k=n
n 1 -

(a) LetZ™ = [zI", 2", ..., z"]T and rewrite the transformation from Z™ to Z™*! given above in the
form of a matrix iteration.

(b) Show that lim,,_,, z* = 2, k = 1,2,...,n, where 2 = %Z}lejo. (Hint: The RESULT of Problem
3(d) might be of some help to you here. Note that you may use the result of problem 3(d) even
if you were not able to prove it yourself.)

(c) What happens if, in parts (a) and (b) , the phrase “the average” in the definition of the iteration
is replaced with “an arbitrary convex combination” ; that is:

azit+(1-a)zh, k=12,..,n-1

f ?
azm + (1—a) 2 K =n orsome a € (0,1)

m+1 _
s =
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1.

a)

Let A € C™™ and let Aj€C*j=12,..,nbe the jt* column of A. Show that
|det Al < TT7- |4 -

Hint: Let D = diag(||A;|l1, l1A21l1, ..., 1A, ]l1), and consider det B, where B = AD™ 1.

a) Let A € R™™ be nonsingular and let 4; € R" j = 1,2,...,n be the jt" column of A. Use
Gram-Schmidt to show that A = QR, where Qis orthogonal and Ris upper triangular with

lall; =i RE j=12,.m

b) Given 4, Q,R € R™™as in part (a) above with A = QR, and given b € R", perform an
operation count (of multiplications only) for solving the linear system Ax = b.

Consider the constrained least squares problem:
min||Ax — b]|,
* X
subjectto Cx =d

where the m X n matrix 4, the p X n matrix C, and the vectorsb € R™andd € RP are
given.

Show that the unconstrained least squares problem
min ||Ax — bl|,
X

is a special case of the constrained least squares problem *.

Show that the minimum norm problem
min ||x||,
X
subjectto Cx =d
is a special case of the constrained least squares problem *.
By writing x = x, + Nz, show that solving the constrained least squares problem * is
equivalent to solving an unconstrained least squares problem
** min ||AZ — E||2
zZ

What are the matrices N and A and vectors x, and b?

d) Use part c) to solve the constrained least squares problem * where



d)
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Consider a stationary iteration method for solving a system of linear equations Ax =
b given by

yk =xk + wo(b — Ax*),  xF*1 =y* + w, (b — Ay").
Show that the matrix B defined by x**1 = Bx* + ¢ has the form B = up(A) where
p(A) is a second order polynomial in A with leading coefficient equal to 1.
Show that the scaled Chebyshev polynomial T, (1) = A2 — 1/2 has the property that

1

5= max [,()] < max [q(4)]
for all second order polynomial g with leading coefficient 1.
If we know that matrix A is Hermitian with eigenvalues in (—1, 1), find coefficients
wo and w; such that the proposed iterative scheme converges for any initial vector
x0.
What could you do if the eigenvalues of the matrix 4 is in (a, $)to make the scheme
convergent?
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There are a total of 4 problems on this test. Please start each problem on a
new page and mark clearly the problem number and the page number on top
of each page. Please also write your names on top of the pages.

I. Direct Methods (25 Points)

Suppose A and B are non-singular n x n matrices and the 2n x 2n matrix

-3

is also non-singular.

(a) Show that
det(C) = det(A)det(A — BA™'B)

(b) Show that both A+ B and A — B are non-singular.
(c) Consider the system of equations Cx = b. Let
r = {Il] and b= {bl}
) b?
where x1,x9, b1, by are in R™. Let y; and y, be the solutions to

(A+B)y1 :bl—l-bz and (A—B)yg :b1 —b2
Show that

1

T = 5(?/1 +y2)
1

Tg = 5(91 - y2)

(d) What is the numerical advantage of finding the solution to Cx = b in
this way?



I1. Least Squares Problem (25 Points)

Consider the following least square optimization problem

1 1 2 3
IIliI%HASL’—ng, where A= |1 -1 4 |, b= 2
ek 11 2 5

(a) Show that z = (3,1,0)% is a solution to the least square problem.
(b) Find the minimum norm solution for this problem.

(c) Consider any vector b = (b, by, b3)T, show that a solution for the least
square problem

1 1 2
mi:% 1 -1 4 |z—0b
reR 1 9 ,
is given by
@ by + by + 2b by + by — 2b
0 4 4

(d) Using an approach similar to (b) to find the pseudo inverse of the matrix
A.



ITI. Eigenvalue Problems (25 Points)

Consider the following matrix

(a) Show that z = (1,1,1)% is an eigenvector of A.

(b) Consider matrix @) given by

1/vV3 1/vV2  1/V6
Q=113 0 —2/V6
1/vV/3 —1/vV2 1/V6

Show that A = Q*AQ has same eigenvalues as matrix A and

3 —2/v6 V2
A=l0 -3 V3
0 —1/v/3 -5

(c) Use the result of (b) to find a Schur decomposition of A .

(d) Try to perform one step of the LR algorithm on A. What transforma-
tion may be needed to compute the eigenvalues of matrix A using the
LR algorithm?



IV. Iterative Methods (25 Points)

We want to solve the system
Axr =b

for an invertible matrix A € R"*". Assume that we have a computational
algorithm that computes an approximation z; = A=1b of z. Ideally, we would
choose A=1 = A~! but let’s say for example due to roundoff errors this is not
available. In order to improve the result z; we can use the following strategy:
For A := x — x; we have

AA =b— Ax,.

Again we cannot compute this exactly but we can apply our algorithm A~
to obtain A = A=1(b — Azy). Then

To=r1+ A~z + A==z

is hopefully a better approximation of x. We can now iteratively apply this
strategy to obtain a sequence xp, k=1,2,....

(a) Rewrite this process as an iterative solver of the form z, 11 = Bz, + ¢
for the system Ax = 0.

(b) Show that for ||A—1— A~!|| < ||A|| this method converges to the correct
solution x.
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This exam has 4 problems. Please write down your names on all pages of your answer
and mark clearly the order of pages. Start a new problem on a new page.

I. Direct Methods

R v
A‘Lﬂ | 0}

where R is an n X n invertible upper triangular matrix and » and v are vectors in R".

Consider the matrix

(a) Consider the LU decomposition of A, A = LU, where L is unit lower triangular
and U is upper triangular. Find the matrices L and U.

(b) Find necessary and sufficient conditions on R, u and v for A to be non-singular.

(¢) Suppose A is non-singular. Use the LU-decomposition from (a) to formulate
an economical algorithm for solving the system of equations Axr = b and
determine its computational cost.

II. Iterative Methods

Consider the system of equations Ax = b where
A=D—-FE-F

is an n X n Hermitian positive definite matrix, D is diagonal, —F is strictly lower
triangular and —F' is strictly upper triangular. (In other words, both E and F' have
zeros on the diagonal.) To solve the system using the Gauss-Seidel method with
successive over-relaxation (SOR) we write A = M — N where

1
M=-D-E
w

and N:(l—l)D—i-F
w

where w is a real number. The iteration matrix is
T,=M"'N=(D-wE)"[(1-w)D+wF].

(a) For any matrix B let B* be its conjugate transpose. Show that if jw — 1| < 1
then M* + N is positive definite.
(b) Consider the vector norm || - ||4 be defined by

l|z]|a = Va*Az.

and the corresponding matrix norm || - ||4 it induces on C"*". Show that if
M* + N is positive definite then ||[M~!N|[4 < 1.

(c) What can you deduce about the convergence of the SOR method in the case
when |w — 1| < 17

(d) Suppose the SOR method converges for all initial vectors xg. Show that
lw—1| < 1. (Hint: compute det(T,).)



I1I. Eigenvalues Problem
Suppose A is a real symmetric n X n matrix. Given two integers p and ¢ between 1

and n, let ) )
1

G=0G(p,q,0) =

1
1
be a Givens matrix. In other WOI"CiS, G is the n x n matrix deﬁned-by
Gw=1 k#pq Gij =0 i#jand (1,5) # (p,q) or (¢,p)
Gpp =cC Gpg = s
Gy=c Gy =—5

where ¢ = cos ) and s = sin 6.
(a) Let A; = GT AG and suppose 6 is chosen so that [A;],, = 0. Let || - || be the

Frobenius norm given by
_ 2
|| M]| = E M.
2%

Let A= Dy + Ey and A; = Dy + E; where Dy and D, are diagonal matrices
and Fy and F; have zeros on their diagonals. Show that
B[] = || Eo||* — 245,
(b) Use part (a) to describe an iterative method for finding the eigenvalues of A

and prove your algorithm converges.



IV. Least Square Problem

Let A € R™" be a matrix and let A = UXV7T be its singular value decomposition.
We want to find k vectors x; € R™ and y; € R™ such that

. 2
A— Z xiyiT
i=1

is minimal, where [|A[|3 := 377", Y7, af; is the Frobenius norm,

F

(a) Let u; and v; the i-th and j-th column of U and V respectively and o, the
r-th singular value of A. Show that

T = \/ou;, Yi = \oiv;
is a solution of the optimization problem .
Hint: For any orthogonal matrix O and S we have ||[OAS||r = || Al F.

(b) Assume that m = n is large and k£ small. How many values do you have to
store for A and how many for its approximation Zle ziyl?

(c) Suppose that the matrix A represents a database of rankings of n movies by
m movie viewers such that a;; € {0,...,5} is the star ranking of movie j by
viewer 7. Is it reasonable that A can be well approximated by some Zle Tyl
for some comparatively small k7

Hint: Discuss the case that there are k groups of users with similar interests
and therefore similar movie rankings.
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1. (Numerical methods for finding eigenvalues) Let A be a square n X n matrix with eigenvalue-
eigenvector pairs {(A;, u;)}=, satisfying {u;}/=,linearly independent and |A;| > [A,] = ---. >
|A,]. Let xq € C™ be given with xy = Y- a;u;and ay # 0. Fork =12, ..., set B, =
Xt _ixe/xE_ix;_1, where x; = Axj_;.
a. Showthat 8, =44 (1 + 0(|/12//11|k)), ask — oo.

(Recall thatif h > 0, 1, = O(hk), as k — oo, if and only if there exists a positive integer k,

and a positive constant M such that |r,| < Mh¥, for all k > ky, or, equivalently if and only if

I;—’,‘(I is bounded for all positive integers k.)

b. Show that if the matrix 4 is symmetric, then 8, = 1; (1 + 0(|Az//11|2k)), ask — oo

c. Let a be agiven complex number. Show how an iteration like the one given above can be
used to find the eigenvalue of A that is closest to a.

2. (lterative methods for linear systems) A square matrix A is said to be power bounded if all the
entries in A™remain bounded as m — oo.
a. Show thatif ||A|]| < 1, where || || is some induced matrix norm, then A is power bounded.
b. Establish necessary and sufficient conditions on the spectrum of a diagonalizable matrix A to
be power bounded.
c. For Aacomplex number and ka nonnegative integer, let J; (1) denote the k X kmatrix with
A’s on the diagonal and 1’s on the first super diagonal, and show that

k-1
m . .
m — ) AmJ J
Je@) ZO (o /) A1)
J:
d. Find necessary and sufficient conditions for an arbitrary square matrix A to be power

bounded.

3. (Least squares) Consider the following least square minimization problem

min||Ax — b|3
er” I3

where

2 0 2 2 2

A=11 1 2 -2, b=|-1]|

1 1 2 =2 5
a. Explain why the problem has a solution.
b. Determine whether or not x, = (1,1,0,0) is a solution.
C. Determine whether or not x is the minimum norm solution to this problem.
d. Find the minimum norm solution.

Go on to page 2.



b)

d)

(Direct methods for linear systems)
Consider a block matrix

E F
K= [G H
where E, F, G, and H are all square n X n matrices. Show that, in general,
det(K) # det(E)det(H) — det(F)det(G)
but if either F or G (or both) is the zero matrix (so K is either block-lower or block-upper
triangular) then
det(K) = det(E)det(H).
Suppose that 4 is a non-singularn X n matrix and B is any n X n matrix such that the
2n X 2n matrix
A B
¢= [B A
is also non-singular. By considering the matrix
[ I O] [A B
—-BA™Y llB 4
or otherwise, show that

det(C) = [det(A4)]?det(I — A"*BA™'B).
Now suppose that A and B are anyn X n matrices such that the 2n X 2n matrix C
given in Part b is nonsingular. Use Part a to show that both of the matrices A + B and
A — B must be non-singular.
Consider the system of equations Cx = b where the matrix Cis as given in Part c above.

b
Letb = [ 1] where by, b, are in R™ and let y; and y, be the unique solutions to

b,
(A+B)y,=by+b, and (A—B)y,=b,—b,
guaranteed to exist by Part c above. Show how to obtain the solution of Cx = b from
y; and y,. What is the numerical advantage of finding the solution of Cx = b in this
way rather than finding it directly?
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Problem 1.
Let {¢;}"; be m linearly independent vectors in R"™ and set ® = [p1]¢pa]...|om] € R™™.

(a) Prove that ®7® is nonsingular

(b) Let || - || denote the Euclidean norm on R”, for z € R" define the map Py : R® — R" by
Pox = ¢, where p = arg mingcganp,ym ||z — ¢|], and show that Py : R" — R" is linear.

1=

(¢) A linear transformation P on a Hilbert space is said to be an orthogonal projection
if 1) P is self adjoint (i.e. P* = P) and 2) P is idempotent (i.e. P? = P). Show that
Ps : R" — R"™ is an orthogonal projection.

(d) Find a set of vectors in R™ whose span is equal to the orthogonal complement of the
subspace spanned by the {¢;}7;.

Problem 2. For a given small value € > 0 consider a matrix A of the form

A:(l 1)

—€ €

a. Find the matrix operator norm || A|5 induced by the Euclidean norm in R?. (Hint:||Al] =
| Az* |2 where ||z*|l2 = 1 and ||Az*||3 > ||Az||3 for all z € R? with ||z]]; = 1.)

b. Find the matrix norm ||A™Ys.

c. What is the smallest possible norm ||0 A5 for a matrix A such that the matrix A+JA
is singular?

d. Find a matrix 6 A with the smallest possible norm ||[§A|| such that A + JA is singular.

Problem 3. Consider a strictly diagonally dominant matrix A = D — E — F where ma-
trices D, FE, F' are diagonal, strictly lower-triangular, strictly upper-triangular matrices, re-
spectively.

a. For any parameter 0 < w < 1 and complex value A with |A| > 1, show that the matrix

Ayp=w'1l—w—-AND+F+\E

1



has the same properties as matrix A; that is, that Ay, is also a strictly diagonally
dominant matrix. (Hint: Use the fact that |1 —w — A| > |A] — (1 — w) to show that
W™ (L —w = A)| = [A])

b. Recall that the iteration matrix Bsogr for the Successive Over Relaxation (SOR)
method is given by

Bsor = (W'D —E)Y ' ((w™ —1)D + F).
Show that the matrix Bsor — Al is nonsingular for all [A\] > 1 and 0 < w < 1.

c. Using the conclusion of part b above, what can be deduced about the convergence of
the SOR method applied to a strictly diagonally dominant matrix A with 0 < w < 1.
Justify your answer.

Problem 4.

Consider the matrix
—2 10 100 200

0.01 5 100 1000
001 .02 15 10
0 0 .01 9

A=

(a) Notice that A is close to upper triangular. From this observation alone, what do you
expect to be true about its eigenvalues?

(b) Use Gerschgorin’s theorem to locate the eigenvalues of A to within a region of the
complex plane that is the union of four discs. Notice, the theorem does not do a very good
job at locating the eigenvalues.

(c) Suppose T is invertible. Prove that the eigenvalues of T-'AT are the same as the
eigenvalues of A.

(d) Find a diagonal matrix T such that when Gerschgorin’s theorem is applied to T-*AT,
one obtains four disjoint disks in the complex plane, each of which contains an eigenvalue of
A.
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Problem 1.

(a) Prove that the product of two lower triangular matrices is lower triangular.

(b) Prove that the inverse of a nonsingular lower triangular matrix is lower triangular.

(c) Prove that if A is a nonsingular matrix that can be put in row echelon form using
elementary row operations but without interchanging any rows, then it can be fac-
tored as A = LU where L is lower triangular and U is upper triangular with all ones
down the diagonal. Such a factorization is called an LU decomposition of the matrix.

(d) Prove if A is positive definite that it has an LU decomposition.

Problem 2. Suppose A € C"™*™ is nonsingular. Consider the iterative scheme
Xpi1 = Xp +c(AX, — 1)
to calculate A, where Xy, € C™™ and ¢ € C, ¢ # 0.

(a) Find a necessary and sufficient condition on A and ¢ under which the scheme con-
verges to A~! for all initial matrices Xj.
(b) Suppose the eigenvalues of A are all real with

1:>\r§>\r71§~--§)\1:5-

What is the optimal value of ¢ € C that achieves the maximum rate of convergence?
(c) Suppose now that the eigenvalues of A are all real with

—1=XN<AN <. <\ =5,

Show there is no value of ¢ that will make the scheme converge for all initial matrices
Xo. But consider the modified scheme

Xpi1 = X+ C(AX, — 1)

where C is now a matrix instead of a number. Find a matrix C such that this scheme
converges to A~! for all initial matrices X.

Problem 3. Let {¢;}", be m linearly independent vectors in R™ and set

® = [p1]p2l... o] € R

(a) Prove that ®7® is nonsingular.
(b) Let || - || denote the Euclidean norm on R™ and define the map Py : R — R” by
Pyr = ¢, where ¢ =arg min ||z —1|.
Yespan{pi }i,
Show that Py is a linear map.
(c) A linear transformation P on a Hilbert space is said to be an orthogonal projection
if
1) P is self adjoint (i.e. P* = P) and
2) P is idempotent (i.e. P? = P).
Show that Pg is an orthogonal projection.
(d) Find a set of vectors in R™ whose span is equal to the orthogonal complement of the

subspace spanned by the {¢; }7,.
1



2

Problem 4. The characteristic polynomial of a matrix A € C>*® has the form
p(\) = (A =1)°(A = 2)%.

(a) Find all possible Jordan canonical matrices J for A such that Jyx > Jij1 441, b =

1...,n—1.
(b) For each of the matrices J find the algebraic and geometric multiplicity of its eigen-
values.

(c) For each of the matrices J find the minimal annihilating polynomial py such that

po(A) = 0.
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Problem 1. Consider a matrix A € C"*™. The norm ||Al||r is given by

1A[lF = | D) A

i=1 j=1

Show that

Al =

where oy, k= 1,2,...,min{n, m} are the singular values of the matrix A.

Problem 2. Suppose A € R™"™ is symmetric and positive definite and b € R"”. Consider
the conjugate gradient method for finding the unique solution z* to Az = b. Let zq € R™ be
the initial vector used in the method and let ro = b — Axg. Suppose the method is carried
out to infinite precision.
(a) Prove the method finds z* in one step (in other words, x; = z*) if and only if ry is
either the zero vector or an eigenvector of A.
(b) Suppose A has m < n distinct eigenvalues. Show the method finds z* in at most m
iterations.

Problem 3. Let A = A;; € C™" be a complex-valued matrix. The matrix X € C*"*™ is
said to satisfy the Moore-Penrose equations (MP) if:

AXA=A
XAX = X
(AX)* = AX
(XA = XA

(where, for B € C™*", B* denotes the complex conjugate transpose, B* = BT).

(a) Given a matrix A, show there is at most one matrix X that satisfies (MP).
(b) Suppose A = VEXW* is a singular value decomposition of A. Define A as follows.
— For a complex scalar A, let

/\T_{% /\7é0

0 otherwise
— If A'is diagonal (i.e. A;; =0 whenever i # j) define AT € C"*™ by
(AN = (A"
— Otherwise, define
Al = wxive,
Show that AT is a solution to (MP).

(c) For A € C™™ and b € C™, show that x = Afb € C" is the vector of minimum norm

that minimizes ||Az — b|]s.
1



2

Problem 4. Consider the matrix

2 102 10?
A= 11072 1 107
1072 1072 2

Show that the eigenvalues of A lie in D,(1)U D.(2) where ¢ = 103 +1072/3 and the notation
D.(x) should be interpreted as

D.(z)={ e C:|N—zx| <e}

Hint: You might want to use a matriz of the form T = diag{1, o, a®} with a carefully selected
value of a.
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Problem 1.
Consider the normed linear space C* with vector norm || - || and let A, B € C"*". The
definition of the matrix norm, || - ||5s, induced by the vector norm | - || is given by

| A = sup, o221
(a) Show that for each A € C"*™ and each z € C, || Az ||<|| A ||m]| 2 ||.
(b) Show that || A [|;= sup, <1 || Az [|.

(c¢) Show that in fact for each A € C™*™ there exists ay € C" with || y ||< 1
such that || A ||y=| Ay |

(d) Show that || AB ||m<|| A ||ml| B ||as-

(e) IE[ - [=[ - [l find [ - [

Problem 2.
Let A € C™*"™ have full column rank.

(a) Find the mapping, P, of C™ onto the range of A defined by

Pz = argminyGRange(A) H r—y ”g z e C™
Hint: Use the normal equations.
(b) Show that P is self-adjoint and idempotent.
(c) Let C;D € C™™ let C' = UXV* be a singular value decomposition for C' and sup-

pose that C' = (I —2P)D(I —2P)*. Find a singular value decomposition for D. Justify your
answer.



Problem 3.

(a)

Consider the matrices

01 o 1

Show that for any £ > 0 and any real number K there exists d such that ||[A— Bl|y < ¢
and the eigenvalues p of B have the property that for all eigenvalues A of A,

A:[l 1} and B:F 1}

=l = K||A= Bl|.

Suppose now A is a real n X n symmetric matrix with eigenvalues A1, Ao, ..., A\, and
suppose 1 € R and u, w € R™ have the property that

(A —pl)u = w.
Show there is at least one eigenvalue \; such that

[lwil2
=Nl < e
7 2

Hint: expand u and w in an appropriate basis.

Use your result in b) to show that if A is a real symmetric matrix with eigenvalues A,
A2, ..., A, and B is a perturbation of A that is also symmetric, then every eigenvalue
i of B has the property that there is at least one eigenvalue A; such that

=Xl < [|A = Blf2.
Hint: Let u be a corresponding eigenvector of B and write (A — ul)u as (A— B+ B —
wl)u.

Consider the matrix
1 1/2 1/3
A= |1/2 1/3 1/4
1/3 1/4 1/5

Suppose this matrix is entered into the computer as

1.0000 0.5000 0.3333
B = 10.5000 0.3333 0.2500
0.3333 0.2500 0.2000

whose eigenvalues are

11 = 1.408294053
f1s = 0.11223414532
113 = 0.002664493933

What can we say about where the eigenvalues of A lie?

2



Problem 4.

(a) Let @ be a symmetric matrix. Show that any two eigenvectors of @), corresponding to
distinct eigenvalues, are ()-conjugate.

(b) Let @ be a positive definite symmetric matrix and suppose po, p1, .. ., pn_1 are linearly
independent vectors in R". Show that the Gram-Schmidt procedure can be used to
generate a sequence of ()-conjugate directions from the p;’s. Specifically, show that
do,dy, . ..,d,_1 defined recursively by

do = po
ko T
Pi1Q@d;
dpy1 = — ———d;
k+1 = Pk+1 ; 4’ Od,
forms a ()-conjugate set.
(c) Let @ be a positive definite symmetric matrix and suppose po, p1, - . ., Pp—1 are linearly

independent vectors in R". Show how to find a matrix F such that ETQFE is diagonal.



Numerical Analysis Preliminary Examination
Spring 2021

January 22, 2021

Problem 1. Consider the normed linear space C"™ with vector norm || - || and let A € C™*™.
The matrix norm || - || induced by the vector norm || - || is defined as || A ||= Squ;éon‘f-

(a) Show that || A [|= sup,,=1 | Az [

(b) Show that in fact for each A € C"*" there exists a y € C" with || y |[= 1 such that
[ A fI=] Ay [l2-

(c) Use part (b) above and the eigenvalues {\;}7_, and corresponding eigenvectors {u;}7_,
of the matrix ATA € C™" (AH = AT) to show that || A ||< y/max;\;.

(d) Show that in fact || A [|= \/max;\;.

Problem 2. Let A be an m x n matrix where m > n. We are particularly interested in
the case when A does not have full rank. Suppose b € R™ is a known vector. Consider the

family of functions
Ya(2) = [|b = Azl + allz|l3

where o > 0 is a positive number.

(a) Find V), and use it to derive the equivalent of the normal equations for finding the
value(s) of x that minimize(s) 1,.

(b) Show that the minimum is attained at a unique vector z = z,.

(c) Let 2* be the solution of the least squares problem
min ||b — Az|[3
zER™

of minimum norm. Show that if « = a, — 0 as kK — oo then z,, — x*.



Problem 3. Suppose A is an n x n symmetric positive definite matrix with corresponding
A-inner product and A-norm defined by

(r,y)a=2"Ay  and  |[|2|} = 2" Ax.

Consider the system of equations Arx = b. Recall, the conjugate gradient method is an
iterative method for finding the solution x* that starts with a vector xy and finds iterates
1, To, ... as follows:

r; = b — AJ/’Z
A
pz T’L
Tit1 = T4

BT

Notice the definition of the p;’s uses Gram-Schmidt to ensure they are mutually A-orthogonal.
For simplicity, you may assume in this problem that r; # 0 for ¢ =0,1,...,n — 1.

(a) Let z* be the solution to Az = b. Show

n—1 Tb
X ()

(b) Writing xo = 327~ Bipi, show

k—1
xk:;(” )pz+2ﬁ1pz

il 4
fork=1,2,...,n

(c) Use parts (a) and (b) to show z; minimizes the function ¢ (z) = ||z —z*|| in the affine
space
Sk—1 = To + Span{po, p1, ..., -1}

and deduce that 7 is orthogonal to pg, p1, ..., pr—1 (With respect to the regular inner
product).

(d) Show
Span{rg,r1,...,7} = Span{pg, p1, - .., pr} = Span{rg, Arg, . .. ,Akro}
for k=0,1,...,n—1.

(e) Show that for each k = 2,3,...,n — 1, r; is A-orthogonal to p; for i < k — 2. What is
the significance of this in terms of the execution of the conjugate gradient method?



Problem 4.

(a)

Let A= [: -.._ 1| bethe n x n matrix A whose entries are all ones. Find all the
1 .- 1

eigenvalues and a full set of orthogonal eigenvectors of A. Make sure you explain how

you got your answers. Hint: You might not want to use the determinant.

One of the difficulties in calculating eigenvalues and eigenvectors is their sensitivity

with respect to the entries in the matrix. For ¢ € R Consider the following n x n

matrix A.: ones on the first sub-diagonal, € (a generally small nonzero number) in the

upper right hand corner and zeros elsewhere. For example, when n = 3 the matrix A,
0 0 ¢

is shown here: A. = [1 0 0. What is the effect on the eigenvalues and eigenvectors
010

of introducing this small nonzero entry ¢ into the matrix Ay (i.e. the matrix A, with

e=0).



Numerical Analysis Preliminary Examination Fall 2021

September 2, 2021

Problem 1.

Given a function of time, g € C'(0, 1), consider the inverse filtering, or deconvolution, problem
of determining a function of time f € Ly(0,1), that satisfies Hf = ¢ , where the linear
operator H is the convolution operator on Ly(0,1) given by

(Hf)(t):/o h(t —s)f(s)ds, 0<t<1,

with the kernel, or filter, h € C(0,1) known and given. Let V' be an n dimensional sub-
space of Ly(0,1) with basis functions {p1, p2,..., ¢}, let {t1,t2, ..., tn} be specified with
0<t <ty < ..<ty <1and m > n, and let g and h denote respectively, the given
function and kernel in C(0,1).

(a) Formulate the problem of finding a least squares solution f”" in the subspace V' C
L5(0,1) to the approximating discretized inverse filtering problem given by

(Hf™™)(t;) =g(t;), i=1,2,...,m,

in the form mingegn || A™"S — 0™ ||2. That is, what are the matrix A™" and the vector b™?

(b) What is a necessary and sufficient condition on the matrix A™" for the least squares
problem formulated in part (a) to have a unique solution?

(c) If the condition in part (b) is not satisfied, what is the solution of minimum norm
to the least squares problem in part (a) in terms of the singular values of the matrix A™"™?

(d) If we define the row vector of functions & € L5(0,1) by ®" = [¢1, @2, ..., ps], then
any ¢" € V C Ly(0,1) can be written as ¢" = ®"f, for some vector f € R™. Show that
| ™ ||%2(071): BT M™B for some matrix M™ € R™*", and show that the matrix M™ is positive
definite and symmetric.

(e) Now let A > 0 be given, and formulate the approximating discretized inverse filter-
ing problem with Tychonov regularization of minimizing over V' (or equivalently, over R")
the functional

J(B;A) =[ A™8 =™ |7 +A | " 1,0,

1



as a least squares problem of the form mingegn || A™™(\)8 — ™" ||* (i.e. what are the
matrix A™"(\) and vector b™"7?) where A™" and b™ are as they were defined in part (a)
and " and f are as they were defined in part (d).

(f) Verify that the least squares problem defined in part (e) has a unique solution and
then find it.

Problem 2. Consider the vector space R™ endowed with the lo-norm || - ||2 and let || - || be
the induced norm on n x n matrices. Let A be an n x n invertible matrix.

(a) Explain how we know that inf -1 ||Av||, is attained and denote the unit vector that
attains it by x.

(b) Let y = Ax. Show ||A7Y]| =

[lyll2
(c) Give a geometric description of the action of the matrix yz” and find ||yzT||. Hint:
what is the image of a vector z = ax + w where w is orthogonal to x ¢
(d) Consider the matrix B = A — ya’. Show B is singular.
(e) Let
A = inf{|[0A|| : A+ A is singular}
denote the distance of A from the set of singular matrices. Show

1

A=———.
[1A=H]

Problem 3. Suppose A is a real n x n symmetric and positive definite matrix with eigen-

values
O<)\n§)\n_1§...§/\1

and b € R". The Richardson Iteration Method for finding the solution to Az = b is
Tpy1 = x — w(Azxy, — b)
where w is an iteration parameter.

(a) For what values of w is the Richardson Iteration Method guaranteed to converge for
any starting iterate xq?

(b) Find the value of w that optimizes the rate of convergence.

(c¢) Consider the matrix

[2+a -1 0 0 ... 0 0 0 |

-1 24a -1 0 ... 0 0 0

0 1 24a -1 ... 0 0 0

A= . . . . . . .
0 0 0 0 -1 24a -1

0 0 0 0 0 -1 2+4a




where a > 0. Use Gerschgorin’s Theorem to find upper and lower bounds for the
eigenvalues of A.

(d) If you want to solve Az = b using the Richardson Iteration Method for the matrix A
in (c), use your answers to (b) and (c) to determine a good choice for w. Explain and
give a bound for the number of iterations sufficient to reduce the norm of the matrix
by a factor of 1076.

Problem 4.

(a) Consider a matrix that has real eigenvalues and n linearly independent eigenvectors x;,
and the largest eigenvalue in magnitude A; is dominant. That is (|[A;| > [Aa] > |A3] >
.-+ >|Ay|). Show that if the vector vy has a nonzero component «; in the direction of

71 then lim,,_ oo /\Lm Ay = oy
1

yTAm+1UO

T Ay where y is a vector not orthogonal to z;.

Also, A1 = lim,,,

(b) Get an approximation for z; and A; by doing three iterations of the method in part
(a). Take A = [_21 _211 and start from vy = {(1)1 . Comment on your method and

results.

(c) A Householder transformation is a matrix of the form:

vol

H=1-2—".
vl

Show that H is symmetric and orthogonal. Furthermore, show that if

1
z=|.|,0=|z],v=2+02Then Hr = —0 2
0
1 01
(d) Let A= |0 1 1{. Using part (c) find an orthogonal matrix U such that U~*AU
1 10

is tridiagonal. How can this help us to compute the eigenvalues of A?. Check that
U AU is tridiagonal. Hint: The matrix H will be imbedded into the lower right
corner of the matrix U



Numerical Analysis Preliminary Examination Fall 2022

August 25, 2022

Problem 1.
(a) Show that if A € C"*" is strictly diagonally dominant -i.e., [a;| > >, lay], i =1,2,...,n
then A is nonsingular.

(b) Provide a nontrivial example, (that is a matrix with no zero rows) of a diagonally domi-
nant matrix that is singular.

(c) Suppose that A € C"™" is strictly diagonally dominant with a; € R and a; > 0,
1 =1,2,...,n. Show that every eigenvalue of A has positive real part.

(d) Let A € C**", and suppose that there is a k € {1,2,...,n} for which [ag| > >, |a;]
and that |a;| > >, |a;;| for i # k. Show that A is nonsingular. (Hint: Apply Gershgorin’s
Theorem to the matrix B = D~ 'AD, where D is an appropriately chosen diagonal matrix).

Problem 2.

Show that if A € C™*" is diagonalizable with A = EAE~!, B € C™*" and \ is an eigenvalue
of A+ B, then there is an eigenvalue A of A such that [A — A| < k(E)||B||s, where x(E)
denotes the condition number of the matrix E with respect to the infinity matrix norm,
| [Joo, om €.

Problem 3.
Let = be the least squares solution to the problem Az = b, where A is a m X n real matrix
of rank n.

(a) Derive the normal equations and write the solution x as z = A'h where A'is the pseudo-
inverse of A. That is find a compact expression for A in terms of A.



(b) Let b = b+ b be a perturbation of the vector b. The matrix A remains unchanged.

Let Z be the least squares solution to A% = b. Show that if by # 0, then % <

cond(A)%, where cond(A) = ||A||||AT||, br and b are, respectively, the projections

of the vectors b and db onto R(A).

In the following questions, give your answers in terms of fractions and square roots
and whenever A, b or b are mentioned, use:

A= b= [1],db=10""

— O =
O =N
— =
S DN W

(c) Use Gauss elimination to find the least squares solution of Az = b.

(d) Find and use the Cholesky decomposition to find the least squares solution of Az = b.

[[Z—z||
llzl

(e) Use part (b) to get an upper bound on . Use any induced norm you like.

(f) Find and use a full or reduced QR decomposition of A to find the least squares solution
of Az = b. Use your favorite method to find this QR decomposition.

(g) Find and use the SVD of A to find the least squares solution of Az = b. Use your
favorite method to find this SVD.



Numerical Analysis Preliminary Examination
Spring 2023

January 8, 2023

Problem 1. (20 points)

Suppose A € R™" is symmetric and let || - || denote the Frobenius norm on R" defined by
n
1Bl = B
ij=1

Given two integers 1 < p < ¢ < n and an angle 0, let ¢ = cosf and s = sinf and consider
the matrix G = G(p, q, 0) for which

Gee=1 k#p,yq Gi; =0 i# jand (i,5) # (p,q) or (¢,p)
Gpp =c Gpg = —5
Gy=c Gp=s

This matrix is shown below.

—_

G=G(p,q0) =

1

Consider the matrix B = GT AG. Notice, if i, j # p, ¢ then B;; = A;;, if i # p,q then

Bip = CAip + SAiq
Biq = —SAip + CAiq,



if 7 # p, q then
B, = cAy; + sAy;
Byj = —sAp; + cAyj,
and
By = Ay + 2csAp, + 57 Ay

Bpy = By = ( ? — SQ)qu + 05(_App + Aqq)
By, = CQAqq —2csAp, + 32App.

Jacobi’s iterative method for finding the eigenvalues of A starts with the matrix A©) = A.
For k = 1,2,..., values of p; < g and 6, are chosen and the matrix A® = GTA*-D@G is
constructed.

(a) (5 points) Show that, for all k, A®) is symmetric, ||A®||2 = ||A||%, and the eigenvalues
of A®) are the same as the eigenvalues of A.

(b) (5 points) Given values of py and ¢, find a value of 6, so that A;’,?qk =0.

(c) (5 points) Let A® = D® + E®) where D®) is diagonal and E*) has zeros on the
diagonal. If ) is chosen as in part (b) then it is a straightforward calculation to see that

B3 = ||E®D|)3 — 2 (A% D)2,

Pk

(You do not need to show this.) Show that p, < g can be chosen at each stage so that

8|2 2\*\ oo
IECNE < (1= =) 1BV

(d) (5 points) Let ¢ > 0 be given. Show there exists K such that for all & > K, every
eigenvalue of A lies within € of a diagonal element of A®) and every diagonal element of A®*)
lies within € of an eigenvalue of A.



Problem 2. (20 points)

(a) (5 points) Suppose B € R™*" and consider the sequence defined by

where d € R™. Show the sequence converges for all d and all () to a limit that is indepen-
dent of () if and only if B¥ — 0. Hint. Show that the matriz I — B is invertible if B — 0.

(b) (5 points) Suppose B € R™™. Show that B* converges to zero as k goes to infinity is
equivalent to the spectral radius of B being less than 1. Hint. Write SBS™! = J, where .J
1s the Jordan form of B:

J = ) where Ji =
Iy Ai
Also, write J; = \;I + N where N is a nilpotent matriz and use the binomial theorem on J;.

(¢) (5 points) Let Az = b, where A € R™*" is a non singular matrix. Use (b) to show that
if A is strictly row diagonally dominant then the Jacobi method converges for any arbitrary
choice of the initial value ™). Hint: Recall that, for any induced norm, p(B) < ||B|| where
p(B) denotes the spectral radius of B.
(d) (5 points) Let

5 11 7

A=11 51 and b= |7
115 7

Apply two iterations of the Jacobi method to the system Az = b starting at ™) = (0,0, 0)7.



Problem 3. (20 points)

For n = 1,2,..., let {¢7}"_; C C[0,1] be given by ¢f(z) = 1 —nz if z € [0, 1], ¢j(z) =0
otherwise, f(z) = nx —n+1if x € [2=2 1], ¢(z) = 0 otherwise, and for j = 1 2 ,n—1,
ei(r)=nz—j+1lifre [£2, 4], ei(r)=j+1—-nzifwe [£, £, @i (r) =0 otherw1se.

n 'n n’ n

(a) (2 points) Sketch the graphs of ¢} for j =0,1,2,...,n

(b) (4 points) Compute the Gramian matrix, M", considered as vectors in Ly(0,1), M, =
(5 ) La0,) of {5}

(c) (3 points) Let S = span{y}}7_, and use part (b) to argue that {}}7_; is in fact a basis
for the subspace S C Ly(0, 1).

(d) (3 points) Let ¢ € C[0, 1] be given and find an expression for "¢ € S, Where I denotes
the interpolation operator on C[0, 1] with respect to the mesh {0, rlu i,. . =11} on [0, 1];
that is, (I”gp)(%) = go(%), j=0,1,2,...n

(e) (3 points) Let ¢ € Ly(0,1) be given and let P" be the orthogonal projection of Ls(0, 1)
onto S. Then P"p = 377 (b} € S, for some b = [by, by, ..., b,]" € R What is (i.c.
compute or provide an expression for) b 7

(f) (2 points) Given that for ¢ € C*(0,1), [[I"¢ — |l 1,01) < 8[| D?¢||15(0,1) for some con-

_n2

stant Ko, argue that ||[P"p — ¢ 1,(0,1) is also O(s5) for ¢ € C?(0,1).

(9) (3 points) Use (1) the fact that for ¢ € C*(0,1), | DI"¢ — Dol 1,01) < £2 D0l 1y(0,1),
(2) Part (f) above, and (3) the Schmidt inequality which states that

b b
C
/ | Dp(2)|?dx < B—ap _ka)2 / lpp(2)|?dx, k=1,2,3,0r

where py is a polynomial of degree k£ and C}, is a constant that depends only on k, and not
on a, b or py to argue that |[DP"p — D10, is also O(2) for ¢ € C?(0,1). Note: D
denotes the differentiation operator, D = %. (Hint: Use the fact that fol = 2?21 Ji and

the triangle inequality and consider | DP"¢ — DI™p||1,(0,1)-)



Numerical Analysis Preliminary Examination Fall 2023

August 9, 2023

Problem 1.

Let T € C™*™ be given and let p(T") denote the spectral radius of 7.
(a) Show that for any induced norm || - || on C™*" || T|| > p(T).

(b) Given e > 0, show there exists an induced norm ||| on C**" for which ||T'|| < p(T")+e¢.
Hint:
— Recall that if || - ||« is an induced norm on matrices and S is invertible then the

matriz function defined by || Al = ||SAS™|. is also an induced norm. (You do
not need to show this.)

— First show this the result is true when T is a Jordan block

A1 ... 0 0]
00X ... 00
T=J,\)= | : P
00 ... A1
0 0 0 Al

by considering the norm defined by ||A| = ||D(n,e)AD(n, &)1 where

/e 0 ... 0

0 1/e2 ... 0
D(n,e) = | . , :

0 0 ... 1/e"

— Then show it is true for general T' € C™*".

(c) Show that for any induced norm || - || on C™*"

Tim ([ T4 = (T).



Problem 2.
Consider the following Ax = b Least Squares Problem (LSP).
1 —4 -3
2 3 {xl} = |15
2 2| L™ 9

For each of the following questions, set up the equations needed to solve the problem, evaluate
the matrices and vectors involved and work a few calculations to illustrate that you know
the steps required to solve the problem. It is not necessary to perform all the calculations.

(a) Solve the LSP above using the Normal equations.

(b) Use the Gram-Schmidt method to find a full QR factorization of A and use this fac-
torization to solve the LSP.

(c) Use Householder reflectors to find a full QR factorization of A. Hint: a Householder re-
flector H is a matriz of the form H = I —2vvT JvTv where v # 0. Are the factorizations
found in parts (b) and (c) necessarily equal? Explain.

Problem 3.

Let A € C™*™ and consider the following system of matrix equations in the unknown matrix
X e Crxm.
AXA=A
XAX =X
(AX) = AX (1)
(XA)" = XA,

where * denotes conjugate transpose.

(a) Show that if the system (1) has a solution, X = A € C"*™, then it is unique.

(b) Use the singular value decomposition of A to show that in fact there exists a (unique)
solution AT € C™™ to the system (1).

(¢) Show that if b € C™ and rank(A) = n, then x = A™b is the least squares solution to
the system Ax = b.

(d) Show that if the system Az = b has at least one solution, then x = A*b is the solution
of minimum Euclidean norm.



Numerical Analysis Preliminary Examination Spring
2024

December 14, 2023

Problem 1. Suppose A € R™*" is symmetric and positive definite.

(a) Show that all the diagonal entries in A are positive and that the entry in A with largest
absolute value lies on the diagonal of A.

Suppose we perform Gaussian elimination on the matrix A. Let A©® = A and let A®) be
the (n — k) X (n — k) matrix in the lower right corner after k& rounds.

(b) Show that each A%) is symmetric positive definite.
Hint: Write A = A© qas

a ol
=0 8]
and show that .
AL —pg_ Y
a
and that for every x = [w9,23,...,2,)7 € R if y = [y, 29,..., 2,7 and y; is

suitably chosen , then 2T AWz = yT Ay.

(c) What is the significance of (b) to the execution of Gaussian elimination on the matrix
A?

(d) Consider the norm on n x n matrices defined by ||C|| = max;;|C;;| and let U be the
upper triangular matrix we obtain from doing Gaussian elimination on A. Show

1A®] < [|A]
for k=1,2,...,n— 1 and that |U|| < [|4].

(e) What is the significance of (d) to the execution of Gaussian elimination on the matrix
A?



Problem 2. The following questions are related to eigenvalues and eigenvectors of a non-
defective n x n matrix A.

(a)

(e)

Let A = (a;;) be such a matrix and let r; = > . |a;;[,i = 1,...,n. Show that for each
eigenvalue A of A at least one of the following inequalities hold:

])\—aij|§7’,- izl,...,n

Apply the results in part a) to the matrix

1
A=12
3

= N
Ot = W

Let A be an eigenvalue of A. Show that for any induced norm of A we have: |A\| < [|A]|.

Let [A1] > |Aa] > --- > |A\,]. That is Ay is the dominant eigenvalue of A. Show that for
appropriate starting vectors xg, the iteration =, = A*zy can be used to approximate
A1 and its corresponding eigenvector. Furthermore, show that the rate of convergence
is determined by the ratio |’A\—f]

Apply the method in part (d) to the matrix A in part (b). Do only two iterations.

Problem 3. Consider the stationary vector-matrix iteration given by

Tie1 = Mxp + ¢ (1)

where M € C™*" ¢ € C", and zy € C" are given.

(a)

(b)

If 2* € C" is a fixed point of (1) and ||M]| < 1 where || - || is any compatible matrix
norm induced by a vector norm, show that x* is unique and that lim;_,, x; = x* for
any o € C".

Let p(M) denote the spectral radius of the matrix M and use the fact that p(M) =
inf || M ||, where the infimum is taken over all compatible matrix norms induced by
vector norms, to show that limy_,., xx = z* for any zy € C" if and only if p(M) < 1.

Now consider the linear system
Az =1 (2)
where A € C™*" is nonsingular and b € C" are given. What are the matrix M € C™*"

and the vector ¢ € C" in (1) in the case of the Jacobi iteration for solving the linear
system given in (2)7

Use Part (a) to show that if the matrix A € C"*™ is row diagonally dominant then the
Jacobi iteration will converge to the solution of the linear system given in (2).

Use Part (b) together with the Gershgorin Circle Theorem to show that if the matrix
A € C™™ is row diagonally dominant then the Jacobi iteration will converge to the
solution of the linear system given in (2).



Numerical Analysis Preliminary Examination Fall 2024

August 12, 2024

Problem 1.

Suppose A € R™" is invertible with non-zero elements along its diagonal and write A = L+U
where L is lower triangular and U is upper triangular with zeros along the diagonal. Recall
the Gauss-Seidel method for finding the solution of Az = b is

Lz =b—Uzxp_q.
Let z* be the exact solution to Ax = b.
(a) Let ep = x; — 2™ be the error in the k’th iterate. Show there is a matrix 7" such that
er = Tre
and identify the matrix 7" in terms of L and U.

(b) Show the method converges for all initial vectors xq if and only if p(7') < 1 (where
p(T) is the spectral radius of T').

(c) Suppose there is exactly one eigenvalue A of T" for which |A| > 1. Explain why the
Gauss-Seidel method diverges for essentially all initial vectors, xg.

(d) Suppose A is diagonally dominant by rows. Show the Gauss-Seidel method converges
for all initial vectors xo. Hint: Write det(T' — AI) in terms of det(U + \L). What can
you conclude about det(T — AI) when |A| > 17

Problem 2.

Let A, T be linear maps from C" into C™ and B = A + T'. Denote the pseudo-inverse of A
by AT, the adjoint of A by A¥, the column space of A by C(A) and the nullspace of A by
N(A). We would like to look into the sensitivity of AT when A is perturbed by 7.

(a) Let «, 8 be nonzero numbers and let A, T' be as follows

a 0 0 €
= (o0) ()
Compute || T2, rank(A), rank(B), BT — AT and show that || BT — AT||5 can be made
arbitrarily large by choosing e appropriately.

1



(b) Show that if rank(B) = rank(A) and ||T||2 < m then

o AL
R
1= [[AY]2][ Tl
Hint: Use the fact that if rank(A) = rank(B) = r and the singular values of A are
01(A) > 09(A) > --- > 0,(A) >0 then 0,(A+T) > 0,(A) — 01(T). You may use this
fact without proving it.

I(A + 1)1

(¢) In the case that rank(B) = rank(A) we can also show that:
1B = Afllz < V2| BI[lo]|AT[l2]| B = Al
Show the following decomposition which is central in the proof of this result
B' — A = Pepuy(B' — AN Pe(ay + B Py(any — Pyp)Al
Where the orthogonal projection onto a subspace X is denoted by Px.

Problem 3.

Let A,Q € R™" with @ positive semi-definite symmetric, let R € R™*™ with R positive

_pp-1pT
definite symmetric, and let B € R"™™™. Set Z = (_AQ B_RATB ) € R2nx2n,
(a) Show that the characteristic polynomial of Z is in fact a polynomial in s? and therefore
if A\ € 0(Z) then —\ € ¢(Z). (Hint: Use the elementary properties of the determinant
to show that det(—sl — Z) = det(sl — Z)).

(b) Let Z = WJW =" denote a complex Jordan decomposition of Z and partition W and
J into n x n blocks with J = (JM {12) and W = (WH Wm) Find a 2n x 2n
0 <]22 W21 W22

Wll W12

block matrix with blocks of size n x n, W = (ng W

: Ju 0 Joz 0
th J = =7 ).
b (J21 JQQ) (le J11)
(c) If Wy, is invertible, let P = WyW,,' and show that P is a solution to the matrix
algebraic Riccati equation (ARE) PA + ATP — PBR™'BTP + Q = 0, and show that

if the ARE has a unique solution, then P must be symmetric (Hint: Recall that
ZW =WJ).

(d) With P as in part (c), show that the matrix A — BR™'BT P is similar to Jy, and that
the (generalized) eigenvectors of A — BR™'BT P are the columns of the matrix Wi,.

), such that Z = WJW !

(e) If Z is in fact diagonalizable (this is really not necessary) with no eigenvalues on the
imaginary axis, show that there is a choice for the Jordan decomposition of Z (i.e. of
W and J) so that the matrix A— BR™' BT P is a Hurwitz or stability matrix (a matrix
having all its eigenvalues in the left half plane).



