Topics for the Graduate Exam in Algebra

Most of the following topics are normally covered in a two semester graduate sequence in algebra
(510ab).

This is a two hour exam.

Groups: Review of elementary group theory, isomorphism theorems, group actions, orbits, stabi-
lizers, simplicity of A,,. Syvlow’s theorems, direct products and direct sums, semi-direct products,
Fundamental Theorem of Abelian Groups, solvable groups.

Fields: Relative dimensions, automorphizms, splitting fields, isomorphism extension theorem, sep-
arable extensions, Galois correspondence, Fundamental Theorem of Galois Theory, principal ele-
ment theorem, traces and norms, radical extensions, finite fields, evelotomic extensions, algebraic
closure.

Commutative Algebra: Localization, integral extensions, unigue factorization domains, Eisenstein
criterion, principal ideal domains, Noetherian rings, Hilbert basis theorem, varieties, Zarizki topol-
ogy, Hilbert Nullstellensatz.

Modules: Irreducible modules, torsion modules, free modules, projective modules, modules over
P1Ds, chain conditions, tensor products, exact sequences.

Noncommutative Hings: Artinian rings, Jacobson radical, Artin-Wedderburn theorem, Skolem-
Noether theorem, division rings, Wedderburn's theorem on finite division rings.
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T.Y. Lam, A first course in non-commutative rings
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ALGEBRA QUALIFYING EXAM (MATH 510AB)

SPRING 1992

(1) Let G be a group with |G| = 5- 7% 17. Determine the possible structures for G.
(2) Let G be a finitely generated abelian group G # {1}, n a positive integer and let

wn ¢ G — G be the homomorphism defined by ¢,(g) = g". Prove

(a) & is not divisible, i.e. dn such that ¢, is onto.

(b)  is finite if and only if In such that g, is the trivial map, i.e. @,(g) =1 for all

q e (.

te) G is free abelian group if and only if ¢, 18 1-1 for all positive integers n.

(d) (¢ is finite if and only if p,, is an isomorphism for some positive integer n > 1.
(3) Let k = Q({5), where (5 is a primitive 15-th root of unity. What is the galois group

of &/(}7 How many subfields does k& have? List all subfields (recall that the field

() of p-th roots of unity, p a prime, contains the subfield Q(,/p) if p = 1 mod 4

and Q(+/—p) if p £ 1 mod 4).

(4) Let F = F,» be a field of p" elements. For 1 < k < nset Ly = {a € F : o = a).
Show that each L; is a subfield of F, that {L — k : 1 €< k < n} is the set of all
subfields of F', and for n greater than 2, L; = L; forsome 1 <i < j < n.

(3) Let A be a commutative noetherian ring, M a noetherian A-module.

{a) Prove that M &4 Alz] is a noetherian Afz]-module.

(b) If Ais a commutative Noetherian domain with 1, and 0 # y € A, a nonunit.
Show that y = ayas ... a; with each a; € A irreducible,

(c) Let C[X] = Clxy,...,x,] be the polynomial ring in n variables over the complex
numbers. An (irreducible) hypersurface in C" is the solution set Z(f) of f(x) =
0, f an irreducible polynomial in C[X|. Let F(Z(f)) denote the ring of complex
valued polymomial functions on the hyvpersurface Z(f): ie. h € F(Z(f)) if
and only if g € C[X] such that h(T") = g{T') for all T' € Z(f). Prove that
F(Z(f)) = CX]/F(X)Clx].

(d) Let A be a finite dimensional semi-simple algebra over C, and set M,(A4) = ring
of n X n matrices over A. Not that M, (M,(A)) = My.(A) and M, (A & B) =
M. (A) & M, (B).

(a) Show that Ms(A) is semi-simple.

(b} If dimg(A) is prime, show that Ma(A) is not simple.

(e¢) If A is not commutative, there is a t € M3(A) with #* # 0 and t* = 0.



ALGEBRA QUALIFYING EXAM (MATH 510AB)

FALL 1992

(1) If G is a group of order 22-19-23 show that & has a normal subgroup of order 4-19-23
and the center of ¢ contains an element of order 2.
(2) Let T : Z" — Z™ be a group homomorphism.
(a) If T is onto, show that Z" = Ker T & Z™.
(b) Prove that T is injective if and only if m > n and dimg Q&g {(Z/T(Z")) = m—n.
(3) Let F' be a finite Galois extension of the field £, A subfield & © L © F is abelian if
L is a Galois extension of k and Gal(L/k) is abelian.
(a) Prove there is a unique maximal abelian subfield of F'.
(b) Prove that if L,.J are abelian extensions of k& then their composite is an abelian
extension of k.
(4) Let L be the splitting field of 2™ — 1 over Q. Find [L : @], | Gal(L/(Q)|, the structure
of Gal(L/Q}), the number of subfields of L and the subfields which are normal over

Q.
(5) (a) Let M, 2 My L My — ) be an exact sequence of A-modules. 4 a ring and

f: M, — M; an A-module homomorphism. Prove that M, &t M % My — 0

is exact if and only if f{M,) + ker g = M.
(b) Show that whenever A = klx,y|, k a field, and [ is an ideal in A then there is
an exact sequence A™ — A" — [ — () for some positive integers m, n.

(6) For an ideal [ in A = Clx,y, 2| set Z,,(I) = {(a,b) € C*: f(a.b,z) =0 forall fe I}
(a) Prove that ! maximal implies Z ., is empty.

(b) Prove that Z,,(I) x C = Z(J) = {(a,b,¢) € C° : fla,b,e) = OVf € I} if and
only if rad I = JA, where J = {f(x,y): fla,b) = 0W(a,b) € Z,,}.

(7) Deseribe up to isomorphism all semi-simple COsubalgebras of M4(C), the ring of
4 x 4 matrices over . (Note that if A, B are C-algebras and o € 4, @ € B have
minimal polynomials, f, g respectively then (o, 3) € A & B has minimal polynomial
h=lem(f,g).



ALGEBRA QUALIFYING EXAM (MATH 510AB)

SPRING 1993

(1) Find up to isomorphism all groups of order 3-7 - 19 - 37,
(2) Let D be a commutative domain with multiplicative identity 1 and assume that the
additive group ) is finitely generated. Prove
(a) Characteristic K = 0 if and only if (1}, +) is a free abelian group.
(b) If 3 an integer n > 1 such that f: D — D defined by x +— nz is onto then D is
a finite field.
(¢) If M is a maximal ideal in 0 then M N i#(&) = #(£) for some prime p, (L) =
{n-1,ne L}
(3) Let f(z) € Q(x) be irreducible with deg f = n. Let M C C he a splitting field for
flz) over C}.
(a) Show that if Gal(M /(D) is abelian then every subfield field of M is Galois over
Q.
(b) Show that if Gal(M /) is abelian then [M : (] = n.
Let f(x) € Fyn[z] be irreducible of degree t, Fy» a field with p™ elements, p a prime.
(a) Show that Fp.; is a splitting field of f over Fpa.
(b) For n = 1, show that f(z) divides 27" — z if and only if ¢ divides m.
(¢) How many distinet irreducibles in Fs|xz| have degree 57
(4) Let fi(z,y) = a;x® 4+ by + ciy® € Clryyl, 1 € i < n. Show that there exists

(1, v) € C? such that u? + v* =1, but fi(u,v) £0Vi=1,...,n.

(5) Given the linear equation a1 X7 +. ..+ @, X; =0, a; € A = klay, ..., x5 and & a field,
prove that there are solutions ¥),.... Y, € A! such that for each solution Y, there
exists by, ..., b, € A such that ¥ = }77  bY,. If A = Z, prove that you can take
g=1-—1.

(6) Let x denote a fixed non zero vector in C? and A, denote the ring of matrices
T € M4(C) such that =T = 0.
(a) Prove that A, = A, for any U € GL3(C); hence A; = A, for any non zero
y e CY
(b) Prove that {(a;;) € Ajop : ai; = 0 for j > 1} is nilpotent ideal in A 0.
(¢) Prove that the Jacobson radical J(A;) is not zero and that A, /.J(A;) = M (C).



ALGEBRA QUALIFYING EXAM (MATH 510AB)

SPRING 1995

(1) Let G be a finite group.
(a) If |G| =2°-Tfor 0 < s < 3, then & is solvable.
(b) Suppose |G| = 112 and @ is not simple. Show that G is solvable.
(c) If |G| = 112, show that G is not simple. Hint: If G were simple, show that &
embeds into 57, and then show that ¢ embeds, in fact, into A5

(2) Suppose that a group G is the direct sum of k& cyclic groups, each of prime power
order. If i is a subgroup of ¢ containing nontrivial subgroups H;..... H,, whose
sum 15 direct, show that s < k.

(3) Let f(x) = (x* —3)(z* + 1) € Qlx]. Denote by K the splitting field of f(x) over (@,
and by G the Galois group of K over (.

(a) Find |G|,

(b) Show that & has a normal subgroup of order 2.

(¢) Show that the 3-Svlow subgroup of ¢ is normal. Hint: K contains all 12-th
roots of unity.

(d) Show that  has a central element of order 2,

(4) Let R be a right Noetherian ring (with 1). Prove that R has a unique maximal
nilpotent ideal P(/). Show that the polynomial ring R[z] must also have a unique
maximal nilpotent ideal P(R|z]), and that P(R[z]) = P(R)|x].

(5) Let M be a maximal ideal in the polynomial ring Qlry, ..., z,]. Show that there are
only finitely many maximal ideals in Clry,...,x,] containing M. Hinf: Show first
that for each i there is a polynomial f;(y) € Qly] such that f;(x;) € M.

(6) Let G be a finite group, and C|G] it group algebra. Define a bijection * : C[G] — C[G]
as follows: For x = ) _;a,9 € C[G], set z* = 3° _.T,9 1 One calls ¢ summetric
iz =12

(a) Given z,y € C|G], show that (z")" =z, and (zy)" = y"z".

(b) Given & € C[G], show that xz* is symmetric, and that zz* = 0 if and only if
3=},

(¢) Show that nonzero symmetric elements are not nilpotent.

(d) Assume that C[G] has no nonzero nilpotent elements. Show that & is abelian.

(7) Let K be a field extension of k = F» of degree n. Let & be the automorphism of K
given by a(a) = a” forac K.

{a) Let x be an element of K such that both &+ o{x) and re{x) belong to k. Show
that [k(z) : k| < 2. Moreover, show that [k(z) : k| = 2 if and only if o(x) # 2.
(b) Set
F={re K|z +o(x),za(x) € k}
Show that F is a subfield of K, and that [F : k] < 2. Moreover, show that
[F: k] = 2 if and only if 2|n.



ALGEBRA QUALIFYING EXAM NOVEMBER, 1995

Partial credit is given for partial solutions.

. Up to isomorphism, determine all groups of order 72-112-19,

. Let G be a finite Abelian group and recall that the exponent of G is the smallest positive
integer n so that g" = e for all g e G. Show that G 1s a cyclic group 1f and only if the

order and exponent of G are equal.

. Anideal in a commutative ring is called irreducible if it cannot be written as an
intersection of finitely many properly larger ideals. If A = Z[x,, ..., x;] is the
polynomial ring in n variables over Z, show that any ideal of A is an intersection of

finitely many irreducible ideals.

. Let K be a splitting field over Q of the polynomial x!' - 17. Show that Gal(K/Q) is
isomorphic to the group of matrices G = [{é ;) e GL(2,Z/11Z)}.

. Let F be a field and M an irreducible (i.e. simple and nontrivial) F[x,, ..., x,] module.
i) If F is algebraically closed, show that dimgh = 1.
11) For any F show that dimgM is finite.

. Let R be a finite ring in which every element is a sum of nilpotent elements. Show that
R is nilpatent. (Hint: what is the trace of a nilpotent element in M, (F) for F a field?)



ALGEBRA QUALIFYING EXAM MAY, 1996

Partial credit is given for partial solutions.

. Let GG be a finite group and p a prime number. Let P be a p-Sylow subgroup of G and
denote the normalizer of P in G by Ng(P).
1) Show that Ng(P) = Ng(Ng(P)).
i) If K is a normal subgroup of G and K contains P, show that G = KNg(P).

111) If no proper subgroup of G is its own normalizer, show that the center of G 1s
not trivial,

. Up to isomorphism describe all finitely generated Abehian groups which satisfy all of
the following properties: 1) G & Q=0Q2;, 1) G g (LTL) = (LTL); and
iii) for any prime p # 7, G @y (Z/pZ) = (ZIpZ)2.

. Let R be a left Artunian ring with Jacobson radical J(R). If R = J(R) show that R is a
left Noetherian ring,.

. Determine if each of the following polynomuals is irreducible, and justify your answer.
i) x+ 1 € Q[x].

ii) Xg + Xp ™! + o 4 X% + Xy € Flx;,...x,] for F any field.

iii) x* + 1 € F;[x], p an odd prime (note that p* = | (mod 8)).

iv) XP + xP! + - + x + 1 € F[x], p an odd prime.

. Let R be a comumutative ring with 1, and let ry, ..., 1, € R satisfy R = Rr| + -+ + Rr,,.
If M= {(ay, ..., a,) € R a;r; + - + a,r, = 0}, show that M is a projective R module.

. Let K be a finite Galois extension of (Q with Gal(K/Q) = A;. How many subfields

does K contain, what are their dimensions over (), and which are Galois over ()7



ALGEBRA QUALIFYING EXAM (MATH 510AB)

FALL 1996

(1) Let & be a group with |G| = 585. Show that & contains a normal evelic subgroup of
prime index. Describe (¢ up to isomorphism. Show that Z((7) #£ ¢ and has composite
order.

(2) For any n > 3. show that each element of the symmetric group 5, is a product of
permutations, each having no fixed point in {1,2,....n}

(3) Show that any eyelic group G with square free order (a > 0 and a?||G] implies that
a = 1) is the Galois group over {J of some field extension K 2 ). (Hint: For a
suitable n = 0, consider 2" — 1 € Q[x].)

(4) Let (), 4+) be the rational numbers under addition.

(a) Show that (Q,+) is not a finitely generated Abelian group.
(b) Show that any finitely generated Z submodule of @ is free.
(¢) Determine if (Q, +) is a free Z module,

(d) Is (@, +) a projective Z module.

(5) Let R = Clxy,...,x,] and let I and J be ideals of R satisfying: for all a € C",
fle) =0 for all f €I inand only if g{a) =0 for all g £ J.

{a) Show that (7 + J)/[ is a nil ring.
(b) Show that (I 4 j)/1 is a nilpotent ring. (Note that (I 4+ .J)/71 is an ideal of R/1.)

(6) If R is a finite ring and &° = z for all € R, describe the structure of R.



[

ALGEBRA QUALIFYING EXAM MAY, 1997

Partial credit is given for partial solutions.

. Up to isomorphism, describe all group of order 495.

. Let x*-7 e Flx]forFg C. f FcM < C and M is a splitting field for x*- 7 over F, find

Gal(M/F): when F = Q; when F = Q[+/7 |; and when F = Q[i], with i* = -1.

. Let M be a finitely generated F{x] module (F a field). If every submodule of M has a

complement, describe the structure of M in terms of F[x]. (Recall that a submodule H of a
module M has a complement if there 1s a submodule H' sothat M=H & H';
i e H+H=Mand H H =(0).)

Show that some power of (x + y)(x? + y* - 2) is in the ideal of C[x.y] generated by
x* + v? and v° + yx.

Let R be a commutative Noetherian ring with no nonzero nilpotent element.
Set A = {ann I | | is a nonzero ideal of R} and M = {maximal elements in A}. Prove that R
embeds in a direct sum of finitely many domains as follows:

a) Show that the elements of M are prime ideals in R.

b) For P# QQ in M, show ann Q < P.

¢) Show that M is finite (consider sums of ann P, for P, & M).

d) Show that the intersection of the elements in M is zero,

. Let R be a finite dimensional algebra over the field F. Assume that for every r € R there some

g(x) € F[x], depending on r, so thatr + g(r)rf =0. Determine the structure of K.



Algebra Qualifying, Prequalifying, and M.A. Comprehensive Exam, 11/97

Directions: Work any 5. Partial credit in units of 1/4 is given for partial solutions.
1. Let G be a finite group, N a normal subgroup, and P a p-Sylow subgroup of N.

a). Show that G = NNg(P), Ng(P) = {g € G : gPg~' = P} the normalizer of P in G.

h). Let ®(G) denote the intersection of the proper maximal subgroups of G. Show that ®{G) is normal in G and if
H is a subgroup such that G = ®(G)H then H = G.

). Show that ®(G)Neg(P) = G and that every p-Sylow subgroup P of () is normal in G.
2. View the n x n matrix T over the ring of integers Z as a linear transformation on Z™; that is, T(X)} = XT, the matrix
product of X = (z1,...,2n) and T. 8et Im(T) = {T(X): X € 2"}, Ker(T) = {X € Z" : T(X) = 0}.

a). Show that Z" = Ker(T) @& Im(T).

b). What is the structure of the abelian group Z"/Im(T) if T? = pl,,p a prime and I, the n x n identity matrix.
3. Let @ C F < C where F is the field generated over the rationals @ by all roots of unity in the field C of complex
numbers. Let aq,...,ax € @, < +++ < pi primes, and set M = F(n;"fm. = -,ui”"].

a). Show that M is a Galois extension of F'.

b). Deseribe the Galois group of M over F.

¢). For any subfield F © K ¢ M, show that K = F(S) for some subset 5 of {u{ﬁ" s .ﬂL’r"* }.
4. let ¥, denote the algebraic closure of the finite field F, with p elements, p a prime, and let Fp» denote the subfield of
¥, with p™ elements.

a). For r € F,, show that =P ¢ Fp if and only if # € Fpa.

b). Let F{n)={zeF,:z" e F,}. Show that F(n) is finite and F(pn) = F(n).
5. Let F denote a feld, 7, v automorphisms of F generating an abelian subgroup H of Aut(F) of finite order 5. The
twisted polynomial ring Fy [z, y] consists of all polynomial expressions i Lzt fi; € F in commuting indeterminates
x,y over I subject to the usual polynomial addition and mul;ipl'tcatli:;:ﬂexmpt that xf = a(flz,yf = r(f)y. Let Z
denote the center of Fylr,y).

a). Show that Z contains Fyz*, "], Fy the subfield of F fixed by H.

b). Show that Fylz,y| is Noetherian and £ is Noetherian.
6. Let I denote an ideal in Cley, ..., 2], C the field of complex numbers and suppose that [ is the intersection of &
maximal ideals. Show that if k < n then [ contains a homogeneous linear polynomial ayxy + -+ - + agx, with a; # 10 for
some 1,1 < i < n. Give an example to show that this can fail for k > n.
7. Let R is a Anite dimensional, semisimple C-algebra, C the field of complex numbers, and for r € R — [0}, let
my(x) € Clx| denote the monic polynomial of least degree such that m.(r) =0, i.e., the minimal polynomial for r. Show

that [t s commutative if and only if . (r) has no multiple roots ¥r € R~ {0}, and R is noncommutative if and only i

deg my(x) < dimRfkVr e - {0}




ALGEBRA QUALIFYING EXAM MAY, 1998

Partial credit is given for partial solutions.

. Let G be a group of order 105. Show that G contains a normal subgroup of index 3 and determine
how many possibilities there are for the structure of G, up to isomorphism. Show that G has a
nontrivial center.

. For a prime integer p, a group G is called p-divisible if the function f,,G—G given by f(g) =g"is
surjective (1.e. onto). If G is Abelian and p-divisible, show that G is finitely generated if and only if G
15 finite with order relatively prime to p.

. Let QM < C with M a finite dimensional Galois extension of Q, the rational numbers. If for all

subfields Q < L < M, [L:Q] is even, what can the order of Gal(M/Q) be? In this case, show that M

embeds n a radical extension of ().

. Let Clx;, x,, ..., x,] =R and let f(X) = f(x,, X, ... , x.) € R be irreducible. Given g(X), h(X) € R

so that g(a) - h(o) = 0 for all @ e C" satisfying f(or) = 0, show that g(X) + (f(X)) = h(X) + (f(X)) in
RAT(X)).

. Let R be a commutative Noetherian ring with 1. Prove that R is isomorphic to a finite direct sum of
fields if and only if every (ring) homomorphic image of R is projective as an R module.

. Let F be a finite field and let A be an F subalgebra of M_(F).
a) If A is a domain, show that dim:A < n.

b) If A is simple with F-I_ as its center, show that ,/dim, A is an integer and divides n.



Written Qualifying Exam, Algebra, Nov. 1998

Directions. Partial credit in units of 1/4 is given for partial solutions.

1. Let G be a group of order p®q”, p, q distinct primes and a, b positive integers. Prove that
if ¢ < p and the order of ¢ mod p exceeds b then G is solvable.

2. Let G be a finitely generated abelian group (i.e., a finitely generated Z-module).

a). Prove that G has no elements of order p, p a prime, if and only if G ®z Zp = 77, for
some positive integer r, Zp is the local ring of rational numbers with denominator
prime to p.

b). Prove that G is projective if and only if there is an integer r such that G®g H = HT
for all abelian groups H.

3. Let Fy» be a finite field with p™ elements, p a prime. Recall that the norm map N : Fon is
defined by N{z) = Il  g(z) and the trace map is defined by T'(z) = 5= g(z).

gEGuffFFFh gE[':a!rp[Fpn
Determine the image of each of these maps, show that the kernel of the norm map is
{z/g(x) : x € F.,g9 € Galy Fy=} and that the kernel of the trace map is {z — g(z) : 2 €
Fj,n 4 & G!’IE&?PIFFH b,

4. Let R be a subring of Clzq,...,z,] containing C and assume that the field of quotients
of Ris C(zy,...,2n). Show that there are polynomials fi,..., fr € Clz1,...,z,] such that
dC[zy,...,zn) C Rifand only ifd € T = HClzy, ..oy zp] 4+ - -+ fsClxy, . .., z5]. In addition,
show that I cannot be a maximal ideal in Clz,,...,z,].

5. Maschke’s theorem implies that the group algebra k[G] over a field k of characteristic
zero is semisimple when G is a finite group. Using this fact,

a}). Determine the structure of C[S53], 53 the symmetric group on three symbols.

b). An epimorphism of groups, ¢ : G — H, induces an epimorphism & : k|G| — k[H| on
the corresponding group rings over k. Prove that if £ has characteristic 0 and & is finite
then k[H] is a ring direct summand of k[G].

6. Determine the galois group of * — p over the rationals, p a prime, and determine all
subfields of its splitting field which are normal over the rational numbers.



ALGEBRA QUALIFYING EXAM MAY, 199¢% 9

Partial credit is given for partial solutions.

Let G be a group of order 1705 = 5-11-31. Describe the possible structures of G up to 1somorphism.

Let G be a group and N < G. Show: i) G is solvable <> N and G/N are solvable; and 1i) if IGl = p”
for p a prime then G is solvable,

. Let f(x) € Q[x] be irreducible with deg [ = p, an odd prime, and let K < C be a splitting field for f(x)
over Q. Suppose that f(x) has exactly two roots in C - R. Prove that Gal(K/Q) =S,

. Using methods of algebraic geometry show that there is a fixed m > 0 so that for any linear polynomial

f(x,y,z.t) = ax + by + cz +dt, f(x,y,z,0™ € (x"*y"z”t", x* +y°, y" + 2", 2" +t") c C[x,y.z.t].

Let A = C[x, o] be the twisted polynomial ring over C where o is complex conjugation. The elements
of A are the polynomials p(x) = ¢, x" + -~ +¢,X + ¢, which add in the usual way but with multiplication
given by xa = o(a)x = dx, and extended by the associative and distributive laws. The general

expression for products is . ax' 3 bx’ = 3 (D a,0'(b)x".

i+i1=k
i) Find the center of A.
ii) Is the center of A a Noetherian ring (and why)?
ii1) Show that A is a left and a rnight Noetherian ring.

. Let R be a right Artinian ring so that each r € R satisfiesr’ =r1.

i) Show that R is a finite ring.

ii) Show that there is some m 2 1 so that R has exactly 2™ elements satisfying x = x.
iii) Using m in ii), find the possible values for IRl = card(R).



ALGEBRA QUALIFYING EXAM NOVEMBER, 1999

Partial credit is given for partial solutions.

. For p and g distinct primes show that any group of order p’q is solvable.

. Let G be a finite Abelian group so that whenever H and K are subgroups of G of the same order then
H = K as groups. Describe the possible structures of G. If IGl = 2°-3%.5°.7%.11-13, up to isomorphism
how many possibilities are there for G7

Let p,, ..., p, be distinct primes in Z and set F = Q(J{TL,JE, Jﬁ} N
i) Show that F is a Galois extension of Q with Gal(F/Q) = (Z/2Z)".

ii) Show that F = Q(/p, +-+-++/p, )-

. For F a field and R = F[x,, ..., x,] let M be a finitely generated R module. Show that there are positive
integers s and ¢ and an exact sequence of R modules0 = K—R*—-R' —- M — 0.

. If 1is a nonzero ideal of R = C[x,, ..., x,] which is not maximal then if R/ is a domain, show that
dimR/I must be infinite.

If R # {0} is a finite ring so that each r € R satisfies the polynomial x* = x, describe the possible
structures of R,



ALGEBRA QUALIFYING EXAM MAY, 2000

Partial credit is given for partial solutions.

Up to isomorphism describe all groups of order 5395 (5-7-17).

Let M be a finitely generated module overa PID R. If M &, M = M determine the structure of M.

. Letp & Cbe a primitive p“’ root of 1 for an odd prime p and set L = Q(p).

What is Gal(1/Q)? If m is the number of different positive integer divisors of p - 1, how many fields F
| i;ausf}f Qc F;;L a;-:I hﬂﬁ-.‘.r‘.ﬁ.'.-li';l:rl}? of ﬂi&‘iﬂ are Galois extensions of Q7 What are the Gal(F/QQ)? Show
that [L: RN L)] =2. Show that N (1 -p')=pforany | £j<p-1.

. Let R be a commutative Noetherian ring with 1 and let ¢:R[x,, ..., X, ] —=R[x,, ..., x,] be a surjective ring
homomorphism. Show that ¢ is an automorphism.

. LetIbe an ideal in C[x,, ..., x,].
i) Show that there is k > 0 so that (vI)* L.
ii) Prove that if T is maximal then I/I* is a finite dimensional C-vector space for all k = 0.
iii) Show that C[x,, ..., x,}/1 is finite dimensional over C < {a € C"| f(ot) =0, all f € 1} is finite.

. If R is a finite ring with 1 and x, y € R satisfy xy = 1, show that yx = 1.



ALGEBRA QUALIFYING EXAM (MATH 510AB)

FALL 2000

(1) Deseribe all groups of order 3- 17 - 23 up to isomorphism,
(2) Let ¢ be a finitely generated Abelian group so that every proper homomorphic image

of G is eyclic. Prove that ¢ is cyclic or that |G| = p~ for p a prime.

(3) Let K C C be a splitting field over Q of x® — 5. Describe Gal( K /). Describe those
fields @ € M C K with M Galois over {J, and for these find Gal(M/Q).

(4) Let F be an algebraic closure of the field F. If M € Flay, ..., z,)] is a maximal ideal,
show that V(M) = {a € F x -+« x F|f(a) = 0forall f € M} in finite and not
empty.

(5) Let M C {J be Noetherian Z-submodule. For N a Z-submodule of M, show M/N is
finite (as aset) & M B0 =N @z Q.

(6) If R is a right Artinian ring and 2° = z for all z € R, show: R is commutative; R is
finite;: and R has 2°3" elements for some a, b > (.



ALGEBRA QUALIFYING EXAM FEBRUARY 2002

Partial credit is given for partial solutions

. Describe all groups of order 2-31-61 up to 1somorphism.

. Let G be a finite solvable group. If (¢) # N <« G and is N minimal (forany H a G with HC N

either H = {e) or H = N) show that N = E; =Z @--@®Z, for p a prime and some k > 1.

. For any prime p show that x* + 1 € F [x] cannot be irreducible. (F, is the field of p elements.

Note that p* = 1 (mod 8) for any odd prime.)

. Let £X) = fix,, ..., x,) € C[x,, ..., x,] = R be irreducible. If g(X), 2(X) € R with g(a) =
h{c) for all @ e C" satisfying flee) = 0, show that the images of g(X) and A(X) in R/(f(X)) are
equal, that 1s g(X) + (X)) = A(X) + (AX)).

. Let R be a commutative ring with 1.

i) Show that R is a Noetherian ring < for each maximal ideal M of R the localization R,, at M
is a Noetherian ring.

i1) Show that R is a Noetherian < every localization of the polynomial ring R[x,y] at its

maximal ideals is Noetherian.

. If R is a right Artinian algebra over the algebraically closed field F show that R is algebraic

aver F of bounded degree. That is for some fixed M > 0 and any r € R, there is some nonzero

fix) € F[x] depending on r so that f{ir) =0 and deg f < M.
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Algebra Qualifying Exam September 2002

Partial credit is given for partial solutions

1. Let k be a field and let S, act on the polynomial ring k[X;,...,X.] by
permuting the variables, i.e. - f = f¥ where

fn'{xh conyAn) = f{Xﬂ{i}1 AR :Xa'{n]}-

Show that for any given f, the number of distinct polynomials of the form
f? is a divisor of nl.

2. Show that there are exactly 2 groups of order 11 - 432,

3. Let f(X)=X?- X —1 € Q[X]. Find the splitting field K of f over Q,
the Galois group of the extension (¢ € K and give the number of subfields
of K of each degree.

4. Let k be an algebraically closed field, and let B = k[X;,..., X,].

a) Show that if p is any prime ideal of R, then p is an intersection of maximal
ideals.

b) If n = 2, show that the ideal p = (X + X3) is prime and describe all
maximal ideals m such that p € m,

5. Let R be a commutative algebra over the field k, and A,, ... 4; € M,(R)
be n x n-matrices with entries in K. Show that there exists a k-subalgebra
S C M,(R) containing A;, 1 <1 < t, such that S is (left} noetherian.
(hint: Try to find a subalgebra Ry € R such that § = M, (Ry).)

6. Let R be a finite ring. Show that if =,y € R satisfy xy = 1, then they
also satisfly yxr = 1.
(hint: First consider the case R is semi-simple.)
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Algebra Qualifying Exam February 2003
Partial credit is given for partial solutions

1. Show that there are four non-isomorphic groups of order 18. For partial
credit show that there are at most four non-isomorphic groups of order 18.

2. Let [}, be the dihedral group of order 2n. Recall that [}, is generated b}'

an element a of order n, an element b of order 2, and the relation bab = a”
holds.

i) Show that the derived group D, is:

D= Lind  for n odd;
"7 |2Z/nZ for n even.

(Hint: Show first that a® € D}.) Conclude that Dy, is solvable,
ii) Show that: D, is nilpotent if and only if n is a power of 2. (Hint: Show
that for ¢ > 1, 5%(Ds) = (a* ), where 7 is the lower central series.)

3. Let f(X) € K[X] be an irreducible polynomial of degree 4 and G its
(Galois group. Show that & is isomorphic to one of the following groups:
24, /2 x Ef2, Dy, Ay, or Sy.

4. Let f(X) = (X% —-2)(X? - 3) € Q|X]. Find the splitting field K of f
over J, the Galois group of the extension Q € K and give the number of
subfields of K of each degree,

5. i) How many different similarity classes of 4 x 4 nilpotent matrices are
there over a field 7

ii) What is the characteristic polynomial of such a matrix?

iii) Prove or give a counterexample: If two such matrices have the same
minimum polynomial and characteristic polynomial, they are similar.

6. Let R = Qlz,y, z|.
i) Prove that every simple H-module M is finite dimensional over {J.
ii) Show that there is no bound on the dimension of a simple module.

7. Consider a homogeneous system of m linear equations in n variables over
L and assume that d=n —-m = (.

i) Show that the set of solutions is a free abelian group of rank at least d.
ii) What is the rank of the group of solutions {in terms of the coefficient
matrix of the system of equations)?



Algebra Qualifying Exam January 2004

(1) Determine the number of nonisomorphic groups of order 27 -
17-23.

(2) Let G be a finite p-group, p a prime. Prove that the following
are equivalent:

{a) G does not contain a subgroup isomorphic to Z/p x Z/p;
(b) Every abelian subgroup of G is eyelic;
(¢) G has a unique subgroup of order p.

(3) Let K be a splitting field of * — 2 over the rational numbers

Q.

(a) Find [K : Q| and describe the Galois group of K/Q.

(b} How many intermediate fields are normal (Galois) over 7
Explain.

(4) Let k be a commutative and let R, S be commutative k algebras
such that R is noetherian and S is a finitely generated k-algebra.
Prove that R ®; S is & noetherian ring,

(5) Let k be a field, B a finitely generated k-algebra and let 4 be
a k-subalgebra of 5.

(a) If M is a maximal ideal of B, prove that MM A is a maximal
ideal of A.

(b} Give an example to show that this is false if B is not finitely
generated,

(6) Let A be a 5 dimensional algebra over the field k of p elements,
p a prime. Assume that for each nonzero a € A, there exists
b€ A with ab = e = ¢ # 0. Find all such algebras up to
isomorphism (note that this condition is satisfied by M, (F) for
any field F' and you may use this fact).

(7) Let F be a field and F[z] the polynomial ring over F'. Let M be
a finitely generated free module over Fz|. Let N;,i =1,2,...be
a descending chain of Flz]-submodules of M. Prove that there
exists a positive integer t so that for ¢ > ¢, V;/N,,, is finite
dimensional over F' (note that Flz]/T is finite dimensional over
F for any nonzero ideal [).



ALGEBRA EXAM SEPTEMBER 2004

Do as many problems as you can

1. Up to isomorphism describe all groups of order 399 = 3. 7. 19. For each
group find the order of its center and the order of its commutator subgroup.

2. Suppose R is a finite dimensional algebra over a field F with 1 and
U(R),the group of units in R, is abelian. Show that the Jacobson radical
J(R) and R/J(R) are commutative,

3. Let L be a subfield of the finite field K of characteristic p. Let a € K
with minimal polynomial v(x) of degree d over L. Show that v(z) splits over
K and that for some g = p™ the roots of v(z) in K are {a,0,...,0¢ '},

4. Let R be a commutative ring with 1 and M, N,V all R-modules.

(a) If M and N are projective show that M ®g N is also a projective
H-module.

(b) Let

Tr(V) = {D _ ée(v:)|¢s € Homp(V, R), v € Vin =1,2,...}.

=1

If 1 € Tr(V') show that up to isomorphism some finite direct sum V*
contains A as an H-module direct summand.

5. Show that any surjective ring homomorphism f : R — R of a left Noethe-
rian ring R must be an isomorphism. Give an example to show this may be
false if the ring is not noetherian.

6. In Clz,y| show that some power of (z + y)(z? + y* — 2) is in the ideal
(z° + 47, 4° + zy).



ALGEBRA QUALIFYING EXAM FALL 2005

Work all the problems. Be as explicit as possible in your solutions and justify your
statements with specific reference to the results that you use. Partial credit will be given for
partial solutions,

. Let G be a group with |Gl = p"¢" for p < q primes and assume that the order of [p], in the

multiplicative group (Z/gZ)" is larger than n. Show that there are subgroups
() CH CH,C---CH,__ =G with each H, < H,,, and H,,,/H, cyclic of prime order.

. Let F C L be finite fields with [L : F] = 3. If a € F show that there is 8 € L satisfying ° = a.

. I p(x) =x"+6x" + 1 € Q[x] and if @ © M C C is a splitting field for p(x) over @, argue that

Gal(M/Q) is solvable.

. Let R be a commutative ring with 1 and letx,,...,x, E Rsothatxy, + - - +x,y, = | for some

VER. LetA={(r\,... ., )ER |xr, +** +x,r,=0}. Show that R" =, A ® R, that A has n
generators as an R module, and that when R = F[x] for F a field then A, 1s free of rank n - 1.

. LetR=C[x,,...,x,]and let ] be a nonzero proper ideal of R. If A € M,(R) and A(a) =0, for

all @ € Var(l), show that for some 5 > 0, A" € M(]).

. If R is a right Artinian algebra over C, show there is an integer m = 1 so that if x € Rand x* =0

for some integer k = 1, then x™ = 0: that is, the indices of nilpotence of the nil elements of R are

bounded.



ALGEBRA QUALIFYING EXAM FALL 2005

Work all the problems. Be as explicit as possible in your solutions and justify your
statements with specific reference to the results that you use. Partial credit will be given for
partial solutions.

. Let G be a group with |Gl = p"¢™ for p < g primes and assume that the order of [p], in the

multiplicative group (Z/gZ)" is larger than n. Show that there are subgroups
(e)CH CH,C--+CH,,=G with each H, < H,,, and H,,,/H, cyclic of prime order.

. Let F € L be finite fields with [L : F] = 3. If a € F show that there is § € L satisfying 8° = a.

. Ifp(x) =2" + 6x* + 1 € Q[x] and if Q € M C C is a splitting field for p(x) over Q, argue that

Gal(M/Q) is solvable,

. Let R be a commutative ring with 1 and let x,, ..., x, € Rso that x,y, + - - - + x,y, = | for some

YER LetA={(r\,....r, )ER" Ixr,+*++x,7,=0}. Showthat R"=, A @ R, that A has n

generators as an R module, and that when R = F[x] for F a field then A, is free of rank n - 1.

. Let R=Clx,, ..., x,] and let I be a nonzero proper ideal of R. If A € M(R) and A(a) =0, for

all o € Var(l), show that for some 5 > 0, A" € M,(]).

. If Ris a right Artinian algebra over C, show there is an integerm= 1 so thatif xE Rand x* =0

for some integer k = 1, then x™ = (): that is, the indices of nilpotence of the nil elements of R are
bounded.



ALGEBRA QUALIFYING EXAM SPRING 2006

Work all the problems. Be as explicit as possible in your solutions and justify your
statements with specific reference to the results that you use. Partial credit will be given for
partial solutions. Let ( denote the field of rational numbers, C the field of complex numbers,
and F, the finite field of g elements.

1. Up to 1somorphism, describe the groups of order 3-17-19.

2. 1)Forpapnme,g= p,andna positive integer, describe a condition that guarantees that
the multiplicative group F," = (F, — {0}, -) contains an element of order n.
ii) Determine the cardinality of a splitting field L over F, of x"* — 1 € F,[x], and the structure
of Gal(LJF,)

3. Let flx) = (x' = 2)(x’ —3) € Q[x], M C C a splitting field over Q for fix), G = Gal(M/(), and
w € C a primitive cube root of unity.
i) Show that w & M.
ii) Assume that 3'° & Q{w, 2'%) C M, and use this to find the order of G.
ii1) Describe how the elements of (5 act on M.
iv) Determine the structure of .

4. In Clx, y] show that for some integer m = 1, (3x* + 10xy + 3y )" E (x + y - 2, xX* + y*— 10), the
ideal of Clx, y|] generated by x + y = 2 and x* + y* - 10,

5. Letg, g5 .-+, --- © R, acommutative Noetherian ring with 1, and let / be an ideal of R.
Assume that for each i there is k; > 1 so that g€ I. Show that there is a positive integer K

so that g, g ---g, € I'for any choices of g, € {g,}.
6. Let § be a finite ring so that for each x € §, x° = x.

1) Show that § contains no nonzero nilpotent element.

ii) Show that, up to isomorphism, § is a direct sum of copies of F,, F,, and F..



ALGEBRA QUALIFYING EXAM
September, 2006

1. (a) Find the number of Sylow p-subgroups of the symmetric group 5,. Here p
i5 a prime.
(b) Use {a) to prove that

(p—1)'+1=0 mod p.

2. Let (& be a finite solvable group and H a minimal (non-trivial) normal subgroup.
show H is isomorphic to a direct sum of cyclic groups of order p, for some prime p.
(Hint: First show that the commutator subgroup H' of H is {e}.)

3. Let mq.ma....,my, be positive integers which are pairwise relatively prime
(that is, ged(m;,m;) = 1 for all ¢ # j).

(a) Show that F' := Q(/m; + Mg + -+ + /my,) = Q(/My, /Ma, ..., /).
(Hint: induction.)

(b) Show that F' = U /m; + M + -+ + /) 18 Galois over ). What is its

Galois group?

4. Let k be a field, let B be a commutative k-algebra , and let § = M, (R) be all
n X n-matrices with entries in B, Choose A, .... A, € 5. Show that there exists a
(left) Noetherian k-subalgebra 5 of 5 which contains all of the matrices A;. (Hint:
Consider the subalgebra Ry C R generated by all entries of 4, ..., A, € 5.)

5. Let R =Clz.y, z], let I = (2%2® —y*z+2yz — 2%) be an ideal of R, and define
S=HR/I.

(a) Prove that the polynomial x%z® — y®z 4+ zyz — 2%y is irredueible in R. (Hint:
consider it as an element of Clz, y]|z].)

(b) Show that 5 is a Noetherian integral domain,

(¢) Prove that in 5 the intersection of all maximal ideals is {0},

6. Let k be a finite field and let 1t be a finite dimensional semi-simple k-algebra
such that for all r € R, there exists a positive integer n = n(r) > 0 such that r™"/
is in the center of K. Prove that R is commutative.

7. Let M be a finitely generated Z-module with torsion submodule T'(M).
(a) Justify: M/T(M) is a free Z-module.
For parts (b) and (¢), set (M) := rank(M /T (M)).
(b} Show that r{M) = dimg(M &z Q).
(¢) Assume that
D= M—==N—=FP=10

is an exact sequence of Z-modules. Show that

r(N) = r(M) + r(P).
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ALGEBRA PH.D QUALIFYING EXAM SPRING 2007

For G a finite group with |G| = | and p a prime dividing the order of G,

let O,(G) = N{PE Syl (G)}.
a) Show that ,(G) 1s a normal subgroup of G. |
b) Show that 1f ¥ is a normal subgroup of G with |N| = p", then NC 0,(G).
¢) Prove that if G is solvable then for some p, |O,(G)| # 1.

Let F= GF(p") be a field of (exactly) p" elements. Suppose that £ is a positive integer
dividing n, and set 8= {a e @7 la € F}.

1) Show that B C £, a subfield of F with Jz:l’E elements.

ii) Show that B = E.

i

Let 4 = M, (Q) with A¥ = I,. Ifjis a positive integer with (7, k) = 1, show that tr(4) = tr(4").
(Hint; Consider 4 € M,(Q(g)) for e= ™% where i =—1))

Let R be a commutative ring with 1 and let M be a Noetherian R-module.
Il f = Homg{ Mg, Mg) 15 sunjective, show that f1s an automorphism ol Mg,

Let f. g € Clx, y] so that (0, 0) € ¢’ is the only common zero of fand g. Prove that there is a
positive integer m so that whenever i € Clx. y] has no monomial of degree less than m, then

h € fClx, y] + gC[x, v].

For a fixed positive integer n > 1, describe all finite rings R so that x" = x for all x € R,



ALGEBRA EXAM FALL 2007

1. Let (& be a group of order 105,
(a) Show & has a normal subgroup of index 3.
(b) Show Z{({) # 1.
(c) Determine all possibilities for &,

2, Let p be a prime. A group G is called p-divisible if the map r — =¥ i3
surjective. Suppose that (7 is a finitely generated abelian group. Show
that (7 is p-divisible if and only if (7 is finite and p does not divide the
order of G,

3. Let R = Clxy,....x,]. Suppose that f € R is irreducible. If
gla) = h{a) whenever f(a) = 0, show that g+ (f)=h+ (f) in B/(f).

4. Let F be a field. Suppose that A is an F-subalgebra of M, (F)
containing the identity of M, (F).
(a) If A is a domain, show that A is a division algebra and dim A <
T
(b) If A is simple. show that (dim A)|[n? (hint: Let V' be the space
of column vectors of size n over F — this is a left M, (F)-module
of dimension n; show that V' is a direct sum of say s isomorphic
copies of a simple A-module U7, Relate the dimension of A and
the dimension of (7).

5. Let p be a prime. Let F := F,» be the field of size of p". Let
flx) € Flr| be irreducible of degree ¢.
(a) Show that the splitting field for f has size p™.
(b) If n = 1, show that f(z)|(z”" — x) if and only if t|m.
(¢) How many irreducible polynomials of degree 6 are there over
Fs?

6. Let R be a commutative ring with 1. Assume that R =aR+ ...+
@ty R for some a; € R. Let M =: {(ry,....1rn) € B"| Y a;r; = 0}. Show
that M is a projective F-module and can be generated by n elements
as an H-module.



Algebra Qualifying Examination, Spring 2008

Directions

This exam consists of 7 problems. Please do 6 of them and show vour
work, If vou are using a well-known result in your proof, please refer to
it by name. Good Luck!

1. Let G be-a finite group with A a normal subgroup of G. Let P be
a Sylow p-subgroup of A. (a) If g € G, show that gPg ! = 2Pz~ ! for
some z € A. (b) Prove that G = ANg(FP). (c) Prove that if [G : A] = p,
then the number of Sylow p-subgroups of G' that contain A is equal to
[Ng(P) : Ng(Q)] where @ is a Sylow p-subgroup of G containing P.

2. Let G be a finite group of order n. Let f: G — 5, be the regular
representation of . (a) Show that the image of f is contained in the
alternating group if and only if the Sylow 2-subgroup of G is not eyelic.
(b) Use (a) to show that if G has a cyclic nontrivial Sylow 2-subgroup,
then G contains a normal subgroup N of odd order (hint: show first
that ¢ has a normal subgroup of index 2).

3. Let A be a (commutative) integral domain that is not a field and let
K be the quotient field of A.

(a) Prove that K is not finitely generated as an A-module. Hint: use
Nakayama's lemma.

(b) Can K ever be finitely generated as an A-algebra?

4. Let K be a field and p be a prime number that is not equal to the

characteristic of K. Assume that K does not contain a primitive p-th

root of unity. Let @ € K* that is not a p-th power and let b be an
1



2 ALGEHRA QUALIFYING EXAMINATION, SPRING 2008

element of an separable closure of K with ¥ = a. Consider the field
L = K((,b), where ¢ is a primitive p-th root of unity. Prove that L/K
is a Galois extension and that Gal(L/K) is isomorphic to the group of

2 by 2 matrices
1 r
0 s
where r € Z/pE and s € (£/pZ)*. 1s this group abelian?

5. Let R = Clr,y| and consider the two ideals I = (2 + y) and
J = (z%2 —y). (a) show that { and J are both prime ideals of R, and that
each of them is the intersection of all of the maximal ideals containing it.

(b) Consider the ideal [ 4+ .J, Is it a prime ideal?
(e) Same question for I M .J,

{hint: yvou can get a lot of intuition for this problem by thinking about
the analogons varieties in B?).

6. (i) Let A be a finitely generated abelian group. If ¢ is a prime num-
ber, let Alf] denote the set of elements of A that are killed by £. Then
Alf] and A/¢A are finite groups, say of orders ny and ng, respectively.
Express the difference ns — ny in terms of other invariants of A.

(ii) If A is an abelian group such that the groups A[f] and A/fA are
finite, is A necessarily finitely generated? Give a proof or a counterex-
ample.

7. Let R be a (left) Artinian ring which is an algebra over the field k.
Assume that every r € R is algebraic over &, with a minimal polynomial
of the form

Tt + g2+ apx + ap,

such that either ay or a; is non-zero. Show that R is a direct sum of
division rings.



ALGEBRA QUALIFYING EXAM, Fall 2008

1. Let p. g be odd primes with p > 7 and ¢ > 8p. Let ¢ be a group of order &pg.

(a) Show that ¢ has a normal subgroup of order pyg.
(b) Show that (¢ has a normal subgroup of index 2.
(e) Show that ¢ has a nontrivial center.

2. Let G = Ly x ... % Ly, for t > 1, where all of the L; are simple groups.

(a) Assuming that all of the L; are nonabelian, prove that the only normal
subgroups of G are direct products of some subset of the L;. (Hint: Let ¥V be a
normal subgroup of G and show that if the ith projection of N into L; is
nontrivial, then N contains L;).

(b) Now suppose that all L; = L, with L simple (possibly abelian). Show that
there is no nontrivial proper subgroup of ¢ which is invariant under all
automorphisms of . (Hint: Consider the abelian and nonabelian cases
separately. )

(¢) Suppose that G = L x L with L a nonabelian simple group. Let

D = {{z,x)|x € L} be the diagonal subgroup. Show that D is a maximal
subgroup of (.

3. Consider f(z) =2 +2* 4+ 9 € Q[z].

{a) Show that f(x) is irreducible over (). (Hint: first show that the only possible
factors are quadratic, and then see what happens when @ is replaced by —z.)

(b) Find the Galois group of f(z) over {J.

(] Describe the splitting field of f over © and the intermediate fields.

4. Let R be a commutative Noetherian ring. Show that any surjective ring

endomorphism ¢: R — [ is an automorphism.

' ' - " i . s "
(Hint: consider the iterations ¢, ¢*, ¢*,....)

5. Let I be the ideal
[ = (@2 0" e ® gy 2™ - 807) € Clmgizid)

If flx,y,2,t)is any polynomial without constant term show that some power of
fisin 1.

6. Let A be a finite-dimensional algebra over C. Show that if &,y € A such that
xy = 1, then also yx = 1.

7. Let A, B, C be finitely generated modules over a PID R. Show that B is
isomorphic to C' if and only if A @ B is isomorphic to A & C,



ALGEBRA QUALIFYING EXAM. Spring 2009

Throughout, Z denotes the integers, @) the rational numbers, R the real
numbers, and T the complex numbers,

1. Let G be a finite group. Define the Fraftini subgroup of G to be ®(G), the
intersection of all maximal subgroups of (7.
(1) Show that ®(() is characteristic in (¢ (i.e. invariant under any
automorphism of G).
(2} Show that if G = {¢(G), S) for some subset S of G, then G = {S}.
(3) Let P be a Sylow p-subgroup of ¢(G). Show that P is normal in G (hint:
first show that & = ®{G)Ng(P) by using Sylow's theorems and then use
(2)).
(4) Show that ®(G) is nilpotent.

2. Let G be a finite group acting on the finite set X with |[X| =n > 1, and
suppose that ¢ has N orbits on X. If g € G5, let Fg] be the number of r € X
fixed by g.
(1) Prove that > .
(2) Prove that if G is transitive on X, then Fig) = 0 for some g € G (either
use (1) or prove directly).
(3) Show that this is not alwayvs true if G is not transitive on X,

Flg) = |G|N (this is known as Burnside’s Lemma).

3. Let flz)=a'— 2?4+ 2% — 2 +1 € Qlz]. Find the splitting field (over @) of
flz), and compute Gal{ K/}).

4, Consgtruct an example of each of the following (with reasons):
(1) A field extension F' C K which is normal but not separable.
(2) A field extension F' C K which is separable but not normal.
(3) A field extension F' C K which is neither separable nor normal.

5. Let F be the field of p elements. Let A € G := GL(n, F).
(1) Show that A has order a power of p if and only if (A —T}" = 0.
(2) Show that if this is the case then the order of A is less than np.
(3) Show that any such A is similar to an upper triangular matrix.

6. Let M be a finitely generated abelian group, and N a subgroup. If
M ®z Q= N ®;zQ, show that M /N is torsion.

CONTINUED —
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7. Consider the polynomial ring Clr, y| and let I be the ideal
[=(z+y—23°+y°—10).
(1) Show that there exists some m > 0 such that (3z° + 10zy + 33°)" € I.
(2) Show that the two ideals [} = (z4+y —2) and I = (22 + y* — 10) are
prime ideals. Are they maximal?
(3) Can I be written as an intersection of maximal ideals? Why or why not?

8. Let A be a finite-dimensional algebra over B, with center Z = Z{A) and
Jacobson radical J = J(A). Assume that for any a € A, there is some
n = n(a) = 1 such that " —a € Z.
(1) Show that J C 2.
(2) Show that A/J is commutative,
In fact A itself is commutative, although vou do not have to show this.



ALGEBRA QUALIFYING EXAM, Fall 2009

Notation: @ denotes the rational numbers, R the real numbers, C the complex
numbers, and F, the field with p elements, for p a prime.

1. Determine up to isomorphism all groups of order 1005 = 3 - 5 - 67.

2. {a) Let & be a group of order 2™k, where k is odd. Prove that if ¢ contains
an element of order 2™, then the set of all elements of odd order in G is a
(normal) subgroup of G.

(Hint: consider the action of G on itself by left multiplication @, and then
consider the structure of the permutations ®p(x), for r € G.)

(b) Conclude from (a) that a finite simple group of even order must have order
divisible by 4.

3. Give a brief argument or a counterexample for each statement:

(a) 2*" + 1 € Q[z] is irreducible for all positive integers n;

(b) Any splitting field for z'* — 1 € F3[z] has 3'* elements. (c¢) Gal{L/Q) for L a
splitting field over @ of 2 — 2 € @[z] has a normal 5-Sylow subgroup.

4. Let A denote the commutative ring Bz, 7o, 23| /{23 + 22 + 22 + 1).

(a) Prove that A is a Noetherian domain.
(b) Give an infinite family of prime ideals of A that are not maximal.

5. Let R = Clz1,...,Zn, let A=[a;;] € M,(C), and choose by,...,b, € C.
Foreachi=1,...,n, set L; = a;yr; + 0022 + +++ @inTn — by € H, and consider
the ideal § = (Ly,...,Ls) € R.

Prove that R/T is finite-dimensional <= the matrix A is invertible in M, (C).

6. Let R = K[z, for K a field, and let M be a finitely-generated torsion module
over K. Prove that M is a finite-dimensional K-module.

7. Let & be a finite group and K a field, and consider the group algebra
R = K (that is, R is a K-vector space with basis {g € G}, and multiplication
determined by the group product g- H, for g, h € G).

If & is the dihedral group of order 8, find the dimensions of all of the simple
(left) modules for B = F5G.

(Hint: remember that KG always has the “trivial representation” V5 = Kv, such
that forany g € G, a € K, ag-v = av.)



Algebra Qualifying Exam -Spring 2010

1. Let f{x)=x +3 [ Q[x]. Show that the Galois group of fis 5..

2. (a) Let G be a group of order pgr, where p<g<r are primes. Show that G contains a normal subgroup
of index p.

(b) Determine up to isomorphism all groups of order 3 -7 - 13.

3. Let R be a commutative Noetherian ring, and let I, |, and K be ideals of R. We say | is irreducible if
I=jNK®@I=]orl=K

(a) Show that every ideal of R is a finite intersection of irreducible ideals.

(b} Show that every irreducible ideal is primary, (Anideal |l of R is primary if R/l = 0, and every zero-
divisor in B/ is nilpotent.)

4. Let A be a finite-dimensional algebra ever a field K, such that for every a | A, a”= a. Show that Ais a

direct product (sum?) of fields. Which fields can arise?

5. Let G and H be finitely generated abelian groups such that G| 7 H = 0. Show that G and H are finite
and have relatively prime orders.

6. Let S and T be diagonalizable endomorphisms of a finite dimensional complex vector space. If § and
T commute show that they are polynomials in each other.

7. What are the prime ideals of Z[x]? What are the maximal ideals? Carefully explain your answers.

1



ALGEBRA QUALIFYING EXAM FALL 2010

Do all six problems. Each problem is worth 4 points and partial credit may be awarded.

Lise Sylow's Theorems to show that any group of order (99" — 4)” is solvable.

For any finite group & and positive integer m, let ng(m) be the number of elements ¢ of &
that satisfy ¢” = e, If' 4 and B are finite abelian groups so that n(m) = ng(m) for all m, show
that as groups 4 = 5.

If g{x) = =2 & Q|x], for O the field of rational numbers, compute the Galois group of a
splitting field L over Q of g(x). How many subfields of L containing @ are Galois over (7

Let P be a minimal prime ideal in the commutative ring R with 1; that is, if () is a prime ideal
in R and if Q C P, then 0 = P. Show that each x € P is a zero divisor in R,

Set R =[xy, ..., x| withn = 3 and C the field of complex numbers. For any subset §C R,
let Z(5)={a€ C | g(x) = 0 for all g € §}. Consider the ideal f of R defined by
= (x1"* Xn1 — X X177 Xp2Xn — Xn2s « « . 5 X2 * 2%, — X1 ), 80 the generators of [ are obtained by

subtracting each x; from the product of the others. Show that there are fixed positive integers
s and 7 so that for each 0 =i = n, (x' — x;)' € [. (Hint: Consider the product of the generators
of 1)

Let R be a right artinian algebra over an algebraically closed field /. Show that R is
algebraic over I of bounded degree. That is, show there is a fixed positive integer m so that
for any r € R there is a nonzero g{x) € Flx] with g{r) = 0 and with deg g < m.



ALGEBRA EXAM FEBRUARY 2011

1. Let & be a finite group with a cyelic Sylow 2-subgroup 5.
(a) Show that anv element of odd order in Ng(5) centralizes §.
(b) Show that Ng(S) = Cg(S).

(¢) Give an example to show that (a) can fail if 5 is abelian.

2, Let & be a finite group with a cyclic Sylow 2-subgroup S # 1.
(a) Let p: G — S, be the regular representation with n = |G|. Show that p(G) is not contained in A,
(b) Show that ¢ has a normal subgroup of index 2.

(¢} Show that the set of elements of odd order in G form a normal subgroup N and G = NS5

3. For a group (7 and p a prime let G(p) = {g € Glg" = 1}.

(a) Show that if ¢ is Abelian, then G{p) is a subgroup of G. Give an example to show that G'(p) need
not be a subgroup in general.

(bh) Let ¢, H be fimtely generated Abelian proups with &/Gip) 2 H/H(p) and /Gilg) = H/Hiq) for
different primes p,¢. Show that G = H,

4. Let K be a prime ring with only finitely many right ideals.
(a) Show that R is a simple ring.

(b) Prove that either R is finite or R is a division ring.

5 Let R = Clxy,...,2s] and let J be a nonzero proper ideal of R, Let A = A{X),B = B(X) € M.(R)
and assume that det{A) is a product of distinet monic irreducible polynomials in . Assume that for
each o = (ay,....0,) € C,, Bla) € M. (C) invertible implies that A{a) is invertible. Show that det{A)
divides det(B) in A.

6. Let L be a splitting field over @ for p(z) = £'% + 32° + 1. Let G = Gal(L/Q).
(a) Show that ¢ has a normal subgroup of index 2.
(b) Show that 4 divides |G,

(¢} Show that (' is solvable.
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Work all of the problems. Justify the statements in your solutions by reference to specific
results, as appropriate. Partial credit i1s awarded for partial solutions, The set of integers is Z,
the set of rational numbers is @, and set of the complex numbers is C.

Let [ and J be ideals of R = Cxy, x5, . . ., x,] that define the same variety of C". Show that
for any x & (I + )/ there is m = mi(x) = 0 with x™ = 0g;. Show there is an integer M = 0 so
that for any », va, .. ., w & (F+ 1, viyvaym = 0ga.

it K C L are finite fields with |K|=p" and [L : K] = m then show that for each 1 =1 < nm, any
a € L — K has a p'~th root in L. When m = 3, show that every b € K has a cube root in L.

Let F be an algebraically closed field and 4 an F-algebra with dimpd = n. If every element
of 4 1s either nilpotent or mvertible, show that the set of mlpotent elements of 4 1s an 1deal M
of A, that A 1s the umique maximal ideal of 4, and that dimgM =n — 1.

Let M be a finitely generated Fx] module, for £ a field.
1) Show that if f(x)m = 0 for f(x) # 0 forces m = 0, then M 15 a projective F[x] module,
i) If H is an Flx] submodule of M show that M = H @ K for a submodule K of M if and only
if: f{x)m € H for f(x) £ 0 implies that m € H.

Up to isomorphism, describe the possible structures of any group of order 987 = 3-7-47,

Let R=Z[x), x2,. .. % ... | and let {f{X) | i= 1} C R satisfy
FHNRCEAHXNRCT - CHXRC -, Show fi{XIR = f,{X)R for some m and all s = m.

Let U be the set of all n-th roots of unity in C, for all # = 3, and set = Q(L/). For primes

p <+ <y and nonzero ay, . . ., a0, set M=F(a'™,...,a'"™)CC. Show that M is
Cralois over F with a cyclic Galois group. For any subfield F € L © M, show that there is a
subset T of ! ﬂ.'l: i1 go that L = F(T).



