DIFFERENTIAL EQUATIONS QUALIFYING EXAM-Spring 2015

. Consider the initial value problem for the one dimensional wave equation
Uy — Uge =0 in R X (0, 00)
{ u=g, uu=h on Rx{t=0}
Prove that if ¢ € C* and h € C*~!, then w € C*, but not in general smoother.

. Consider the Euler equations for the flow of a constant density, inviscid fluid in three
dimensions:

e : — _VP: =
6t+<u V)u VP; V-u=0,

where the vector u(z,t) is the fluid velocity and the scalar P(x,t) is the pressure.

Let (u(x), P(x)) be a stationary solution of the system (steady flow). Prove that the
quantity

—_

H=P+ -u’

\)

is constant along the curves dz/dt = u(x).
. Let f(r) =75 — 4r3. Show that if u is a solution of the problem
Au= f(u) in U
{ u=0 on JU
where U is a bounded open subset of R", then necessarily |u(z)| < 2 throughout U.

. Show that all solutions of
W+ 4u+3u’ =0

are bounded. If u(0) = 1 and «/(0) = 2 give a sharp bound on (), i.e. the least
upper bound for |u'(t)].

. Consider the system of ODE’s,

/ 2
Ty = —T1 — T1Ty,

/ 2 2
Ty = pxe — 2x3 — Ta(x; + T3),
o 2., .2
ry = 2x9+ prs — x3(T; + 7).

Ler S be the set of initial conditions close to the origin whose solutions approach the
origin as t — o0o. (1) For p = 1 determine the dimension of S. (2) Describe the
qualitative change that takes place when p is varied continuously from —1 to +1.

. Consider the periodic system with period T,
' = A(t)z, At +T) = A(t).

Show there is a solution ¢(t) and a constant A such that ¢(7') = A¢(0).



