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Dynamic Programming

Problem Formulation:

Cost under minimization: Controlled Diffusion Dynamics:
tNn
V(x,t;) = minEqg | p(x,tn) + / L(x, u,t)dt] dx = F(x,u)dt + B(x)dw
u . Noise
Running Cost:
1
L(x,u,t) = q(x,t) + ¢1(x,t)u+ =u’ Ru F(x,u) =f(x) + G(x)u
2 Control
44@ : Expectation w.r.t controlled dynamics <E[[D: Expectation w.r.t uncontrolled dynamics

Bellman Principle Discrete:

Cost to go(current state) = min[Cost to reach(next state) + Cost to go(next state)]

Goal
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Dynamic Programming

Problem Formulation:

Cost under minimization: Controlled Diffusion Dynamics:
tNn
V(x,t;) = minEqg | p(x,tn) + / L(x, u,t)dt] dx = F(x,u)dt + B(x)dw
u . Noise
Running Cost:
1
L(x,u,t) = q(x,t) + ¢1(x,t)u+ =u’ Ru F(x,u) =f(x) + G(x)u
2 Control
44'@ : Expectation w.r.t controlled dynamics ‘EIP: Expectation w.r.t uncontrolled dynamics

Bellman Principle Discrete:

Cost to go(current state) = min[Cost to reach(next state) + Cost to go(next state)]

L

V(XQ) Vi(x4)

1) Backward Process
2) Partial Differential Equation hard to solve Goal

V(X5)
Stage | Stage 2 Stage3 Stage 4
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Making Control Linear

Hamilton Jacobi Beliman:

- 1 1
—0,V =G+ (VxV)'f — §(VXV)TGR_1GT(VXV) + Str ((VxxV)BB")

Desirability: Noise regulates control authority:

Statistical Physics

1 ~ 1
Chapman Kolmogorov: —0, U — —XQ\IJ + fT(VX\IJ) + 5157“ ((VXX\I/)BBT)

Feynman - Kac
Sample from the uncontrolled dynamics: dx = f(X)dt -+ B(X)dw

1 [in Richard Feynman
Evaluate the expectation: U(x, 1;,) = Ep [exp ( X / Q’(X)d?ﬁ) U(x,tN)
t;
ViV (x,t
Find optimal Controls: uPI(X) = -R™! (Ch (X7 t) — AG(X)T \I!()SX;S) )>

Push the dynamics to states with high desirability.

T

Mark K;c
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Making Control Linear

Hamilton Jacobi Beliman:

- 1 1
—0,V =G+ (VxV)'f — §(VXV)TGR_1GT(VXV) + Str ((VxxV)BB")

Desirability: Noise regulates control authority:

Statistical Physics

1 ~ 1
Chapman Kolmogorov: —0, U — _quj + fT(VX\IJ) + 5157“ ((VXX\IJ)BBT)

Feynman - Kac N
Sample from the uncontrolled dynamics: dx = f(X)dt -+ B(X)dw

Richard Feynman

1 [
Evaluate the expectation: U(x, 1;,) = Ep [exp ( X / Ej(x)dt) U(x,tN)
t
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Making Control Linear

Hamilton Jacobi Beliman:

- 1 1
—0,V =G+ (VxV)'f — §(VXV)TGR_1GT(VXV) + Str ((VxxV)BB")

Desirability: Noise regulates control authority:

x(X)" =

Statistical Physics

1 ~ 1
Chapman Kolmogorov: —0, U — _X@IJ + fT(VX\IJ) + 5157“ ((VXX\I/)BBT)

Feynman - Kac N
Sample from the uncontrolled dynamics: dx = f(X)dt -+ B(X)dw

Evaluate the expectation: U(x, 1;,) = Ep [ex

p (
1
Lower bound: V(x,t;,) = —\logEp [exp (— X/ q(x, t)dt> P (x, tN)]
t

< Eg [qb(x, tn) + /ttN L(x,u, t)dt]

7

Mark K;c
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Generalized Path Integral Control

Path Integral Control: u(x;,,t;)dt = —R ™ q1(x,,t;)dt + /’P(i)uL(xti,ti)di'

1
Local Controls: u; (x; .t;) = R'G(x;,)! (G(xti)R_lG(xti)T> G (x¢, )dw(t;)

Trajectory Probability: P(X) =

Intuition ...

--------------------

Sample from the uncontrolled dynamics:

E.Theodorou, ). Buchli ,S. Schaal. AISTATS2009, JMLR2010
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Iterative Path Integral Control

Sampling with uncontrolled dynamics:

I _
\P(Xa ti) — /eXp ( — XQ(Xta t)dt) \I/(X, tN)dQUncontrolled

Sampling with controlled dynamics: ( R

L. d@ ncontrolle
\IJ(X, ti) — /eXp ( — XC](Xt) t)dt> \IJ(X, tN) dI;C . : lllldd'dIP)Controlled

\- J
Radon Nikodym derivative

T+ VxVU(x,1)
U(x,t) )

Find optimal Controls: up;(x) = —R™* <q1 (x,t) — AG(x)

Iterative Path Integral Control: U,,., (tk) = U—old(tk) -+ Z P; dw ' (tk)

1

exp ( — S(X;) + correction)

Path Probability: I, =

> . €xXp ( — S(X;) + Correction>

E.Theodorou, }J. Buchli ,S. Schaal JMLR2010
10 E.Theodorou, E. Todorov. CDC2012
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Overview

Optimal Control Theory

Constrained Optimization

( Dynamic Programming )

v

(Hamilton Jacobi Bellman PDE V(x, t))

N4

(V(x, t) = —Alog \If(x,t))

V

(Backward Chapman Kolmogorov V (x, tD

v

( Feynman Kac Lemma )

i

(Fundamental Bound)

E. Theodorou, E Todorov. CDC 2012
E. Theodorou, Entropy 2015
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Information Theoretic View

Free Energy: F — —|—;| log/ﬁexp (— ]p]J(X))dP(w)
Generalized Entropy: S(Q||P) = — /Q i%((:))) log ((11%((:})) dP(w)

105 fexp (= 1760 )dP(w) < Eo|J6o)| + - KL (@P)

Free Energy < Work — Temperature - Generalized Entropy

exp (= 1ol )ar
Fesp (= IplJx) ) ap

Optimal Measure: dQ* =
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Non-=Classical View

Uncontrolled dynamics: [P : dx = f(X)dt | B(X)dw(o)

1
Controlled dynamics: (Q : dx = f(x)dt + B(x) <udt s dw(l))

Fundamental Relationship: ¢ = —’—;’ log Ep [exp ( — ’P’j(x))] < Eq [‘7( )] TRk (QH )

d 1 N tN
Radon Nikodym: d% = exp <§]p]/ uludt + +/ |p|/ quw(l)(t))
ti t;

1 |
Fundamental Relationship: £(x,%;) = Tl log Ep [exp ( — |p|j(X))] < Eg [j(x) + / 2uTudt]
t

Free Energy Cost Function

4 There is a lower bound in the cost function

7

4 How to find this lower bound

4 Permits generalizations to other classes of stochastic dynamics.
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Non-=Classical View

1 N
Basic Relationship: {(x,1;) = —— log/exp ( — \p\J(X))dIP’(w) < Eg [J(X) —I—/ §uTRudt]
t;

4
d(x,1)

Backward Chapman Kolmogorov:

1
—0,® = —|p|qo® + £ (V@) + ol ((Vxx®)BB")

Exponential Transformation: ®(x,t) = exp (—|p|&(x,1))

Hamilton Jacobi Beliman-PDE:

1

[atf = g0+ (Vx€)' £ = 5(Vx&) BB (Vxf) + ﬁtr ((Vxxf)BBTﬂ

£(x,t) :is a Value function

(I)(X7 t) : is a desirability function
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Overview

Optimal Control Theory Information Theory
Constrained Optimization Free Energy & Relative Entropy
( Dynamic Programming ) ( Jensens Inequality & Girsanov Theor'em)
(Hamilton Jacobi Bellman PDE V (x, t)) ( Fundamental Bound )

* U(x,t) = P(x,t) *

(V(X, t) = —Alog ¥(x, t)) (Feynman Kac Lemma)

* Vi(x,t) =£(x,t) *

(Backward Chapman Kolmogorov V (x, tD ( Backward Chapman Kolmogorov CID(X, t))
* t) = 11 d(x,t
( Feynman Kac Lemma ) Sx,1) = =~ log (1)
(Fundamental Bound) ( Hamilton Jacobi Bellman PDE )

E. Theodorou, E Todorov, CDC 2012.
E. Theodorou, Entropy 2015.
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Non-=Classical View

Fundamental Relationship: —‘—; log /eXp ( — \p\J(X)) dP(w) < Eq [J(X)] + ‘%‘K]L (Q] ]IP’)

Uncontrolled dynamics: [P : dx = F(X, ())dt 4+ C(X)dW(O)

Controlled dynamics: (Q : dx = F(X, u)dt + C(X)dw(l)

Grady et all, ICRA 2016.
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Non-=Classical View

Fundamental Relationship: —‘—;l log /exp ( — \,OU(X)) dP(w) < Eq [J(X)] + ‘%‘K]L (Q] ]IP’)

Uncontrolled dynamics: [P : dx = F(X, ())dt 4+ C(X)dW(O)

Controlled dynamics: (Q : dx = F(X, u)dt + C(X)dw(l)

Optimal Measure: New Optimal Control Formulation:
(= 1n1709) ) ap

- u = argmin KIL (@H@(u))

e (= 1n1709 ) ap

Grady et all, ICRA 2016.
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Non-=Classical View

Fundamental Relationship: —‘—;l log /exp ( — \p\J(X)) dP(w) < Eq [J(X)] + ‘%‘K]L (Q] ]IP’)

Uncontrolled dynamics: [P : dx = F(X, ())dt + C(X)dW(O)

Controlled dynamics: (Q : dx = F(X, u)dt + C(X)dw(l)

Optimal Measure: New Optimal Control Formulation:
(= 1n1709) ) ap

dQ* = - u = argmin KIL (@H@(u))

J exp ( - \p!J(X)>dP

4 ) 4
10" P
Optimal Measure: Radon Nikodym:

dP \ dQ(u)

\_

Grady et all, ICRA 2016.
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Non-=Classical View
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Non-=Classical View

Fundamental Relationship: —‘—;l log /exp ( — \p\J(X)) dP(w) < Eq [J(X)] + ‘%‘K]L (Q] ]IP’)

Uncontrolled dynamics: [P : dx = F(X, ())dt + C(X)dW(O)

Controlled dynamics: (Q : dx = F(X, u)dt + C(X)dw(l)

Optimal Measure: New Optimal Control Formulation:
(= 1n1709) ) ap

dQ* = - u = argmin KIL (@H@(u))

J exp ( - \p!J(X)>dP

Control parameterization:

(110 if 0<t< At

u, ifjAt<t<(j+1)At
Grady et all, ICRA 2016.

L
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Non-=Classical View

Fundamental Relationship: —‘—;l log /exp ( — \p\J(X)) dP(w) < Eq [J(X)] + ‘%‘K]L (Q] ]IP’)
Uncontrolled dynamics: [P : dx = F(X, ())dt + C(X)dW(O)
Controlled dynamics: (Q : dx = F(X, U)dt -+ C(X)dW(l)
Optimal Measure: New Optimal Control Formulation:
exp ( — 1ol )
dQ* = u = argmin KIL (@H@(u))
Fesp (= lphIx) )
Control parameterization: Generalized Importance Sampling:
(uo if 0<t< At d]P)
u; if At <t < 2At Ep [f(X):| — E@m - [f(X) ]
u l: | de,E

u, ifjAt<t<(j+1)At
Grady et all, ICRA 2016.

L
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MPPI with offline model learning

7~8 m/sec

2560, 2.5 second trajectories sampled
with cost-weighted average @ 60 Hz

!

v 4
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Applications in Robotics-High Speed
MPPI with offline learned dynamics

Multi-Step Prediction Error
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Applications in Robotics-MPPI with online model learning

8~9 m/sec
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Model Predictive Path Integral Control
using Artificial Neural Networks

~| 1 m/sec

23
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Applications in Multi-vehicle
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Applications in Multi-vehicle

9 Quadrotors
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Learning and optimization in different
Time scales

\
50\ (¢
p1(ti) 606 56%) (1)
pr\ti+1 PI

32
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Applications in Robotics-Manipulation

Before learning N 3 After learning
Object Position «6cm - | d Object Position ~6cm
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Applications in Robotics-Manipulation

i~

Cost Function
Display

Tactule Sens -
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Nonlinear Feynman-Kac

Cost Function: T

I(r, 2y u()) = E{W(T» + [ ao(t,2(0) + (e, 2(0) (o)

T

Stochastic Dynamics:

da(t) = f(t,2(t))dt + G(t, z(t))u(t)dt + (¢, 2(£)) AW,

Hamilton-Jacobi-Bellman:

1
v + 125 {§tr(vaZT) +v, f+ (v, G+ ¢ D(sgn(u)))u + qo} — 0

Hamilton-Jacobi-Bellman:

1 — .
vy + §tr(fumEET) +v, f4+qo+ g min {(U;_G + qlT)iqufnaX, 0, — (v, G- qlT)Z.uf;nm} =0
i=1
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Nonlinear Feynman-Kac

Forward SDE: d X, = b(S, XS)dS + E(S, XS)dWS

Backward SDE: dY, = —h(s, X§’$, Ys, Zs)ds + Z;_dWS

b(t,x) = f(t,x)

h(t, T, Z) — QO(ta x) -+ Z min {(zTF + q;r)iu?an, 0, — (ZTF — QI)iu?in}

% =1 J

Importance Forward SDE: dXS — [b(s, Xs) -+ Z(S, XS)KS]dS + Z(S, XS)dWS

~

Compensated Backward SDE: dffs = |—h(s, XS, Y, ZS) + ZSTKS]dS + ZSTdWS
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Nonlinear Feynman-Kac

Forward SDE: d X, = b(S, XS)dS + E(S, XS)dWS

Backward SDE: dY, = —h(s, X§’$, Ys, Zs)ds + Z;_dWS

b(t,x) = f(t,x)

h(t, T, Z) — QO(ta x) -+ Z min {(zTF + q;r)iu?an, 0, — (zTF — QI)iu?in}

\ =1 )

Importance Forward SDE: dXS — [b(s, XS) -+ Z(S, XS)KS]dS + Z(S, XS)dWS

~

Compensated Backward SDE: dffs = |—h(s, XS, Y, ZS) + ZSTKS]dS + ZSTdWS

1
vy + étr(vaZT) +v, (b+3ZK)+h(t,z,0,2 vy) —v) SK =0
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Nonlinear Feynman-Kac

Cost Mean and Variance

Cost per iteration

~
o

[o2]
o
T

a
o
T

40}

Cost (mean +- 3 std dev)

Iteration

Mean of the Controlled System Trajectories of each Iteration

Cost Mean Cost Variance

10t

Angle

Angular Vel.

O n
Det. Open Loop Det. Feedback Stoch. Feedback Det. Open Loop Det. Feedback Stoch. Feedback

eStochastic Cooperative Games
e Risk Sensitive Stochastic
e Control affine, State/Control Multiplicative
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Autonomous Control and Decision Systems Lab

| | w0 J
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Thanks !
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