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Some of this is joint work with B. Maslowski and B. Pasik-Duncan.
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Solution Methods for Stochastic Control Problems

© Hamilton-Jacobi-Bellman equations

@ Stochastic maximum principle or dynamic programming and
backward stochastic differential equations
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Hamilton-Jacobi-Bellman Equation

Hamilton-Jacobi Equation for a deterministic problem

oV(t,x(t))

B + minyermH(x(t), u(t),VV, t) =0

H(x(t), u(t), p(t), t) is the Hamiltonian.

Hamilton-Jacobi-Bellman Equation for a stochastic problem

%\; + minuew[%“(D2 V) + H(x(t), u(t), p(t), 1) = 0
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Stochastic Maximum Principle

Maximize the Hamiltonian for the problem.

This method provides a necessary condition for optimality. With
some convexity conditions, the necessary condition is also sufficient.
Since a condition is at the final time it is necessary to solve a
backward stochastic differential equation which means solving
backward in time but having a forward measurability for the solution.
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Linear-Quadratic and Linear-Quadratic Gaussian Control

dx

el Ax + Bu (1)
x(0) =

Ju) = [/ (< Qx(£),x(t) > + < Ru(t), u(t) >)dt

+ < Mx( ),X(T) >]
Admissible controls U = {u: u € L3([0, T])}

dX(t) = (AX(t)+ BU(t))dt + dW(t) (2)
X(0) = Xo

JU) = ;]E[/T(< QX(£), X(t) > + < RU(E), U(t) >)dt
0
b« MX(T), X(T) 5]
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Solution Methods

Hamilton-Jacobi Equation for the deterministic problem
oV(t,x(t))
ot
H(x(t), u(t), p(t), t) = % < Qx(t), x(t) > +% < Ru(t), u(t) >
+ < p(t), Ax(t) > + < p(t), Bu(t) >

+ mingermH(x(t), u(t),VV, t) =0

Hamilton-Jacobi-Bellman Equation for the stochastic problem

oV 1 1
5t minueRm[Etr(DZV)—i— <DV, Ax+Bu>+35 < Qx>

1
+§<Ru,u>]:0
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Optimal Control

An optimal control for both problems is
U*(t) = —R'BP(t)X(t)

where P is the unique, symmetric, positive solution of the following
Riccati equation

‘;’z =—-PA-ATP+PBR'BTP-Q
P(T)=M

The value function for the deterministic problem is

V(s,y) = 3 < P(s)y,y > and the value function for the stochastic
problem is

V(sy) = 5(< Py > +4(s))

)
a(s) = / tr(P(r))dr
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Fractional Brownian Motions

Let H € (0,1) be fixed. The process (B(t),t > 0) is a real-valued
standard fractional Brownian motion with the Hurst parameter
index H € (0,1) if it is a Gaussian process with continuous sample
paths that satisfies

E[B(t)] = 0

E[B(s)B(¢)] = 5 (827 + 52 — |t - sP)

N

forall s, t € Ry.

The formal derivative % is called fractional Gaussian noise.
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Some properties

1. Self-similarity

(BH(at),t > 0) £ (a"BH(t),t > 0)
fora >0
2. Long range dependence for H € (3,1)

r(n) = E[B"(1)(B"(n+1) — B"(n))]

Y2 or(n) =00
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3. A sample path property
(BH(t),t > 0) is of unbounded variation so the sample paths
are not differentiable a.s.

0 pH > 1
S 1BH() - BH(EM)P > { o(p)  pH=1
~+00 pH <1
c(p) = E[BH(1)[P
(t:”,i=0,1,--- ,n;n € IN) is a sequence of nested partitions

1

of [0,1] such that £{” = 0 and t{” =1 for all n € N and the
sequence of partitions becomes dense in [0, 1].

4. For H # % a FBM is neither Markov nor semimartingale.
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Some Applications of FBMs

Turbulence
Hydrology

Economic Data
Telecommunications
Earthquakes
Epilepsy

Cognition

©00000O0CO0

Biology
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A Generalization of Linear-Quadratic Control

Theorem. For the control problem given above where W is an
arbitrary square integrable process with continuous sample paths
and filtration (F(t),t € [0, T]) and the family of admissible
controls, U, there is an optimal control U* that can be expressed as

U*(t) = —R7IBT(P(t)X(t) + V(t))

where (P(t),t € [0, T]) is the unique symmetric positive definite
solution of the Riccati equation

% = —PA-ATP+PBRIBTP-Q
P(T)=M
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]
V(t) = B[ / (s, £)P(s)dW(s)|F(2)]

and ®p is the fundamental solution for the matrix equation

C""';(ts’t) — (AT — P(t)BR'BT)®p(s, t)

®p(s,s) = |
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Corollary. If W is an arbitrary standard fractional Brownian motion
then

t
V(t):/o U1/2—H/tlzziH(/?:l/zuH—lpq’P(-,t)P)dW

and /7 is a fractional integral if 2 > 0 and a fractional derivative if
a<0.
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A Method of Proof

1
JI())(U) - 5 < P(O)XOaXO > =< ¢n(0)7XO >

;
- ;/ [(|R™Y2[RU + BT PX, + BT ¢,]|? — |R72BT ¢,|?)dt
0

+2 < ¢p,dB, >]

Us(t) = —R7Y(BTP(t)Xa(t) + BT ¢4(t))
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A Hilbert Space for a FBM

Let L%, be the Hilbert space whose inner product < -,- >y is given
by

T 5 H-1 H-1
<o zum=plH) [ 0y DO ) (r)er
0

Hr(3- _1
where p(H) = W The term I;C * is a fractional

integral for H € (1.1) and a fractional derivative for H € (0, 3).
This Hilbert space is naturally associated with a fractional Brownian
motion with Hurst parameter H by the covariance factorization.

}
(15_9) (1) = r(la) / (s — 1) Lo(s) ds

(DF-v)(6) = r(1l—a) <(T—t / s —ta+1 5)
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A General Linear Stochastic Control System

X(t=) = x + /0 (A(S)X(5) + B(s)U(s))ds

t

+ | SL1(C(s)'X(s) + D(s) U(s))dW'(s)

+ F(s)dW(s) + Y(t—)

/Ot
i
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Linear Exponential Quadratic Gaussian Control

Stochastic system

dX(t) = AX(t)dt+ BU(t)dt+ FdW(t)
X(0) = Xo
where Xo € R" is not random, A € L(R",R"),
B e L(R™,R"),F € L(RP,R"),U(t) e R™, U e U,
(W(t),t €[0, T]) is an RP-valued standard Brownian motion.
The family of admissible controls is
U ={U: Uis an R™-valued process adapted to
(F(t),t € [0, T]) such that U € L?([0, T]) a.s.}.
Risk sensitive cost functional

i
() = uEexp[g/O (< QX(s), X(s) > + < RU(s), U(s) >)ds

+% < MX(T),X(T) >]

where p > 0 is fixed.
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Theorem. For the LEQG control problem given above there is an
optimal control (U*(t),t € [0, T]) in U given by

U*(t) = —RBT P(t)X(t)

where (P(t),t € [0, T]) is assumed to be the unique, symmetric,
positive solution of the following Riccati equation

—% = PA+ATP—P(BR'BT —uFFT)P+Q
P(T) = M

and the optimal cost is
JU) = uG(O)exp[% < P(0)Xo, Xo >]

and (G(t),t € [0, T]) satisfies

dG

Cdt
G(T) =
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Sketch of Proof

J(U) = plEexp[L(V)]

L(U) - g < P(0)Xo, Xo >

;
= ’2‘[/ (< RU,U>+ < PCR'BTPX, X > +2 < BT PX, U >)dt
0
T T T
+2/ < PX, FdW > —u/ < PFFTPX,X > dt—i—/ tr(PFFT
0 0 0

pofT T 2
:2/ IR-[RU + BT PX]2dt
0

T Mz T
+u/ < PX, FdW > —2/ < PFFTPX, X > dt
0 0

[ T
+2/ tr(PFFT)dt
0
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Linear Exponential Quadratic Stochastic Differential

Games

dX(t) = AX(t)dt+ BU(t)dt + CV(t)dt + FdW(t)
X(0) = Xo

where Xp € R" is not random,

X(t) e R",Ae L(R",R"),B € L(R™,R"), U(t) e R™, U €U,
Ce L(RP,R"), V(t) e RP, V €V, and F € L(RI,R"). The
positive integers (m, n, p, q) are arbitrary. The process

(W(t),t > 0) is an R? valued standard Brownian motion

Tyrone E. Duncan Solvable Stochastic Control and Stochastic Differential Games



fuv) = et [(< @x().x(5) >

< RU(s), U(s) > — < SV(s), V(s) >)ds
L < MX(T), X(T) >]

E[J(U, V)]

+ +

Ju(U, V)

where

Qe L(R",R"),Re LR™ R™),S € L(RP,RP),M € L(R",R"),
and @ >0, R>0,S5 >0, and M > 0 are symmetric linear
transformations and u # 0 is fixed. An assumption on the possible
values for p is given in the following theorem. The player with
control U seeks to minimize the payoff J, while the player with
control V' seeks to maximize the payoff J,.
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Theorem. The two person zero sum stochastic differential game
described above has a Nash equilibrium using the optimal admissible
control strategies for the two players, denoted U* and V*, given by

Us(t) = —RIBTP(t)X(t)
VH(t) = STICTP(t)X(t)

where (P(t),t € [0, T]) is the unique positive symmetric solution of
the following Riccati equation

—% = Q+PA+ATP
— P(BRIBT —cs71cT — uFFT)P
P(T) = M

and it is assumed that BR™1BT — CS™1CT — uFFT > 0. The
optimal payoff is

.
Ju(UF, V) = uexp[g(< P(0)Xo, Xo > + / tr(PFFT)dt)]
0
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LU, V) —E < o)X, Xo >
" 2

w [T
:2[/ (<RU,U>—-<SV,V>
0

+2 < PBU,X > +2 < PCV, X >
+ < PBRIBTPX,X >— < PCSTICTPX, X >
+2 < FAW,PX > —p < PFFTPX, X > +tr(PFFT))dt]

a
- ‘2‘/ (IR3[RU+ BTPX]P = |5 3[SV — CTPX]]?)dt
0

T u2 T
+u/ < PX, FdW > —2/ < PFFTPX,X > dt
0 0

+

N=

.
/ tr(PFFT)dt
0
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Linear-Quadratic Stochastic Differential Games

dX(t) = AX(t)dt+ BU(t)dt + CV(t)dt + FdW(t)
X(0) = Xo

where Xy € R" is not random,

X(t)e R",Ae L(R",R"),B € L(R™,R"), U(t) e R™, U U,
Ce L(RP,R™), V(t) e RP, V €V, and F € L(R,R"). The
process W is square integrable with continuous sample paths with
the filtration (F(t),t € [0, T]). The terms U and V are the
strategies of the two players.

A Nash equilibrium occurs if the optimal strategy of one player is
not influenced by knowledge of the strategy of the other player.
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Payoff for Game

The payoff, J, is

LUV = ;[/T(< QX(s), X(s) > + < RU(s), U(s) >
0
— < SV(s), V(s) >)ds+ < MX(T),X(T) >]
JU,V) = E[UJ°U, V)
where
Q € L(R",R"),R € L(R™ R™),S € L(R?,RP), M € L(R",R"),

and @ >0, R>0,S5 >0, and M > 0 are symmetric linear
transformations.
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Admissible Strategies

The family of admissible strategies for U is U and for V is V where

U ={U: Uis an R™-valued process that is progressively
measurable with respect to

(F(t),t € [0, T]) such that U € L?([0, T]) a.s.}

and

V ={V : Vis an RP-valued process that is progressively measurable
with respect to (F(t),t € [0, T]) such that V € L([0, T]) a.s.}

JT = infyeysupyeyJ(U, V) is the upper value of the game.
J= = supyeyinfycyJ(U, V) is the lower value of the game.
If these two values are equal then the game is said to have a value.
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Theorem. The two person zero sum stochastic differential game
has optimal admissible strategies for the two players, denoted U*
and V*, given by

U(t) = —RYBTP(t)X(t)+ BT (1))
Vi(t) = STHCTP(t)X(t) + CTé(t))

where (P(t),t € [0, T]) is the unique positive solution of the
following equation

—% = Q+PA+ATP-P(BR'BT —csTIcT)P
P(T) = M

and it is assumed that BR™1BT — CS71C' > 0. The optimal
strategies form a Nash equilibrium. $ is the best estimate
(conditional expectation) of the response of the optimal system to
the future noise.
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Discrete Time Linear-Quadratic Control with Correlated

Noise

The discrete time controlled linear stochastic system is described as
follows:

X(k+1) = AK)X(k)+ B(k)U(k) + W(k) (3)
X(O) = X0

where xg € R",

A(k) € L(R",R"), B(k) € L(IR™,R"),k € {0,1,..., T —1} =T,
and (W(k), k € T) is an R"-valued family of square integrable,
zero mean random variables that are defined on the complete
probability space (Q, F,P). The term £(R¥,R) denotes the family
of linear transformations from R¥ to R/. The filtration for

(X(k), k € T) is denoted (G(k), k € T).
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Quadratic Cost Functional

JHU) = T[51< QU)X (K), X(k) > + < R(k)U(k), U(k) >]
+ < Q(T)X(T),X(T) > (4)
Jr(U) = E[UHU)] (5)

where (Q(k), k € {0, ..., T}) and (R(k), k € T) are two families of
symmetric, nonnegative definite linear transformations and < -, - >
is the standard inner product in the appropriate Euclidean space.
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Optimal Control

Theorem. For the optimal control problem with the linear system
(3), the cost functional (5) and the family of admissible controls, ¢/,
there is an optimal control (U*(k), k € T) that is given by

Ut(k)= — P Y(k+1)BT(k)S(k+ 1)A(k)X (k)
— E[P Mk +1)BT(k)p(k + 1)|G(k)]
E[P~(k +1)B7 (k)S(k + 1)W(k)|G(k)]
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S(k) = AT(k)S(k+1)A(k)
— AT(K)S(k+1)B(k)P~Y(k + 1)BT (k)S(k + 1)A(k)
+  Q(k)
5(T) = Q(T)
d(k) = (AT(k) = AT(K)S(k+1)B(k)P~ (k+1)BT (k))¢(k + 1
+ AT(K)S(k +1)W(k)
+ AT(K)S(k+1)B(k)P (k+1)BT (k)S(k + 1)W(k)
o(T) = 0

P(k+1) = BT(k)S(k+1)B(k) + R(k)

It is assumed that (P(k), k € {1,..., T}) is a family of positive
definite linear transformations.
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Linear-quadratic control of SPDEs with Fractional

Brownian Motions

dX(t) = (AX(t)+ Bu(t))dt + dBu(t)
X(0) = x

where x € V, X(t) € V, V is an infinite dimensional real separable
Hilbert space with inner product < -, > and norm | - |. The process
(Bu(t),t > 0) is a V-valued fractional Brownian motion with the
Hurst parameter H € (%, 1) and having the incremental covariance
Q@ where Q is trace class (Tr(Q) < o0) so that

1 -~
E < By(t),x >< Bu(s).y >= 5 < Qx,y > (t2H + 2H — |t — 52M).
for x,y € V. The operator A: Dom(A) — V with Dom(A) C V' is
a linear, densely defined operator on V' which is the infinitesimal
generator of a strongly continuous semigroup (S(t),t > 0).
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Admissible Controls

U={u:Ry xQ— U,uis progressively measurable,

;
IE/ lu(t)|}dt < oo for all T > 0}
0

Tyrone E. Duncan Solvable Stochastic Control and Stochastic Differential Games



Ergodic Quadratic Cost Functional

-
Jr(x,u) = ;/0 (ILX(s)|?+ < Ru(s), u(s) >y)ds

where L € L(V), R € L(U), R is self-adjoint and invertible. The
control problem is to minimize the following ergodic cost

1
lim supT_mo?IEJT(x, u).
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(A1) There are K € L(V), Mk > 0, and wk > 0 such that

|e(A+KL wkt

% pvy < Mke™

for all t > 0 (detectability).
(A2) There are F € L(V,U), Mg > 0, and wr > 0 such that

’e(A+BF)t|£(V) < MFefw,:t

for all t > 0 (stabilizability).
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Stationary Riccati Equation

The stationary Riccati equation has a weak solution as follows
< Px,Ay >+ < Ax,Py > + < L*Lx,y > — < R"'B*Px, B*Py >=0

for all x,y € Dom(A). Moreover the strongly continuous semigroup
(®(t),t > 0) generated by Ap = A— BR™1B*P is exponentially
stable, that is

|O(t)| vy < Mpe™™*

for some constants Mp > 0 and w > 0.
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Let (A1)-(A2) be satisfied and let u € U be a control satisfying

1
T oo E < PXU(T), X*(T) >=0 (6)

where (XY(T), T € [0,00)) is the solution to the system equation
with the control u € U. Then
1
lim suprﬁoo?EJT(x, u) > Joo

where

. -1 T - 2
Joo == Ilim supTﬁooE/ |R2B*W(s)|{ds
2T J

+/ Tr(QP®(t))pn(r)dr
0
for each x € V where ¢y(r) = H2H — 1)|r|*H=2 r € R,

W(t) = E[p(t)|F(t)]. Moreover, the feedback control

a(t) = —R71B*(PXY(s) + V(s)) is admissible, satisfies the
condition (6).
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Finite Time Horizon Optimal Control

An optimal control & with the measurability condition is
a(t) = —R71B*P(t)X(t) + ¥(t)
() = E[p(t)|F(t)]

= JE s DU (1 2y, Up(-, )P()O))($)dB(s)
N 1P ()
B0 = o [ g
us(s) = s°
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Stochastic Parabolic Equation

0
SE(£:) = (Lamy)(£,€) + (Bu)(©) + (8,6
for (t,£) € Ry x D with the initial condition

¥(0,8) = x(&)

for £ € D and the Neumann boundary conditions
k

LAt =0

for (t,£) € R, x 0D, k=0,1,...,m—1, where D C R? is a
bounded domain with a smooth boundary, % stands for conormal
derivative, x € L?(D), n" is a space dependent fractional noise and
Lom is a 2mth order uniformly elliptic operator of the form

Lom = Z a (&) D"

ja<2m
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For stochastic heat equation Dom(A) = H}(D) N H?(D) for
Dirichlet boundary conditions

Dom(A) = {¢ € H*(D) : % 8‘p =0on 9D} for Neumann boundary
conditions

Tyrone E. Duncan Solvable Stochastic Control and Stochastic Differential Games



Stochastic Wave Equation

82 2
2 (t,€) = o2 2 (8.6) + ue€) +(8.€)

for (t,£) € Ry x (0,1) with the boundary condition
w(t,0) = w(t,1)=0, t >0,

and initial condition

ow

7(0a€) = X2(€)’ §€ (07 1)7

w(0.6) = x1(6). 5

where u; € L2(0,1) and n' is a fractional noise on L2(0,1).
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Stochastic Evolution Equations with a Multiplicative

Gaussian Noise

dX(t) = (A(t)X(t)+ B(t)K(t)X(t))dt + o(t)X(t)dB(t)
X(O) = X0

where X(t) € V a real, separable Hilbert space, (B(t),t > 0) is a
real-valued Volterra-type Gaussian process, (A(t),t > 0) is a family
of closed, unbounded operators on V such that
Dom(A(t)) = Dom(A(0)) and Dom(A*(t)) = Dom(A*(0)) for each
t € R4+ and the family generates a strongly continuous evolution
operator, B € C5(R4, L(U, V)) and K € G(R4,L(V,U)), o is a
real-valued continuous function. The control is

u(t) = K(£)X(t)
where K is to be determined. This can be described as a Markov
type control.
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Noise Process

The noise B is generated from a Wiener process W as follows
(R2) B(t) = [y K(t,r)dW(r)  teRy

There is a continuous version of the process B.

Assume that K(-,s) has bounded variation on (s, T) and
(R3)  [fiT |K[A((s, T],s)ds < o0

This family of noise processes includes the family of FBMs for
H e (3,1).

Tyrone E. Duncan Solvable Stochastic Control and Stochastic Differential Games



Strong and Weak Solutions

The V-valued process (X(t),t > 0) is a strong solution to the
equation if

X(t) = x +/0 (A(s)X(s) + B(s)K(s)X(s))ds + /0 a(s)X(s)dB(s)

and a weak solution to the equation exists if for each
z € D,z € Dom(A*(0)) the following equality is satisfied

t
< X(t),z>=<x,z> +/ < X(s),A*(s)z > ds
0

+ < B(s)K(s)X(s),z > ds + /Ota(s) < X(s),z > dB(s)
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A(t) = A(t) + B(t)K(t) —a(t)l  t>0
Ax(t) = A(t) + BA(D)K(t) —a(t)l  t>0

A and ZA generate mild and strong evolution operators respectively
on V denoted (U(t,s)) and (Ux(t,s)), Bx = A(A — A)~1B and

U(t,s) = exp[— / r)dr|Uk(t,s)

\(t,s) = exp[— / r)dr]Uzx(t,0)
X\(t) = exp[Z(t)]Ux(t, s) t>0
X(t) = exp[Z(t)]U(t,0) t>0

where

Z(t) = /Ot o(r)dB(r)
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alt) = 022(/; K(t, r)dr)? = 02;,‘?(1&, ;) = 02;(1532(15))

For fractional Brownian motion or Liouville fractional Brownian
motion a(t) = cyt?'~1 where the constant depends on whether it
is FBM or LFBM.

For FBM if o is not a constant

a(t) = o(t) fot o(s)pn(t — s)ds

where ¢(t) = H(2H — 1)t?H=2 so that for continuous o the
condition (K3) is satisfied.

Tyrone E. Duncan Solvable Stochastic Control and Stochastic Differential Games



Finite Time Horizon Control

The cost functional, Jr, is the following
T
Jr(K) = E/O (\L(t)X(t)|2+ < R(t)K(t)X(t), K(t)X(t) >y)dt
+E < GX(T),X(T) >
where L € G4([0, T],L(V)),G = G*,G € L(V),G >0,R €
G([0, T], L(V)), R(t) = R*(t), < R(t)u,u >> )\o\u\%j, ue U, te
[0, T].

The family of admissible controls is K € Cs([0, T], L(V, U)).
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Riccati Equation

The Riccati differential equation associated with the control problem

is

dpP * —1 px* *

E—FAP—FPA—PBR B*P + L*L —2a(t)P =0 te0,T]
P(T)=G

Lemma. With the assumptions given above, there is a unique weak

solution (P(t),t € [0, T]) to the Riccati equation that satisfies
P e Gs([0, T],L(V)), P(t) > 0, P(t) = P*(t) t € [0, T] such that

d<Pxy> 4 < A(t)x, P(t)y > + < P(t)x, A(t)y >

— < R7Y(t)B*(t)P(t)x, B*P(t)y >

+ < L(t)x, L(t)y > =2a(t) < P(t)x,y >=0  P(T) =
fort €0, T],x,y € D.
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Optimal Control

Theorem. Let (Al), (K1)-(K3) be satisfied. The feedback control

u(t) = —R71(t)B*(t)P(t)X(t)
K(t) = —R™Y(t)B*(t)P(t)

is an optimal control for the control problem.
The optimal cost is

JT(K) =< P(O)Xo,XO >

Proof. Apply an Ito formula to (< P(t)X)(t), Xx(t) >,t € [0, T])
and then let A\ — oo.
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Stochastic Control and Differential Games for Some

Nonlinear Systems

1. Some structure for the nonlinear stochastic systems—symmetric
spaces (quotients of Lie groups)
2. Some symmetries for these nonlinear systems to facilitate explicit

solutions
3. Some rank one symmetric spaces (compact—spheres and
projective spaces; noncompact—hyperbolic spaces)
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Control of Brownian Motion in H?(RR)

H?(R) is the real hyperbolic space of dimension two that is the
(noncompact) symmetric space

50,(2,1)/S0(2) x SO(1) = G/K

Let 0 € G/K be chosen and denoted as the origin. G/K can be
modeled as the open unit disk in T,G/K. with the metric

ds® = 4(1 — |y [*)"2(dyf + dy3).

The controlled stochastic system for the distance from the origin o is

dx () = % othX( ) dt + U(t)dt + dB(1)

where (B(t), t € [0, T]) is a standard Brownian motion.
T
X(t X(t
L) = / (a sinh* =~ (£) + U%(t)co hzﬁ)dt
0 4 4
JWU) = EJSWU)



Theorem. An optimal control, U*, is given by

Ur(¢) = —;g(t)tanhxit)

where t € [0, T] and g satisfies the Riccati equation given below.
The optimal cost is

J(U*) = g(O)sinhZXgO) + h(0)

dg(t) 3 1,
g~ 8 af 7
g(T) =0

dh(t) 3

d 16%°

hT) = 0
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f(t,x) = g(t)sinh®% + h(t) and Y(t) = f(t, X(t)) where X is the
solution of the system equation. Apply the lto formula to
(Y(t),t € [0, T]).
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Eigenfunctions for the Radial Part of the Laplacian for

Noncompact Rank One Symmetric Spaces

Some generalizations of the above example of H?(R). Let
R(Ag k) be the radial part of the Laplacian.

2
R(Ag/k) = L5 + (yp cothyr + 2vq coth2yr) L

Eigenvalue-eigenfunction problem

2(z - 1)L 4 [(a+ b+ 1)z — ]9 + abgy =0
A solution is given in terms of a hypergeometric function,

F(—m, b, c,z). If mis a positive integer, then F is a polynomial in
z.

Let z = —(sinh yr)? so F(—m, b, c, —(sinh yr)?) is an
eigenfunction for the radial part of the Laplacian.
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The sphere 52 is diffeomorphic to the rank one symmetric space
S0O(3)/S0O(2) and is a simply connected compact Riemannian
manifold of constant positive sectional curvature.

A metric is obtained by restricting the standard metric in R3. The
maximal distance between any two points in S? using this metric is
L = . The mapping exp, : ToS? — S? is a diffeomorphism of the
open ball B;(0) = {x € T,5? : |x| < L} onto the open set 52\ A,.

expo Y — (r,0)

where Y € Bi(0),r =|Y| and 0 is the local coordinate of the unit
vector Y/|Y]. In these coordinates the Laplace-Beltrami operator
A52 is

2

0 r.o
A52 = ﬁ + COt(E)E + AS,
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Control System in 52

ax() = . cot(th))dt—l— U(t)dt + dB(2)
X(0) = X

where X(t) € S?\ Ao, (B(t),t € [0, T]) is a real-valued standard
Brownian motion for a fixed T >0, and Xp € (0, L) is a constant.
The Brownian motion is defined on the complete probability space
(2, F,P) and (F(t),t € [0, T]) is the filtration for the Brownian
motion B. If U(t) is a smooth function of X(t) then
(X(t),t €[0, T]) is a Markov process with the infinitesimal
generator

1 0 Loos(”

0 0
292 TatG)y, +UNg,
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T
Lo = /0(asin2X£(Lt)+U2(t)cosle(l1r))dt (7)
JWU) = EJSWU) (8)

The cost functional only depends on the radial distance from the
origin o, that is, X(t) = |Y(t)| for Y(t) € S?, so the control only
appears in the radial component of the process. Note that sin2§ is
an increasing function for x € (0, 7). The family of admissible
controls, U is

U={UlU:[0,T] x Q2 — R is jointly measurable, (U(t),t €

[0, T]) is adapted to (F(t),t € [0, T]) and [, |U(¢)[dt <

o0 a.s. }
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Two Ordinary Differential Equations

dg(t)

L = gerge-a (9)
g(T) = 0
WT) = 0
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Theorem

The stochastic control problem described above has an optimal
admissible control, U*, that is

U*(t) = —%g(t) tanxit)

where t € [0, T] and g satisfies (9). The optimal cost is

J(U*) = g(O)sin2X£(10) + h(0)

where h satisfies (10).
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Some Generalizations

1. Stochastic control and differential games in spheres of higher
dimension and in projective spaces

2. Stochastic control and differential games in hyperbolic spaces of
higher dimension

3. Future work:

a) Control and differential games in higher rank symmetric spaces,
e.g. positive definite matrices, Grassmannians

b) Random matrices, e.g. asymptotic behavior of eigenvalues
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