DIFFERENTIAL EQUATIONS QUALIFYING EXAM-Fall 2012

1. Consider the product space R? x R and let P : R? x R — R be projection onto
the second factor, P(z,t) = t. For two t values, t; < t, define the “copies” of R,
X = P7Y(t)) and Y = P~!(ty) and the mapping

T:X —Y where y="T(x)=¢(ls,t1,7)

where @(to, t1, ) is the solution ¢(t, ¢, ) of ¥ = A(t)y, y(t1) = x, evaluated at to,

and
(2 +sint cost
Alt) = ( sin 4t 1+ cos t) ’

Show (1) T is a diffeomorphism and (2) if p is Borel measure then
w(T(B)) —0 as ty—0,
for any Borel set B.

2. Define the mapping f: R, — R, = [0,00) by

CL(L’2

f(fl?):m,

a>0,z>0.

As a increases, starting near zero, a bifurcation takes place. Describe the type of
bifurcation, find the critical value a. and the point x; at which the bifurcation takes
place.

3. Consider the mapping f : R? — R? defined by
1 3 x? )
T) = T+ L.
1= (5 7) (2

(i) The first quadrant z; > 0, x5 > 0, call it @4, is invariant, i.e.f(Q;) C Q4 and
(i) 2 € Q4, v #(0,0), = || f"(z)|| = o0 as n — oo, where

fr=foforof.

Show

4. Let u be a smooth solution of

uy — Au = 0 in R? x (0, 00)
u=g,u; = honR*>x {t =0},

where g and h are smooth and have compact support. Prove the existence of C' > 0
such that

(e )] < <

for all x € R3 and ¢ > 0.



5. (a) Solve the linear partial differential equation
e"u, + u, = u with u(z,0) = g(x).
(b) Solve the nonlinear partial differential equation
2u, + y2uy = u? with u = 1 on the line y = 2z
6. Write down the explicit formula for the solution of

u — Au+ cu = fin R" x (0,00)
u=gonR"x {t=0}



DIFFERENTIAL EQUATIONS QUALIFYING EXAM-Fall 2013
. Show that v = 0 is an asymptotically stable solution of
u + (1 —u*)u — (W) +u® = 0.

Consider the matrix
241 0 0 3

4 t—1 2 t

1 2 42 2

3 1 1 t
on the interval ¢ € (a,b).

(i) Give conditions on a and b so that ® can be a fundamental matrix for a system
¥ = A(t)x, r € R,
on the entire interval ¢ € (a,b).
(ii) Can (a,b) = (—o0,00)?

. Let f € CY(R",R") and assume V € C'(R", R) is non-increasing along orbits of

v = f(:U), JJ(O) = To, (1)
i.e. if ¢(t, zo) is the solution of (1) then

V(o(ty, z0)) < V(o(t2,20)),

whenever t; > ty. Suppose for some zy, the w-limit set, w(zy) is nonempty and
bounded. Prove the restriction V|w(zy) = constant.

. Let U = {x € R" : |z| > 1}, Suppose u € C?(U) N C(U) is a bounded solution of the
following Dirichlet problem: Au =01in U and u = ¢ on I' = {x € R" : |z| = 1}, with
peCl).

a) If n = 2, show that there exists at most one solution of the above problem

b) If n=3, show that it is possible to have more than one bounded solutions of the

above problem. What additional condition should you impose so that the solution is
unique?

. Find the explicit solution u = u(t, z1, xs) of

O + 20,4 — 10,,u =0, >0

subject to u(t = 0,1, x2) = e,

. Let u(z, t) solve the wave equation uy —c*u,, = q(z,t) for x € R, t > 0. with the initial
condition u(x,0) = 0 and u;(z,0) = 0. Here c is positive and ¢(z,t) = (1 — z%)sint for
|z] <1 and ¢(z,t) = 0 for |z| > 1. SHow that u(z,t) = 0 for || > ct + 1.

. Let u € WH(R") where p > n. Show that

1 / [ Du(y)|
S @ -y co [ M0
T B(z,r) B(z,r) |ZE - y|n

where Du(y) is the gradient of u (Du(y) = (01u(y), ....,Onu(y)), B(z,r) is the euclidean
ball with center = and radius r, and C'(n) is a constant depending only on n.



DIFFERENTIAL EQUATIONS QUALIFYING EXAM-Fall 2015

The exam consists of seven problems. The first three problems are related to ODEs while
the last four are related to PDEs. Good luck!

1. Consider the following system of ODE’s
¥ = z4+2y—2—yP+dy—a®

/

= 3r+3y+ay’—ay

Let C be a small circle centered at the origin. What is the measure of the set of initial
conditions on C' that give rise to solutions (z(t),y(t)) with the property that

lim (x(t),y(t)) = (0,0)?

t—o00

Assume p(C) = 1.

2. For any zy € R show that the solution of

dx 1+ 22 (0)
— = z(0) =2z
dt 24+ 322 0

can be continued to all ¢t € R.

3. Let f: R® — R" be a C! function with f(0) # 0 and A an n x n matrix with det A # 0.
Consider the system of differential equations

d
d—f:Ax—i—uf(x), ODE

where p € [0, po) is a small parameter. Show that for pg > 0 sufficiently small there
exists a C'! family of stationary points (i) of ODE such that £(0) = 0.

4. Let Q = {(z,y) € R* 2% + y* < 1} and assume that f : R — R is a strictly increasing
function with f(0) = 0. Let u € C*(Q) N C() be a solution of the following problem

Au= f(u) (x,y) €, u=0 on 0N.

Show that u is identically zero.

5. Prove that for any function f € H'(0, ) the following inequality holds

/wa2da:§/07r(f')2dx+ (/wad$>2.



6. Consider the 3-dimensional wave equation on a half space
Uy = Au r € Q= {(x1,29,23); 1 >0},
with the initial and boundary conditions
u(0,z) = g(z), u(0,2) = 0; u(t,z) = 0 for = € ONQ.

Assume that ¢ is a smooth function with bounded support, which vanishes on 9} =
{(z1, 02, 73); 71 =0},

(i) Write an explicit formula for the solution u = u(z,t).

(ii) Prove that lim; . ||u(t,-)||z~ = 0.

(iii) Prove that the total energy

1s constant in time.

7. Write a brief discussion of the method of characteristics and then demonstrate the
method by solving

Uy = u in ) u = y* on 0.

where Q = {(x,y) ; z >0} C R2
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. Consider the initial value problem for the one dimensional wave equation
Uy — Uge =0 in R X (0, 00)
{ u=g, uu=h on Rx{t=0}
Prove that if ¢ € C* and h € C*~!, then w € C*, but not in general smoother.

. Consider the Euler equations for the flow of a constant density, inviscid fluid in three
dimensions:

e : — _VP: =
6t+<u V)u VP; V-u=0,

where the vector u(z,t) is the fluid velocity and the scalar P(x,t) is the pressure.

Let (u(x), P(x)) be a stationary solution of the system (steady flow). Prove that the
quantity

—_

H=P+ -u’

\)

is constant along the curves dz/dt = u(x).
. Let f(r) =75 — 4r3. Show that if u is a solution of the problem
Au= f(u) in U
{ u=0 on JU
where U is a bounded open subset of R", then necessarily |u(z)| < 2 throughout U.

. Show that all solutions of
W+ 4u+3u’ =0

are bounded. If u(0) = 1 and «/(0) = 2 give a sharp bound on (), i.e. the least
upper bound for |u'(t)].

. Consider the system of ODE’s,

/ 2
Ty = —T1 — T1Ty,

/ 2 2
Ty = pxe — 2x3 — Ta(x; + T3),
o 2., .2
ry = 2x9+ prs — x3(T; + 7).

Ler S be the set of initial conditions close to the origin whose solutions approach the
origin as t — o0o. (1) For p = 1 determine the dimension of S. (2) Describe the
qualitative change that takes place when p is varied continuously from —1 to +1.

. Consider the periodic system with period T,
' = A(t)z, At +T) = A(t).

Show there is a solution ¢(t) and a constant A such that ¢(7') = A¢(0).
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Each problem is worth 10 points. There are seven problems.

1. Find the stationary points and analyze their behavior as r varies from —1 to 1. Also
determine the stability of each fixed point for each r.
¢ = re—2®—y* - azxy’
y/ = —y-— 5172 y3
If there is a bifurcation then draw a bifurcation diagram.

2. Given the ODE
2

—— +a+a°=0,

choose the correct answer and prove it is correct:

e There exists a solution that — 0 as t — oc.
e All non identically zero solutions are bounded and bounded away from zero,

e There exists a solution that — co as t — oo.
3. Show that the planar system
g = ay+yt+ad
y o= Py+2°
can have no periodic orbits in R? other than the trivial one at (0,0).

4. Let )
u(z) = loglog (1 + ﬂ) :
T

Show that u is unbounded and that it is an element of the Sobolev space H'(B(0, 1)),
where B(0,1) is the unit ball in R2.

5. Let  be a bounded open set of R” with a smooth boundary 02 and let f : R — R be
a function such that its derivative is bounded (|f’'| < K') and f(0) = 0. Assume that u
is a C? solution of

Ou — Au = f(u) in 2 x (0, 00),
u(x,t) =0 on 02 x (0, 00).

(i) Show that if u(z,0) > 0 for all x € 2 then u(x,t) > 0 for all z € 2 and all ¢ > 0.

(ii) Show that if u(x,0) < M for all x € Q then u(x,t) < MeX? for all z € Q and all
t>0.



6. Consider the initial value problem
Uy + utly +u =0, —o<r<oo, t>0 (B)

subject to the initial condition u(x,0) = asinx.
(i) Find the characteristic curves associated with the equation (B) in an explicit form.
(ii) Show that if @ > 1, then there exists a time ¢ = #(a) such that there exists no

smooth solution (C'in both space and time) of the equation (B) for ¢ > ¢(a). Find the
maximal time of smoothness, t(a).

7. Find the solution in the first quadrant x > 0 and ¢ > 0 of the Wave equation with
boundary condition at x = 0,

Ut — C2’U/wx = 0, x > O, t> 0,

uw(0,2) = f(x), u(0,z)=g(x),
u(t,0) = au,(t,0), a# —c,

where f(x) and g(z) are C* functions which vanish near z = 0. Show that no solution
exists in general if a = —c.



DIFFERENTIAL EQUATIONS QUALIFYING EXAM-Spring 2017

Each problem is worth 10 points. There are seven problems.

1. Consider the 2" order ODE,

" +p(t)r +ax =0

t
where a > 0 and / p(s)ds — oo ant — co. Suppose ¢(t) and 1(t) form a fundamental

| ;ﬂw:(ww ww>

set of solutions, i.e.
¢'(t) ¥'(t)

is non-singular. Prove det X (t) — 0 as t — oo.

2. Given the system of ODE’s
v = Az + f(t, ),

where A is an n X n real matrix with spectrum in the open left half of the complex
plane. The function f is real, continuous for small |z| and ¢t > 0 and

flt,z) =o(|z[), as |z] =0,
uniformly in ¢, i.e. given € > 0 there is a § > 0 such that

(£, 2)]

||

<e¢

)

whenever 0 < |z| < §, and t € [0,00). Prove that the zero solution is asymptotically
stable.

3. Show that the planar system
= x—y—a°—ay?
= z+y—2y—y’,

has a periodic orbit IT in R? other than the trivial one at (0,0). Is (0,0) necessarily
contained in the region surrounded by II? Justify your answer.

4. Consider the initial value problem

u+uu, =2, xR t>0,
u(z,0) =z, r eR.
(a) Find the equation for the characteristics. Are there any shock forming with this
initial condition?

(b) Find an explicit formula for the solution of this initial value problem.



5. Let U C R™ be open and bounded and let u € C?(U)NC(U) be harmonic in U. Prove
that if U is connected and there exists zp € U such that u(zg) = maxg u, then u is
constant within U.

6. Let U be a bounded domain in R™ (n > 2) with a smooth boundary and let u be a
C?-solution of the following initial boundary value problem

ur =Au in U x (0,00),
u=0 on dU x (0,00),
u=1wuy onU x {t=0}.

Here ug is smooth, bounded and integrable in U. Show that there exists a constant
a > 0 such that

lul, )2y < € |luollz2w).

7. We define a weak solution of the one-dimensional wave equation uy; — u,, = 0 to be a
function u(x,t) such that

/Z /Z u(w,t) (u(w,t) = Pue(, 1)) dadt = 0

for every ¢ € C2(R?).

(a) Show that any C*-solution of the wave equation is also a weak solution.

(b) Determine if u(x,t) := H(x — t) is a weak solution of the wave equation or not.
Here H is the Heaviside function: H(z) =0 for x < 0 and H(z) = 1 for z > 0.



PARTIAL DIFFERENTIAL EQUATIONS QUALIFYING EXAM
Spring 2022

Partial credit will be awarded, but in the event that you can not fully solve a problem
you should state clearly what it is you have done and what you have left out. Start each
problem on a fresh sheet of paper and write on only one side of the paper.

1. Consider a solution u to the nonlinear equation

(1)

—Au = (1 —u) inQ,
u=20 on 0f),

where A > 0 is a constant and () is a bounded domain with smooth boundary. Prove
that 0 <« <1 in Q.

2. Let u(x,t) be a smooth solution of the initial value problem

U,tt—AU:O in R3X(O,OO),
u(x,0) = g(x), uy(z,0) = h(x) for z € R3,

where g, h € C*(R3) and are supported in the ball B(0, R).

(a) Use the Kirchoff formula to show that
1
t-u(x,t)| < C (2 + E) |0B(z,t) N B(0, R)|

for all (z,t) € R3 x (0, 00), where | - | denotes two-dimensional Lebesgue measure.

(b) Show that for some to > 0 the measure |0B(z,t) N B(0, R)| can be bounded by a
constant independent of t > ty, and conclude that

for all (z,t) € R? x (0, +00), where C > 0 is a constant.

3. Let Q2 C R" be a bounded domain and assume that u(z,?) is a nonnegative function
in C?(Q x [0, 400)), which solves the heat conduction equation with heat loss due to
radiation

{(&g —AN)u=—u" inQ, @)

u=>0 on 0,

prove that we can find a constant C' independent of the initial data «(0), such that

EQ1):= /Qu(x, 1)?dz < C.



ODE EXAM - Fall 2022

The exam has four problems on two pages. Each problem is worth 10 points. Do all four
problems.

1. Let a: [0,00) — [0,00) and u : [0,00) — [0, 00) be two nonnegative continuous functions.
Assume that

zm»sé3@M@My

for all z > 0. Show, without citing Gronwal’s inequality, that u(x) = 0 for z > 0. To
clarify, you cannot simply claim that the result follows from Gronwal’s inequality; instead,
you either establish Gronwal’s inequality in this setting or use some other argument.

2. Consider the 2" order ODE for the unknown function z = x(t),
"+ pt)r' + ax =0,

where p(t) = 2 — 3 cos(t) and a is a real number. Suppose ¢(t) and ¢ (t) form a fundamental
set of solutions, i.e. the matrix

(6 W)
X@—<¢@ ww)

is non-singular. Prove that

lim det X(¢) =0,

t—+o0

that is, the determinant of the matrix X (¢) converges to zero as t — +00.

3. Consider the system for the unknown functions z(¢) and y(t):

{f:‘y‘yx 0

y =z — 2%y.

(i) Identify the stationary points of the system.

(ii) Prove that the system (1) has a unique solution (z(t),y(t)) satisfying z(0) = 1, y(0) =
0, and the solution is defined for all £ > 0.

(iii) Prove that the solution from part (ii) satisfies

lim z(t) = lim y(¢t) = 0.

t—+o0 t—+o0
4. Consider the two-dimensional ODE

' = f(x), (2)

where the vector field f is continuously differentiable everywhere in R?. Suppose I' is a
periodic orbit for (2).



(i) What can we conclude about the index of I" with respect to f? Give a short explana-
tion.

(ii) What can we conclude about the number and type of stationary points of f inside the
region enclosed by I'? Provide as many details as you can.

(iii) Which of the following statements about the stationary points of f inside the region
enclosed by I' are definitely NOT true? Explain your conclusions.

1. f has exactly one stationary point inside the region enclosed by I'; and the point
is a saddle.

2. f has exactly two stationary points inside the region enclosed by I': a saddle and
a center.

3. f has exactly three stationary points inside the region enclosed by I': a saddle, a
center, and a stable node.



ODE EXAM - Spring 2023

The exam has four problems on two pages. Each problem is worth 10 points. Do all four
problems.

Your work should be neat and well organized. Neatness will not be officially taken into
account in the scoring, but a greater degree of clarity will allow the committee to more
confidently evaluate your work.

1. Let a: [0,00) — [0,00) and u : [0,00) — [0, 00) be two nonnegative continuous functions.
Assume that

zmosl3@M@My

for all x > 0. Show, without citing Gronwal’s inequality, that u(x) = 0 for z > 0. To
clarify, you cannot simply claim that the result follows from Gronwal’s inequality; instead,
you either establish Gronwal’s inequality in this setting or use some other argument.

2. Consider the 2" order ODE for the unknown function z = x(t),
"+ pt)r’ + ax =0,

where p(t) = 2 — 3 cos(t) and a is a real number. Suppose ¢(t) and ¢ (t) form a fundamental

set of solutions, i.e. the matrix
_ (o(t) (1)
x0= (56 &)

is non-singular. Prove that
lim det X(t) =0,
t—-+o0
that is, the determinant of the matrix X (¢) converges to zero as t — +00.
3. Consider the system for the unknown functions z(¢) and y(t):

{ﬁ:‘y‘yx )

y =z — 2%y.

(i) Identify the stationary points of the system.

(ii) Prove that the system (1) has a unique solution (z(t), y(t)) satisfying x(0) = 1, y(0) =
0, and the solution is defined for all ¢ > 0.

(iii) Prove that the solution from part (ii) satisfies

lim z(t) = lim y(¢t) = 0.

t—+o0 t——+o0
4. Consider the two-dimensional ODE

' = f(x), (2)

where the vector field f is continuously differentiable everywhere in R?. Suppose I' is a
periodic orbit for (2).



(i) What can we conclude about the index of I" with respect to f? Give a short explana-
tion.

(ii) What can we conclude about the number and type of stationary points of f inside the
region enclosed by I'? Provide as many details as you can.

(iii) Which of the following statements about the stationary points of f inside the region
enclosed by I' are definitely NOT true? Explain your conclusions.

1. f has exactly one stationary point inside the region enclosed by I'; and the point
is a saddle.

2. f has exactly two stationary points inside the region enclosed by I': a saddle and
a center.

3. f has exactly three stationary points inside the region enclosed by I': a saddle, a
center, and a stable node.



