
COMPLEX ANALYSIS GRADUATE EXAM

SPRING 2008

Answer all four questions. Partial credit will be awarded, but in the event that you can
not fully solve a problem you should state clearly what it is you have done and what you
have left out. Unacknowledged omissions, incorrect reasoning and guesswork will lower your
score. Start each problem on a fresh sheet of paper, and write on only one side of the paper.

1. Suppose a, b ≥ 0. Show that

∫ ∞

−∞

cos ax− cos bx

x2
dx = π(b− a).

Deduce that ∫ ∞

−∞

(
sin x

x

)2

dx = π.

2. Discuss the uniform convergence of the series

∞∑
n=1

z

n(1 + nz2)

on the set E = {z = x + iy : 0 < y < x}.

3. (a) Let f(z) = u(x, y) + iv(x, y) be a holomorphic function on a connected open set D.
Suppose au(x, y) + bv(x, y) = c on D, where a, b and c are real constants which are not all
zero. Show that f is constant on D.

(b) Let f and g be holomorphic functions in a connected open set D. Suppose that f
and g have no zeros in D. Suppose also that there is a sequence an of points in D such that
an → a ∈ D and an 6= a for all n and such that

f ′(an)

f(an)
=

g′(an)

g(an)
for all n.

Show that there is a constant c such that f(z) = cg(z) in D.

4. Let f(z) be a holomorphic function on the disc |z| < 1 and suppose that f(0) = 0. Show
that the series ∞∑

n=1

f(zn)

converges uniformly in any compact subset of this disc.


