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|
Sketch of the presentation

© Motivations
@ Linear and Nonlinear Monte Carlo Methods

© Fully nonlinear Monte Carlo
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Terminology |

@ (Q,{F:},P): Filtered probability space, Q: the martingale measure, E or

E: the expectation, { W;}+>0, d-dimensional Brownian motion
@ Risky assets (S{")¢,
@ Money market account with interest rate = r;.
@ ¢: trading strategy
@ X/: Wealth process at time t based on the self—financing strategy ¢
@ Ets =E[|S; = 5]
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Pricing American option |

Markov derivatives

Pay—off: ¢(Sr) y
Price at time t: V(t,s) = sup, [y s[e~ /i 9¢(S;)].

PDE

0 =min{—V; — rsDV — s?02D?V + rV,v — ¢} and V(T,-) = ¢(-).
A-Hedging: 6; = DV(t, S;) for t < .

Longstaff-Schwartz

No analytical solution for the PDE in higher dimensions:
~ ~ ke A

V(t, s) == max{f; s[e” I "*U(S,,,)], é(s)}

In the above, E; s is approximated by projection on a set of polynomials, using
only one set of sample paths.

y
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Pricing American option |l

Monte Carlo Hedging and Greeks
Euler approximation of S;: Sy = osWj, and AW, := Wi, p, — Wi

1 .
Ay(s) =~ E]ELS[V(L s+ osWp)(AW,)]
1 -
r(s) =~ mms[vu, s+ osWp)((AW,)2 — h)].
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Portfolio constraint |

Interest rate spread (R > r)

0 = —Vi—rsDV— 262DV +rV+(R—r)(V—sDV)_
V(T,:) = o()

Semi-linear parabolic PDE.

Super hedging under I'—constraint

0 = min{-V;—rsDV — $20?D?V + rV,I* — $?D?V,s?D?V — T, }
V(T,:) = ¢().

Fully non-linear parabolic PDE.
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Indifference pricing |

Expected utility maximization
Let U be a utility function.

vo = SupE[U(X%)].
peA

General framework
@ Assign a diffusion model to the price of each risky assets

@ Change the utility maximization problem into a
Hamilton—Jacobi—Bellman PDE

@ Solving the PDE!

y
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Indifference pricing |l

B—S Model
Let W. be a d—dimensional BM (r = 0).

dS; = diag(S;)(ndt + cdW;) where 1 € R? and o € R9*9.
dX} =0 - (udt + cdW;)

Utility Maximization

v(t,x):= sup E[U(X})X{ = x]
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Indifference pricing Il

HJB equation
v(T,x) = U(x)

y
0=-—v;—sup (29202vxx + Guvx)
feR

(vx)?

VXX

1 _

This PDE is fully non—linear.
For exponential utility the solution can be find analytically.
The dimension of the equation does not increase with the number of assets.
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Indifference pricing IV

Heston model

ds;
daY:

St + /Y, SawV
k(m— Y))dt+ ¢V, (detU) + MdWF)) ,
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Indifference pricing V

HJB equation

v(T,x,y) = U(x)
1 1
0=—v;—k(m—y)v, — Eczyvyy — sup (202yvxx + 0(pvy + pcyvxy))
feR

(.UVX + PCnyy)2

’
=—vi—k(m—y)y, — §c2yvyy + e

The dimension of fully non—linear PDE do increases with the number of
stochastic volatility models.
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Indifference pricing VI

Vasicek, Heston and CEV-SV models

dr = k(b r)at+ AW
) . N\ ~(i)Bi i
dS = 18Vt + o0/ YOS AWl | gy =1,

av(? = ki (m—v?)dt+ o/ YW,
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Indifference pricing VII

HJB equation
U(X) = V(T7 r, X, 317}’17}/2)
0=—-vi— (L' +LY + LS1)V — Irxvy
n (1 = v + 02y17" v )2 (12 — r)ve)?
2y, g2h—2 202y V;
20’1 Y154 Vixx 5 Y2 Vxx
1 2 1
L'v=x(b—r)v, + §§2v,,, LYv=> ki(mi—y)v, + 5c,?y,-vy,y,,
i=1
1
and LS1 V. = S1Vs — 501231}/1 Vsis -
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Monte Carlo methods for PDE

The curse of dimensionality

PDEs appear in many areas including finance, image processing,...

The analytic solutions usually refuse to exist and we need to approximate the
solution.

The deterministic approximation methods like FD, FEM, ... are highly
sensitive w.r.t. dimension of the space so that they result non efficient
algorithms in dimensions d > 3.

However, the Monte Carlo scheme is less sensitive to dimension and could
be used to develop numerical schemes.
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Fully nonlinear Parabolic PDEs |

General form

—opv — F(t,x, v(t, x), Dv(t, x), D?v(t,x)) = 0,[0,T)x RY
v(T,) = g
Definition:
- Parabolicity means F(t, x, r, p, ) is increasing with respect to .

- Fully non—linear is due to dependence of non-linearity to the second
derivative.
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Fully nonlinear Parabolic PDEs Il

Separation into linear and fully nonlinear parts

—LXv — F(t,x, v(t,x), Dv(t, x), D?v(t,x)) = 0,[0,T)xRY
V(Tv') g.

where £Xp 1= 22 4 1. Dp + Lo - D?¢ is the infinitesimal generator of
dX; = jat + odW

and £X + F = 2 + F and F is still parabolic.

Choice of and o

U+ sAu = {ui + jAul + {340} = {u + §Au} + {EAu} but not
{ur+3Au} +{F L0}
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Fully nonlinear Parabolic PDEs Il

A backward numerical scheme

h= % and t; = ih. 5(,, is the Euler discretization of X.

(T, x) = g(x)
U(t, x) = Egx[V(tie, X3)]
+ hF (ti,X, V(tFH ) X)= ﬁo(tﬂﬂ ) X)? DQV(tFH ) X))

D''is the approximation of derivatives:

DU(tii1,x) = Eyx[DV(tirr, X0) (e, X7)]
DPU(ti1,x) = EqulD?0(tier, X5 (te, X)) )
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Fully nonlinear Parabolic PDEs IV

Key Lemma: Integration by part

For every exponentially bounded smooth function ¢ : R — R, we have:

E[Do(x +oWa)] = Elo(x + o Wa)H!(Wy)]
where Hy = (HZ, HI', H) and
H(x) = 1, HY() = 10’ (x) ' W,
1

H(x) = 750/ (x) ™ (W W) — hlgca)o(x) ™

One dimensional case

v
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Similarity with Finite Difference

E[pO(x + g Wh)] = E[¢)(X + o Wh)H(Wh)]
First derivative
@ W, ~ vhX where X takes £1 with probability }

® E[p(x + o Wh)HJ(Wh)] o LOoVAsbeovh) o gy (x)
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Similarity with Finite Difference

E[yO(x + o W)l = E[y(x + o Wh)H](Wh)]
First derivative
@ W, ~ vhX where X takes £1 with probability }

® E[p(x + o Wh)HJ(Wh)] o LOoVAsbeovh) o gy (x)

Second derivative
@ W, ~ v3hX where X takes +1 and 0 with probability  and %, resp.

© E[U(xX + o Wp) H(Wy)] ~ LOETVSNHUGCaVSN00) 1 41 (x)

v
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Why Feynman-Kac doesn’t work for nonlinear PDEs |

Linear PDEs

0=—-vi—LXv+kv and v(T,-)=g().

£X =toTo - D?v — +mu- Dv.

exp (- / Tk(Xs)ds> g(XT)‘X, - x] .

where dX; = pdt + o - dW,.

v(t,x)=E

v
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Probabilistic interpretation for Parabolic PDEs

Why Feynman-Kac doesn’t work for nonlinear PDEs I

Totter—Kato

d>§,1)[g](t, x) = Et x[9(X;+n)] the semi—group generated by 0 = —v; — £Xv and
d)f’[g](t, x) = exp(— ftp’h ksds)g(x) the semi—group generated by

0= —v;+ kv. Then, (h — 0)
vit,x) =~ o oo@o. .00l o oB®(g](t,x)

Hopefully, two semi—groups commute:

1 2
vit,x) =~ o 0o [g](t x)

-
— Etx [exp <—/t k(Xs)ds> g(XT)] .

But, when the equation is non—linear, they don’t commute.
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Probabilistic interpretation for Parabolic PDEs

Semi-linear PDEs |

Semi-linear equations

0 = fvtf%ch0~D2V7,11~DV7F(V,DV)
v(T,:) = g()

Possibly no classic solution. The solution should be considered in viscosity
sense.
Example: Interest rate spread.
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Semi-linear PDEs Il
Backward Stochastic Differential Equations
The linear part gives us a diffusion process dX; = padt + odW,.

av; F(Y:, Z))dt — ZdX;
YT = g(XT)

Relation with PDE

If v is the classical solution of semi—linear PDE, Y; = v(t, X;), Z: = Dv(t, X;).
Theory: [Bismut 78], [El Karoui-Peng—Quenez 97], [Pardoux—Peng92]
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Probabilistic interpretation for Parabolic PDEs

Semi-linear PDEs Ill

Discretization of BSDE

Vi = EiYis+hF(6,X,Y,2)] Yr=g(X7)

1 .
= EEI[YMAWIH]WAL

N

Discretization and numerical aspects: [Touzi—-Bouchard 03], [Zhang 03],

[Gober—Lemor—Warin 04]
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Probabilistic interpretation for Parabolic PDEs

Fully non—linear PDEs |

Fully non-linear equations

0 = —%\;—F‘(t,x,v,Dv,D%)
v(T,)) = g().

Parabolicity: F(t,x, r,p,~) is increasing with respect to ~.

The solution definitely should be considered in viscosity sense.
Application: Merton portfolio selection model, Super—hedging under I
constrain

No Monte Carlo method is known for the general above type.
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Probabilistic interpretation for Parabolic PDEs

Fully non—linear PDEs II

2BSDE

d¥y = F(Y:,Z4,T)dt — ZdX;

dz; = Aidt+TdX;

Yr = g(X7).
If v is the classical solution of semi—linear PDE,Y; = v(t, X;), Z; = Dv(t, X;),
Iy = DZV(I'7 Xt), At = LXDV(I'7 Xt)
Theory is recently developed its first steps by [Cheridito—Soner—Touzi—Victoir
07] and [Soner—Touzi—Zhang 10]x4.
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Fully non—linear PDEs IlI

Discretization of 2BSDE

>

N
Il

1 ~ ~
EE:'[Y:'+1AWI+1] Zr = Dg(Xt)

1 A
N = B2 AWi]

Alternative scheme.

= iV +hF(t, X, Vi, 2,00 V7= 9(X7)
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Main results (F-Touzi—Warin) |

Viscosity solution

An upper-semicontinuous (resp. lower semicontinuous) function v (resp. V)
on [0, T] x RY, is called a viscosity subsolution (resp. supersolution) of the
PDE if for any (t, x) € [0, T) x RY and any smooth function ¢ satisfying

0=(v—9)(t,x) = o (=) (resp- 0=(V-yp)(tx)= [Qr}}‘QRd(V — 1)

we have:  —LXp — F(t, x, Dy(t, x)) < (resp. >)0.

)

Supersolution
w/
=

Stz
Subsolution
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Main results (F-Touzi—Warin)

Comparison principle

We say that fully non-linear equation has comparison for bounded functions if
for any bounded upper semicontinuous subsolution v and any bounded lower
semicontinuous supersolution v on [0, T) x RY, satisfying v(T,-) < V(T,-),
we have v < V.

Assumption F

@ F is Lipschitz-continuous with respect to (x, r, p, ) uniformly in t.
Q |F(-,-0,0,0)|x < co.

© F is elliptic (increasing w.r.t. ).

Q V,Fa'<1wherea:=c'conR? xR xR x Sg.

©Q F, € Image(F,) and ‘FJF,;FPIOO < +o0.

Arash Fahim (U of Michigan) Monte Carlo Methods for Nonlinear PDEs 29 /65



Main results (F-Touzi—Warin) llI

Convergence Thm: F—Touzi-Warin

Assume F and comparison for the PDE. For every bounded Lipschitz function
g, there exists a bounded function v so that

vl — v locally uniformly.

In addition, v is the unique bounded viscosity solution of fully non-linear
problem.

Proof of Convergence

The proof of convergence relies on the method of Barles and Souganidis for
viscosity solutions (Not directly applicable).

o
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Main results (F-Touzi—Warin) IV

Monotonicity

Should be: If ¢ < 4 then Tylp] < TalY].
But itis: If ¢ < v then Th[p] < Ta[e)] + CHE[(¢ — @)(t + h, XX)].

Stability
The family {v"} is uniformly bounded.

Consistency
When h — 0,c — 0and (', x") — (¢, x):

15(1# +e—Thly+c))(t',x') = —vi — LXv — F(t, x,Dv(t, x)).
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Main results (F-Touzi—Warin) V

Final condition

When h — 0 and (¢, x') — (T,x): v(t', x") — g(x). (This result is neither
necessary for nor provided by Barles—Souganidis but very crucial in this
context, because of the form of the equation.)

Regularity of approximate solution

v is Lipschitz in x and %—H(’jlder on t. What we need for above result is the
later. In F-Touzi-Warin, we used x Lipschitz continuity to show ¢ %-Hélder
continuity. Later on, this step was skipped in the future work on PDEs on
general domains.

v
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Asymptotics

Rate of convergence |

HJB (convexity)

The nonlinearity F satisfies Assumption F3-5, and is of the
Hamilton-Jacobi-Bellman type:

1 .
5@ 7 +b-p+F(tx.rpy)= inf {L(tx,r.p.7)}

£o(tx,7.p.7) = 5 THo“0* (8, X)) + b (£, X)p + (1, X)r + °(1,%)

where the functions p, a, %, b*, ¢* and f satisfy:

l1tloo + |8oo + suﬁ(\aah +[6%1 +[e*1 + [f*]1) < oo
aEe

Stz
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Rate of convergence |l
HJB+

The nonlinearity F satisfies HJB, and for any ¢ > 0, there exists a finite set
{a;}¥, such that for any a € A:

inf 0% — 0% |0 + [BY — b%|o + €% — C¥|oo + |F* — F| < 4.
1<i<M;s

Thm: F-=Touzi—-Warin
Assume that g is Lipschitz and let HJB and HJB+

—Ch'/0 < v —vh < Cch'/4,

Rate of conv.

The proof of rate of convergence is obtained through Krylov, Barles and
Jakobsen method of shaking coefficients and switching system approximation
of Barles and Jakobsen (Not directly applicable).
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Rate of convergence Il

Consistency estimate

By HJB and HJB+, v, the solution of PDEs, is unique (in a suitable class) and
is Lipschitz in x and }-Holder on t. There exists a smooth sub solution v. and
a smooth super solution v< for the PDE with the properties:

1) |v. — v| < Ce( based on convexity) and |v¢ — v| < Cs3 (not optimal).

2) |0k Dk ve| < Ce2-2k= Il

|PDE(¢) — h~'scheme(¢)| < Ce3h

Comparison for scheme
If h~'scheme(#) > g and h~'scheme(y) < h, then ¢ — ) < (g — h),.

RHS bound
[V—v|<|V—Vv|+|v. —Vv|]<Ce3h+ Ce
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Backward implementation |

Scheme reminded

VI(T,)=g and VI(t;,x) = Ta[v"(tis1,)]().

A~

Tro(x) = E[(XP)] + hF (x, Dpyp(x))

Dpp = (DY, Dy, D2Y)  Dhp(x) := E[p(XX)HI(Wh)],i = 0,1,2.

S
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Backward implementation |l
Implementation
Q= %

@ Generating N sample paths from the Euler discretization of X;; X;.
{()A(Tfj)’AWf(;ﬂ)‘o - t07"' atn = Tv_/: 1a 7N}

© Start from terminal condition g(-). And proceed backward in time.

© Knowing v”(t,-+1,)A(tf£)1)s forj=1,--- N, then one calculates
vi(t;, )A(tfk))s for k =1,---, N using the scheme.
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Implementation

Backward implementation IlI

¢ . ....z\hat v(t_{i+1},X"2)
P _ _®\hat v(t_{i+1},X"5)
“« e g X
i e - @\hat v(t_{i+1}X~3)

P T-@\hat v(t_{i+1},X"~4)
.
f t_{i+1}
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Implementation

Backward implementation IV

4th step

To compute v (t;, x), one needs to approximate:
B[V (tie1, X, )| X = X]
E[V/ (b1, Xy, ) AW, X, = X]
]E[Vh(t/+1 ) )A(fi+1 )((AWD+1 )2 - h)|th = X]
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B ——— L
Approximation of conditional expectations |

Kernel methods
Y = v(t + h, X;,n)H}, and X = X;. Informally;

CE[Ve(X)] _ E[Ye(x - X)]
EYX=X=F5000 ~ EE.xX)

where ¢, — do. In terms of a sample {(X’, Y/)}¥,.

Sien(X = X)Y
2ien(XN = X)

S
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Approximation of conditional expectations |l

Projection methods
Y = v(t + h, X;, n)H], and X = X;. Formally;

E[YIX=x] ~ Y ck(x)
k

Coefficients cxs should be determined so that the L2 approximation error be
minimum.
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Approximation of conditional expectations Il

Malliavin methods
Y = v(t + h, Xiy p)H] and X = X,. Formally;

E[Ydx(X)]

E[Y|X = x| = Jr o

E[Y6x(X)] = E[Y1{x>x}08] Where &} is Skorokhod integral which depends
only on the path of X from 0 to .
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Approximation of conditional expectations 1V

Stochastic scheme

TWltx) = BY [u(t+h X9)] + hF (D) (1.%),
Wit x) = —Knlw] v THI(E, X) A Knl]

where
Drp(t,x) := BN [0t + b K3 ) Ha(t, )] . Kalt] = [¥]oc(1 + Ci) + Cah,

and

1 -
C1 :Z|F;IF’Y Fploo+|Fr|oo and C2:‘F(t7X,0,070)|oo~

S
S
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Approximation of conditional expectations V

Assumption E

Let Ry be the family of random variables R of the form «( W) H;( W) where ¢
is a function by b and H;’s are the Hermite polynomials:

Ho(x) =1, Hi(x) = x and Ha(x) = x"x—h vx € R%.

There exist constants Cp, A, v > 0 such that HIAEN[R] — E[R]H < Cph AN~V
P
for every R € Ry, for some p > 1.

Regression approximation based on the Malliavin integration

introduced in [Lions and Reigner], [Bouchard, Ekeland and Touzi], and
analyzed in the context of the simulation of backward stochastic differential

equations by [Bouchard and Touzi]. Then Assumption is satisfied for every

p > 1 with the constants A = % and v = ;.
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Asymptatic properties |

Convergence result

Let Assumptions E and F hold true, and assume that the fully nonlinear PDE
has comparison with growth q. Suppose in addition that

lim P 2NY = .
h—0

Assume that the final condition g is bounded Lipschitz, and the coefficients p
and o are bounded. Then, for almost every w:

o, (ww) — v locally uniformly,

where v is the unique viscosity solution of equation.
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Asymptatic properties Il

Rate of convergence result

Let the nonlinearity F be as in Assumption HJB, and consider a regression
operator satisfying Assumption E. Let the sample size N, be such that

lim PONY > 0.
h—0 h

Then, for any bounded Lipschitz final condition g, we have the following
IL°P—bounds on the rate of convergence:

lv—ol, < ch'/r.
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Problem consider in numerical experiments

@ Mean curvature flow of a sphere in dimension 3
@ Mean curvature flow of a dumbbell shaped area in dimension 2
@ Portfolio selection in dimension 2 (an asset with stochastic volatility)

@ Portfolio selection in dimension 5 ( stochastic interest rate and two
assets with stochastic volatility)

Alternative schemes
D2vh(t + h, x) = E[vh(t + h, X})HH]]
2 2

Sz
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3-d sphere

Hean Curvature Flow in 3D for a sphere

"analytical solution” ——
Sean, “Solution with step 8.88125 volatility 1" ——
8.9 | “Solution with step 8,80125 volatility 1,8 ——

Radius
@
h
2]
T

‘Universityof
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2-d dumbbell
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Portfolio selection in dimension 2 |

Heston model

dSt = ,uStdt + \/VtS[th(U
aY; = k(m—Y)dt+cVY, (pc/W,“) +V1- pde,<2>) :

Utility maximization

v = SupE[—exp(-nX})].
fcA

1
A

USC Universityof
Southern California

N

Arash Fahim (U of Michigan) Monte Carlo Methods for Nonlinear PDEs 50/ 65



Portfolio selection in dimension 2 |l

HJB equation

V(T7X7y) =—e ™

’
0=—vi—k(m—y)v, — §CzyVyy

1
— sup (02yvxx + 0(uvy + pcyvxy)>
ocr \ 2

(NVX + PCnyy)2

’
=—vi—k(m—y)y, — §c2yvyy + T

Zariphopoulou semi-explicit solution

exp (—15 I Pféds)

V(t,X,y) =—e ™

L1-»?
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Portfolio selection in dimension 2 Il

Separation into linear and fully non-linear part

1 1
—v,—k(m—y)vy—éczyvyy—éazvxﬁ—F (y,Dv,D?v) =0, v(T,x,y) = —e" ",

1 Zy + pC 2
F(}@Z,'y) = 2027114-@12}/'21’:/%2).
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Portfolio selection in dimension 2 IV

Truncation of the non—linearity

1 1
Fem(y,z,v) = 502711 — S‘ZJEM <292(y\/€)711 +0(uzy + pe(y v 5)712) ,

v

Choice of diffusion

dX" = odW™, and dX® = k(m— X®)dt + c/ XP aw®.
t t t t t t

w=015c¢=02 k=01, m=03,Yo=m,p=0,x =1, T =1then
vo = —0.3534.

v
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2 dimensional 1

Error for schene one, financial problen one

0.825 T T T T T — ; T
volatility 8.6 schene 1 ——
volatility 1 schene 1 ——
volatility 1,2 schene 1 —#%—
8.82 i
8,815 9
o
o
c
@
&
[
-
-
-
[=
a.81 4
8,685 1
‘ . .
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0 ‘ - - - - - - ‘ - hern California
8.82 a.84 8.86 8.88 8.1 8.12 8,14 8,16 8,18 8.2 8.22
tine step

Arash Fahim of Michiga Monte Carlo Methods for Nonlinear PDEs 54 /65



2 dimensional 2

Error for scheme two, financial problen one

8.87 T T T T T

Ivo].at.i.llitg 8.6 Schene 2. ——
volatility 1 schen ——
volatility 1,2 schefe 2 —%—
8.86 i
8.85 i
& 8.04 | 1
c
@
&
[
-
-
S 8.e3 g
8.82 i
a.e1 4
‘ . .
‘Universityof
o ' - - s - s s - hern California
a.82 a.84 8.86 a.838 a1 a,12 6,14 8,16 6,18 a.,2 a,22

tine step
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Portfolio selection in dimension 5 |

Vasicek, Heston and CEV-SV models
dr = r(b—r)dt+Caw®

) . N\ (i) Bi i
dS" = 18Vt + o0/ YOS AWl | gy =1,

av(? = ki (m—v?)dt+ o/ YW,
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Portfolio selection in dimension 5 |l

HJB equation

0=—vi— (L' +LY +LS)v — rxv,

N (1 = v+ o3yrsT" e )2 (2 — N)w)?
252y, g2P1—2 202y V.
Y154 Vixx 5 Y2 Vxx

2
1 1
L'v = Ii(b— f)Vr + §<2Vrr7 LYV = Zki(mi - yi) Vy, + éc,-zy,-vy,.y,.,

i=1

1 1
2
and LS v = pqsqv — S0TS1Y1Vs,s,-

y
NI/ oovuiuiciil dliuLid
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Portfolio selection in dimension 5 Il

Separation into linear and fully non-linear part

—vi— (L' + LY +LS v — Yo2ve + F ((x, 1,81, y1,¥2), Dv, D?v) = 0,
V(Taxvr7s17y1ay2):_einxv

1 1 — X2) 21 + 02xa x5 "y 3)?
Fluz) = ot -z + W02 27008 - 1)
201X4X3 Y11
((p2 — x2)21)?
202 X511
where u = (X1, , Xs).
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Numerical experiments

Portfolio selection in dimension 5 IV

Truncation of the non—linearity

1
FE,M(U,Z,’y) = 502’}/11 — X1X2Z1 + Sup {(9 . (,u - I’l)Z1
e<|o|<M
+01 012(X4 Ve)(xs Vv 6)26171’)/13

1
50703 (% v 2)(xe v £)2H 2 4 303 (6 v )y }
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Portfolio selection in dimension 5 V

Choice of diffusion
ax odW©,
dX® = w(b—XP)dt + cawV,
B
X = XPdt+ o1/ XOXD aw
dXY = ki(m — XP)at + o1/ XD dw?,

dX® = ko(mp — X®)dt + o/ XD aw P2
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5 dimensional 1

So0lution of the financial 5 dinension problen with 3 nillions particules

=-8.26 T T T T T T

-8,27

-8.,28

-8,29 -

Value

-8,31 -

-8.32 -
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a.82 a.84 8.86 a.838 8.1 a.12 8,14 8.16 8.18 8.2 8.2
tine step
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5 dimensional 2

Solution of the financial 5 dimension problem with 38 nillions particules

-8.26 T T T T T T —— T
volatility 8,6 ——

volatility 1 —<—

volatility 1,3 —%—
-8,27 i
-8.,28 - i
-8.29 - i
E
3 -85 g
=
-8,31 i
-8,32 g

-8.33 ) 4

‘Universityof
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a.82 a.84 8.86 a.838 8.1 a.12 8,14 8.16 8.18 8.2 8.2
tine step
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Non—local Parabolic PDEs |

Fully non—linear non—local parabolic PDEs

—LXv(t,x) — F (t,x, v(t, x), Dv(t, x), D?v(t,x), v(t,-)) = 0,
V(Tv') =9,

) 1
LX(t,x) = <6f +p- Do+ 5a DZ@)(L X)

+ /Rd (go(t,x +n(t,x,2)) — o(t, x) — L{7<13 De(t, x)n(t,x7z)> dv(z).

[F10]
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Parabolic PDE in more general domains |

Fully non-linear parabolic PDEs in general domains

—LXv(t,x) — F (t,x, v(t, x), Dv(t,x), D?v(t,x)) = 0, on O
v(t,-) = ¢(-), on 90,
V(T,‘) =g,
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Generalizations

Thank you for your attention.
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