DIFFERENTIAL EQUATIONS QUALIFYING EXAM-Fall 2017

Work three of the following four problems. Show your work.

1. (a) State the Poincaré-Bendixon theorem.
(b) Show that the system

T=1
= —x+y(d—2* —4?).
has a periodic orbit.

2. Let A € M,(R), B € C(R"; M,(R)), and f € C(RT;R™). Suppose that the function
t — e is bounded on R*, and

+o0 +00
/ [|B(s)|| ds < +oo, / [1f(s)]] ds < +o0.
0 0

(a) Prove that all solutions of the system
¥ =(A+ B(t)z+ f(t)

are bounded.

(b) Prove that all solutions of the system

have a finite limit as t — 4+o0.

(c) Suppose now that the function ¢ ~ e!4 is bounded on R. Prove that if z(-) is a
solution of the system 2’ = (A + B(t))z, then the function y(t) = e~*4x(t) has a
finite limit when ¢ — +oo0.

(d) (Application:) (Extra Credit) Let ¢ : RT — R be a continuous function such that

+oo
/ lq(8)] dt < +o0
0
and z a solution of
" + (1 +q(t)z =0.

Prove the existence of two constants «, § € R such that

lim [z(t) — acost — Bsint] = 0.

t——+o0
3. Consider the second order ordinary differential equation
2 +pt)r +ax=0

¢
where a > 0and | p(s)ds — ocoant — oco. Suppose ¢(t) and ¢(t) form a fundamental

xio - (40 10

set of solutions, i.e.

¢'(t) (1)

is non-singular. Prove det X () — 0 as t — oc.



4. Consider the scalar differential equation
Z+ f(t)x =0,
where f(t 4+ T) = f(t) is periodic with period T

(a) Define the monodromy matrix, C', for the T-periodic system and show that

det C' = 1.
(b) Define the Floquet multipliers, denoted 1, 112, associated with C' and show they
satisfy

/147,2_7—”1—’_1:07 1=1,2
where 7 :=tr C.

(c) Show that if |7| < 2, then all solutions z(¢) remain bounded as ¢t — +o0.



