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Stochastic Game: Set-up

I N players in the system

I Dynamics of each player i : (∈ R)

dX i
t = bi (XXX t)dt + σiσiσi (XXX t)dBBBt , X i

0− = x i

I Admissibility:

I (ξi,+, ξi,−) ∈ U : measurability, adaptiveness, non-decreasing

càdlàg,
∫∞

0
e−αi td ξ̌it <∞, where ξ̌it = ξi,+t + ξi,−t

I Resource allocation constraint (RAC):

FFF (ξ̌1, · · · , ξ̌N) ≤ CCC

I Objective (cost) :

J i (xxx , ξξξ) = E
∫ ∞

0
e−α

i t
[
hi (X 1

t , · · · .XN
t )dt + λid ξ̌it

]
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t = bi (XXX t)dt + σiσiσi (XXX t)dBBBt + dξi ,+t − dξi ,−t , X i

0− = x i

I Admissibility:
I (ξ+, ξ−) ∈ U i

N : non-decreasing càdlàg, measurability,

adaptiveness,
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0
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Stochastic Game: Choice of RAC

I Pooling game:
∑N

i=1

∫∞
0 d ξ̌it ≤ y

I Dividing game:
∫∞

0 d ξ̌it ≤ y i (i = 1, 2, · · · ,N)
I Sharing game: N players M resources:

I Adjacent matrix: AAA = (aij)1≤i≤N,1≤j≤M , aij = 0 or 1

3 / 34
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Stochastic Game: Choice of RAC

I Pooling game:
∑N

i=1

∫∞
0 d ξ̌it ≤ y

I Dividing game:
∫∞

0 d ξ̌it ≤ y i (i = 1, 2, · · · ,N)
I Sharing game: N players M resources:

I Adjacent matrix: special cases

(a) Pooling (b) Dividing
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Stochastic Game: Choice of RAC

I Pooling game:
∑N

i=1

∫∞
0 d ξ̌it ≤ y , ∆ ≤ y1 + y2

I Dividing game:
∫∞

0 d ξ̌it ≤ y i (i = 1, 2, · · · ,N)
I Sharing game: N players M resources:

I Adjacent matrix: AAA = (aij)1≤i≤N,1≤j≤M , aij = 0 or 1
I Resource allocation policy: (Y 1

t , . . . ,Y
M
t ; t ≥ 0)

Y j
t = y j −

N∑
i=1

∫ t

0

aijY
j
s−∑M

j=1 aijY
j
s−

d ξ̌is ≥ 0, and Y j
0− = y j
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Stochastic Game: Choice of RAC

I Pooling game:
∑N

i=1

∫∞
0 d ξ̌it ≤ y , ∆ ≤ y1 + y2

I Dividing game:
∫∞

0 d ξ̌it ≤ y i (i = 1, 2, · · · ,N)
I Sharing game: N players M resources:

I Adjacent matrix: AAA = (aij)1≤i≤N,1≤j≤M , aij = 0 or 1
I Resource constraint: (Y 1

t , . . . ,Y
M
t ; t ≥ 0)

Y j
t = y j −

N∑
i=1

∫ t

0

aijY
j
s−∑M

j=1 aijY
j
s−

d ξ̌is ≥ 0, and Y j
0− = y j

I Well-definedness:
∑M

j=1 aij ≥ 1,
∑N

i=1 aij ≥ 1
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Stochastic Game: Set-up

Sharing game

J i (xxx ,yyy ;ξξξ) := E
∫ ∞

0

e−α
i t(hi (X 1

t , · · · ,XN
t )dt + λid ξ̌

i
t)

dX i
t = bi (XXX t)dt + σσσi (XXX t)dBBB t + dξi,+t − dξi−t , X i

0− = x i

dY j
t = −

N∑
i=1

aijY
j
t−∑M

k=1 aikY
k
t−

d ξ̌it , Y j
0− = y j

I ξξξ ∈ S(yyy) :=
{
ξξξ : ξi ∈ U , Y j

t ≥ 0, ∀i , j
}

,

I

U := {(ξ+, ξ−) : ξ+ and ξ− are FXXX ,YYY -progressively measurable,

càdlàg, and non-decreasing, with ξ+
0− = ξ−0− = 0},

I hi : convex, symmetric, 0 < k ≤ h′′ < K ,

I αi > 0: discount factor.

7 / 34



Stochastic Game: Special Case (N = 1)

I Two-dimensional control problem:

v(x , y) = inf
ξ∈S(y)

∫ ∞
0

e−αt
[
h(Xt)dt + λd ξ̌t

]
dXt = µ(Xt)dt + σ(Xt)dBt + dξ+

t − dξ−t , X0− = x

dYt = −dξ+
t − dξ−t , Y0− = y

I Partial references:
I Finite fuel problem: Beneš, Shepp & Witsenhausen (1980),

Karatzas (1983), Ma (1993)
I Transaction cost analysis: Davis & Norman (1990), Soner &

Shreve (1994), Dai & Yi (2009), Kallsen & Muhle-Karbe
(2010)

I Optimal execution/price impact: Guo & Zervos (2015),
Motairi & Zervos (2017)

8 / 34



Stochastic Game: Nash equilibrium

Define the N-player game with the cost functions
(J1(xxx ,yyy ;ξξξ), . . . , JN(xxx ,yyy ;ξξξ))

Definition (Nash equilibrium)

A tuple of admissible controls ξξξ∗ := (ξ1∗, · · · , ξN∗) is a Markovian
Nash equilibrium strategy (NES) if for each admissible (ξξξ−i∗, ξi ),

J i (xxx ,yyy ;ξξξ∗) ≤ J i
(
xxx ,yyy ;

(
ξξξ−i∗, ξi

))
.

Here the strategies ξi∗ and ξi are deterministic functions of time t
and XXX t = (X 1

t , . . . ,X
N
t ) with XXX 0− = xxx , and YYY t = (Y 1

t , . . . ,Y
M
t )

with YYY 0− = yyy .

9 / 34



Stochastic Game: Different Regions

Definition (Action and waiting regions)

The i th player’s action region is

Ai := {(xxx ,yyy) ∈ RN × RM
+ : dξi (xxx ,yyy) 6= 0},

and the waiting region is Wi := (RN × RM
+ ) \ Ai .

I W−i := ∩j 6=iWj : common waiting region other than player i

I WNE : common waiting region of all players

I WNE (yyy) := {xxx ∈ RN : (xxx ,yyy) ∈ WNE}

Assumption

Ai ∩ Aj = ∅, i 6= j

10 / 34



Stochastic Game: Free Boundary Problem

11 / 34
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Stochastic Game: Different Scenarios
We focus on:

(a) Sharing game N = M

(b) Special case: pooling game (c) Special case: dividing game

12 / 34
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Pooling: Set-up

Pooling game (on RN × R+)

J i (xxx , y ;ξξξ) := E
∫ ∞

0
e−αth(X i

t − X t)dt

dX i
t = dB i

t + dξi ,+t − dξi−t , X i
0− = x i

dYt = −
N∑
i=1

d ξ̌it , Y0− = y

I X t =
∑N

i=1 X
i
t

N : mean position

I h: convex, symmetric, 0 < k ≤ h′′ < K
I α > 0: discount factor
I Constraints:

I Zero-borrowing: Yt ≥ 0 for all t a.s.
I No simultaneous jump: P(dξitdξ

j
t 6= 0,∀t ≥ 0) = 1, i 6= j

13 / 34



Pooling: Solution Derivation

Step 1: Hamilton-Jacobi-Bellman system for N players

Step 2: Candidate solution of game value

Step 3: NE strategies via
I Skorokhod problem
I Sequential jumps at time 0

14 / 34



Step 1: HJB System

HJB system (on RN × R+)

min
(x i ,y)∈R×R+

−αv i + h +
1

2

N∑
j=1

v i
x jx j ,−v i

y + v i
x i ,−v i

y − v i
x i

 = 0

in W−i

min
(x j ,y)∈R×R+

{
−v i

y + v i
x j ,−v i

y − v i
x j

}
= 0

in Aj , j 6= i

I First equation. Player i solves a usual control problem with three
choices:

I Choice 1: do nothing
I Choice 2: increase the state variable
I Choice 3: decrease the state variable

I Second equation. If player j intervenes, by the definition of Nash
equilibrium, we expect that player i has no incentive to move
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Step 2: Game Value (Special Case N = 1)1

v(x , y) =


x2

α + 1
α2 + A1(y) cosh(x

√
2α) if |x | ≤ f −1

1 (y)
v(x+, f1(x+)) if x > f −1

1 (y)
v(x−, f1(x−)) if x < −f −1

1 (y)

1 Beneš, Shepp and Witsenhausen (1980)
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Step 2: Boundary of Free Boundary Problem

WNE (y) when N = 3:

17 / 34



Step 2: Candidate Game Value

Candidate game value (Guo, Tang & X. (2018))

v i (xxx , y) =



pN(x̃ i ) + AN(y) cosh(x̃ i
√

2(N−1)α
N ) in Wi

v i

(
xxx−i , x i+ +

∑
k 6=i x

k

N−1 , fN(x i+)

)
in A+

i

v i

(
xxx−i ,

∑
k 6=i x

k

N−1 − x i−, fN(x i−)

)
in A−i

v i

(
xxx−j , x j+ +

∑
k 6=j x

k

N−1 , fN(x j+)

)
in A+

j , j 6= i

v i

(
xxx−j ,

∑
k 6=j x

k

N−1 − x j−, fN(x j−)

)
in A−j , j 6= i

I x̃ i = x i −
∑

j 6=i x
j

N−1 , x i±: unique positive root of z∓fN(z) = x̃ i ∓ y

I fN(·): threshold function

18 / 34



Step 3: NE via Skorokhod
A heuristic description of Skorokhod: A Skorokhod problem is
to find a stochastic differential equation with some reflection
directions on the boundary.

I Domain with boundary

I Reflection direction

I Dynamics

19 / 34



Step 3: NE via Skorokhod

Ingredient 1: common waiting region (unbounded)

WNE (y) = {xxx ∈ RN : |x̃ i | < f −1
N (y) for 1 ≤ i ≤ N}

Fi (y) = {xxx ∈ RN :
1

N − 1
(−1 + Neee i ) · xxx = f −1

N (y)} ∩WNE (y)

FN+i (y) = {xxx ∈ RN :
1

N − 1
(−1 + Neee i ) · xxx = −f −1

N (y)} ∩WNE (y)

Figure 3: WNE (y) when N = 3

20 / 34



Step 3: NE via Skorokhod

Ingredient 2: reflection direction

γγγ(xxx) = −eee i on Fi (y)
γγγ(xxx) = eee i on Fi+N(y), i = 1, 2, · · · ,N

Figure 4: Reflection direction when N = 3

21 / 34



Step 3: NE via Skorokhod

Ingredient 1: common waiting region (unbounded)

WNE (y) = {xxx ∈ RN : |x̃ i | < f −1
N (y) for 1 ≤ i ≤ N}

Fi (y) = {xxx ∈ RN :
1

N − 1
(−1 + Neee i ) · xxx = f −1

N (y)} ∩WNE (y)

FN+i (y) = {xxx ∈ RN :
1

N − 1
(−1 + Neee i ) · xxx = −f −1

N (y)} ∩WNE (y)

Ingredient 2: reflection direction

γγγ(xxx) = −eee i on Fi (y)
γγγ(xxx) = eee i on Fi+N(y), i = 1, 2, · · · ,N

Ingredient 3: dynamic without control

XXX t = BBB t

22 / 34



Step 3: NE via Skorokhod

Lemma (Skorokhod solution given y)

For fixed y > 0, there exists a reflected process
RRRy (t) = (R1

y (t), . . . ,RN
y (t)) with RRRy (0) = xxx ∈ WNE (y) such that

R i
y (t) = x i + B i (t) + ηiy (t)− ηi+N

y (t) ∈ WNE (y) for 1 ≤ i ≤ N,

where (j = 1, 2, · · · , 2N)

I (ηjy (t); t ≥ 0) is the local time process on the boundary

I ηjy increases only at times t such that R j
y (t) ∈ Fj(y)

−−−−−−−−−
Key idea:

I Skew symmetry condition for bounded polyhedron in Ruth
Williams (1987)

I Localization argument

23 / 34



Step 3: NE via Skorokhod

Figure 5: Pooling: evolving domain when N = 3
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Step 3: NE via Skorokhod

Theorem (Skorokhod solution (Guo, Tang & X. 2018))

Inductively, for k ≥ 2, let

τk := inf
{
t > τk−1 : RRRYτk−1

(t − τk−1) ∈ ∂WNE (Yτk−1
)
}
,

where RRRYτk−1
is a copy of the reflected process in WNE (Yτk−1

), starting

at XXX τk−1
and driven by BBBk = (B1

k , . . . ,B
N
k ). Then we have for

τk−1 ≤ t ≤ τk ,

X i
t = X i

τk−1
+ B i

k(t − τk−1) + ηiYτk−1
(t − τk−1)− ηi+N

Yτk−1
(t − τk−1),

and
Yt = Yτk−1

− ηiYτk−1
(t − τk−1)− ηi+N

Yτk−1
(t − τk−1)

are the NE strategies.

25 / 34



Step 3: Sequential Jumps at Time 0

Ai is defined in the way

I Player who is furtherest away controls

I Player with the largest index will control if ties occur

26 / 34
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Sharing Game: Set-up

Sharing game

J i (xxx ,yyy ;ξξξ) := E
∫ ∞

0
e−αth(X i

t − X t)dt

dX i
t = dB i

t + dξi ,+t − dξi−t , X i
0− = x i

dY i
t = −

N∑
j=1

ajiY
i
t−∑N

k=1 ajkY
k
t−

d ξ̌jt , Y i
0− = y i

I X t =
∑N

i=1 X
i
t

N : mean position

I h: convex, symmetric, 0 < k ≤ h′′ < K

I α > 0: discount factor
I Constraints:

I Zero-borrowing: Y i
t ≥ 0 for all t a.s. and i

I No simultaneous jump: P(dξitdξ
j
t 6= 0,∀t ≥ 0) = 1, i 6= j

27 / 34



Sharing Game: HJB

HJB system (RM+N)

min
(x i ,yyy)∈R×RN

+

{
− αv i + h +

1

2

N∑
j=1

v i
x jx j ,−

N∑
j=1

aijy
j∑N

j=1 aijy
j
v i
y j + v i

x i ,

−
∑N

j=1
aijy

j∑N
j=1 aijy

j v
i
y − v i

x i

}
= 0,

for (xxx ,yyy) ∈ W−i ,
min(x j ,yyy)∈R×RN

+

{
−
∑N

k=1
ajky

k∑N
s=1 ajsy

s v
i
yk + v i

x j ,

−
∑N

k=1
ajky

k∑N
s=1 ajsy

s v
i
yk − v i

x j

}
= 0

for (xxx ,yyy) ∈ Aj , j 6= i .

28 / 34



Sharing Game: Game Value

Game value of sharing(Guo, Tang & X. (2018))

v i (xxx , y) =



pN(x̃ i ) + AN(y) cosh(x̃ i
√

2(N−1)α
N ) in Wi

v i

(
xxx−i , x i+ +

∑
k 6=i x

k

N−1 , fN(x i+)

)
in A+

i

v i

(
xxx−i ,

∑
k 6=i x

k

N−1 − x i−, fN(x i−)

)
in A−i

v i

(
xxx−j , x j+ +

∑
k 6=j x

k

N−1 , fN(x j+)

)
in A+

j , j 6= i

v i

(
xxx−j ,

∑
k 6=j x

k

N−1 − x j−, fN(x j−)

)
in A−j , j 6= i

I x̃ i = x i −
∑

j 6=i x
j

N−1 , x i±: unique positive root of

z∓fN(z) = x̃ i ∓
∑N

j=1 aijy
j

I fN(·): threshold function
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Game Comparison: NE Strategies

(a) Pooling (b) dividing (c) Sharing
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Comparison: Game Values

Proposition (Game value comparison (Guo & Tang and X.
2018) )

∀(xxx ,yyy) ∈ RN × RN
+, when y =

∑N
j=1 y

j , (xxx , y) ∈ Wpool
i , and

(xxx ,yyy) ∈ Wshare
i ∩Wdivide

i , for each i = 1, 2, · · · ,N,

v ipool(xxx , y) ≤ v ishare(xxx , y) ≤ v idivide(xxx ,yyy).

I Sharing has lower cost than playing selfishly

I Among all sharing strategies, pooling provides the lowest cost
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Controlled Rank-dependent SDEs

Controlled rank-dependent SDE (Guo, Tang & X. (2018))

dX i
t =

N∑
j=1

1F i (XXX t ,YYY t)=F (j)(XXX t ,YYY t)

(
bjdt + σjdB

j
t + λj,+dξj,+t − λj,−dξj,−t

)
Y i
t = y i − ξi,+t − ξi,−t for 1 ≤ i ≤ N

I Pooling game: F i (xxx ,yyy) = |xi −
∑

j 6=i xj
N−1 |

I Dividing game: F i (xxx ,yyy) = |xi −
∑

j 6=i xj
N−1 − f −1

N (y i )|

I Sharing game: F i (xxx ,yyy) = |xi −
∑

j 6=i xj
N−1 − f −1

N (
∑N

j=1 aijy
j)|

I F (1) ≤ . . . ≤ F (N): the order statistics of (F i )1≤i≤N
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Controlled Rank-dependent SDEs

Controlled rank-dependent SDEs

dX i
t =

N∑
j=1

1F i (XXX t ,YYY t)=F (j)(XXX t ,YYY t)

(
bjdt + σjdB

j
t + λj,+dξj,+t − λj,+dξj,−t

)
Y i
t = y i − ξi,+t − ξi,−t for 1 ≤ i ≤ N

I F i : rank function depends on both XXX and YYY

I F (1) ≤ . . . ≤ F (N): the order statistics of (F i )1≤i≤N

I bi ∈ R, σi ≥ 0

I (ξi,+, ξi,−): the controls
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Controlled Rank-dependent SDEs

Controlled rank-dependent SDEs

dX i
t =

N∑
j=1

1F i (XXX t ,YYY t)=F (j)(XXX t ,YYY t)

(
δjdt + σjdB

j
t + λj,+dξj,+t − λj,−dξj,−t

)
Y i
t = y i − ξi,+t − ξi,−t for 1 ≤ i ≤ N

I F i (XXX t ,YYY t) = x i and λi,+ = λi,− = 0: rank-dependent SDE

I “Up the River problem”: Aldous (2002)
I Stochastic portfolio: Fernholz (2002)
I Atlas model (δ1 = 1, δ2 = · · · = δN = 0): Banner, Fernholz

and Karatzas (2005), Ichiba, Karatzas and Shkolnikov (2013),
Pal and Pitman (2008), Cabezas, Dembo and Sarantsev
(2017), Tang and Tsai (2018)
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