Geometry/Topology Qualifying Exam
Spring 2012

Solve allSEVEN problems. Partial credit will be given to partial solutions

. (10 pts) Prove that a compact smooth manifold of dimensicannot be immersed iR”.

. (10 pts) Let:; ; be the compact oriented surface with boundary, obtained 6 = R?/Z?
with coordinategz, y) by removing a small disk(z — )% + (y — $)? = - }.

(a) Compute the homology af; ;.

(b) Let>; denote a closed oriented surface of gehusse your answer from (a) to compute

the homology of,.

. (10 pts) LetS be an oriented embedded surfac&iandw be an area form off which satisfies
w(p)(e1,e2) = 1forall p € S and any orthonormal basis;, e2) of 7,5 with respect to the
standard Euclidean metric &¥. If (n1,n2,n3) is the unit normal vector field of, then prove
that

w = nidy N dz — nodx A dz + nzdx A dy,
where(x, y, z) are the standard Euclidean coordinated®én

. (10 pts) Consider the spage= M; U Ms;, whereM; and M, are Mobius bands antd; "M, =
OM; = OM,. Here aMobius bands the quotient spadg—1, 1] x[—1,1])/((1,y) ~ (=1, —=y)).
(a) Determine the fundamental group.of

(b) Is X homotopy equivalent to a compact orientable surface of gefor someg?

. (10 pts) Determine all the connected covering spac&Péf v RP1S,

. (10 pts) Letf : M — N be a smooth map between smooth manifoliisandY be smooth
vector fields onM/ and N, respectively, and suppose thatk =Y (i.e., f.(X (z)) = Y (f(z))
for all z € M). Then prove thaf*(Lyw) = Lx(f*w), wherew is al-form on N. Herel
denotes the Lie derivative.

. (10 pts) Consider the linearly independent vector field®b— {0} given by:

X( ) fod b ol ol
T1,T9,T3,Ty) = T T T
b "0y 20y 5015 Y014
0 0 0 0
Y(x1,$2,$3,x4) = T2~ _'_xl— — o= +.’,U3—.

61’1 8.7}2 8.7}3 61’4
Is the rank distribution orthogonal to these two vector fields intedg&dHere orthogonality is
measured with respect to the standard Euclidean metiR*on



