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horizon. We assume that he possesses extra information about the
future price of a stock.
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Our basic question is: What is the value of this information ?
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Namely, we assume that there is a filtered probability space

<Q, (Ft)o<e<T ,IP’) which satisfies the usual conditions (i.e. F is
complete and right-continuous and Fg is assumed to be trivial) and
which is such that the price process of a given contingent claim is a
continuous d—dimensional and F-adapted square integrable
martingale (S¢)p< ;<71

Since S is a martingale under P, the market is a zero-sum game
under the probability PP.
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Basic examplesare Y =S+, Y =T,, Y = supjo, 7] St 1[a,b](5t)---

We denote by Py the law of Y and assume that Y admits a
regular disintegration with respect to the filtration F

P(Y edy | Ft) =n{ Py (dy).
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Let £¥ be the set of probability measures Q on (2, 1) such that:

Q is equivalent to P
Q(Y edy)=v(dy).

The financial market model associated with an element Q of £¥ is

<Q; (ft)0§t<T 7@, (St)ogts T) X

Note: E¥1 N EV2 = EVi®v2,

An insider performing portfolio optimization under a probability Q
is called a weakly informed insider.



Utility functions

Definition
A utility function is a strictly increasing, strictly concave and twice
continuously differentiable function

U: (0,+00) = R
which satisfies

lim U'(x)=0, lim U (x)=+c.
x—0+

X—~400
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The insider’s portfolio optimization problem is to find

t
sup EC (U (x+/ @ud5u>)
OcAx(S) 0

x > 0 being the initial endowment of the insider.




Value of the weak information

Definition

We define the financial value of the weak information (Y, v) as
being

-
— Q
u(x,v): QJQL eéi?S)E (U (x—i—/o @udSu)) .

In other terms, u(x,v) — U(x) is the lowest increase in utility that
can be gained by the insider from this extra knowledge .



Value of the weak information

The minimal probability is defined by

P = /P B(IY = y)u(dy).
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/P/ (%) Py (dy) = x.

| is the inverse of U’ and & is the density of v w.r.t. Py.

Karatzas, |., Lehoczky, J.P., Shreve, S., 1987



Optimal wealth

Moreover, under P¥ the optimal wealth process is given by

Vi :/P/ (%) Py (dy),

and the corresponding number of parts invested in the risky asset S

b
y o, = /P / (%) Dot Py (d).
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Examples of utility functions

Let a € (0,1) and U (x) = %= then

v % [/p (JIIP% (Y))I_IQP(Y € dy)] o

Let U(x) = Inx then

u(x,v)= Inx—l—/PddP—{jy(y)ln dCIIP’VY (Y)P(Y e dy).
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Schrodinger processes

The minimal probability P” associated to a weak anticipation is
related to the theory of Schrédinger processes. To simplifiy,
consider the case where S is modelled by a Brownian motion B;.

Problem

Find a drift © so that the controlled process
t
Z2 = / Osds + By
0

satisfies Y (Z®) ~ v and E <f0T @Eds) is minimal.



Schrodinger processes

The law of Z® is PV and the corresponding information drift is
given by the formula

©: =D InE(&(Y) | Fr).



Example: Markovian bridges

If Y = St and the dynamics of S under P follows a SDE
dSt = O'(St)dBt

Vt:/nl (ngi)pr s(Se,y)dy,

and the corresponding number of parts invested in the risky asset S

is given by
@t_/ /(2(( ;) Vpr—s(St, y)dy.

Then
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Example: Markovian bridges

In this Markovian case, the optimal proportion process solves the
Burger's equation. More precisely

n(t, St) =V In q)(t, St)

where ® solves 50
— +Ld=0
ot
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Anticipations on the Black-Scholes model

dS; = 05:dB;
In the market
<Q7 (‘Ft)th ’ (St)th 7]PV)
where v is the distribution of Br, the optimal wealth process is
given by
Vi = h(t,Bt)
where B satisfies

2 2
+00 _B L_(Y—%)
S22 (%) e 2 v (dy)

y2 _ (y=Br)?

2T 2(T—1) (dy)

dt+df:, t< T

dB;

+
I Se

and h given by

bey) = e [ 1 (38 570
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Gaussian example

Assume v is a Gaussian:

_ x=m)?
(dx) e dx
v = —
\V2rs
withmeRand s2 < T.
Let 2T
s —
) =
7

the relative variance (6 = 0 corresponds to the Black and Scholes
model).
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Optimal strategies

The optimal proportion processes [1; and the optimal expected
utilities u (x, v) for the utility functions U below are given as
follows:

Logarithmic utility U : ]0, +oo[— R, x — Inx.
o 6t+ T

2
u(x,y)zlner% (5—|n(1—|—6)+m7>.

t v0§t§T7

Power utility U : ]0, +oo[— R, x = % « €]0, 1].

1 5Bt+m
i 0<t<T,
cdt+T(l—a)—adT '~ — —

t

1—«a

x% 1 l1—«o 2 am?
W)=y e <1—15 —a> eXp(z(T(l—a)—aar))
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Incomplete markets

Theorem (B.-Nguyen-Ngoc 2004)

Let us assume that the market is incomplete. Then for each initial
investment x > 0,

e, ) = I (inf /P U(m(u))udu+xy>

y>0 \7€D

where

_[dPy Y
D_{dy’ P EM(S)}

D.Kramkov and W.Schachermayer, 1999.
We assume asymptotic elasticity of the utility

<1
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The notion of strong information

We study here the financial market

(Q, (Gt)o<eaT  Pi (St)o<e< T)

where G; = o(F¢, Y) is the initially enlarged filtration.
For t < T, there is no arbitrage in the time interval [0, t]. But
there is an arbitrage in the time interval [0, T].



Portfolio optimization problem

For t € [0, T], the insider’s portfolio optimization problem on [0, t]
is to find

t
u(x,Y,t):= sup E (U (x+/ @udsu)) ,
©cAg(S) 0

x > 0 being the initial endowment of the insider.



Let t €0, T), x > 0 and let us assume that there exists an
o (Y) —measurable random variable A; (x) : Q — (0, +00) with

(3 ))-

u(x,Y,t) = E( (Uol) (A;EYX)» .

then
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Examples

Let U(x) = Inx, then

I(y)= %
At (x) = )—1(,

and
u(x, Y,t)zlnx—l—IE(InntY).
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Further directions:

m Lévy jump models: Lévy random bridges and the modelling of
financial information, E Hoyle, LP Hughston, A Macrina, SPA,
2011

m Discrete models: The financial value of knowing the
distribution of stock prices in discrete market models, 2018,
Baudoin & al.

= Dynamic flow of informations: Dynamic Markov bridges

motivated by models of insider trading, L Campi, U Cetin, A
Danilova, SPA 2011.
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