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Stochastic control problem

Stochastic control problem

e We fix a terminal time T > 0, a Polish space ¢ (the control
space) and a bounded domain O in R€.

@ Forany 0 <t < T, let u be a generalized reference
probability space (2, F, F£, P, W, L) where W is an
mi-dimensional standard Brownian motion and £ is an m»
dimensional Lévy process.

o Let A, be the set of all F -predictable Z{-valued processes on
[t, T], and let A; :=U,A,.
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Stochastic control problem

Stochastic control problem

For any x € O and U(-) € A,, we consider
s

X(s) = X—i—/sb(r,X(r),U(r))dr—i—/ o(r,X(r),U(r))dW(r)

t

+ / . /R A X(r=), U(r). 2) (. d2)

where N is a compensated Poisson random measure. Let
T7=TAinf{s > t; X(s) &€ O} and

Ju(t,x; U) = E (/t M(s, X(s), U(s))ds + W(r, xT)) e
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Stochastic control problem

Stochastic control problem

We will consider the stochastic control problem by first taking the
infinmum of the cost functional (1) over all U € A, i.e.

Vilt.x) = inf (£ V), (2)

and then by taking the infinmum of (2) over all generalized
reference probability spaces, i.e.

V(t,x) = inf V,(t,x).
m
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Stochastic control problem

The corresponding nonlocal HJB equation is then given by

JEL (A"W(t,x)+T(t,x,u))=0 inQ:=[0,T)x 0O, (3)

with terminal-boundary condition

W(t,x)=W(t,x) on dpQ:= ([0, T) x O)U <{T} X Rd),
(4)

where

AW (t, x)
= 0, W(t,x) + tr (a(t, x, u)DZW(t,x)) + b(t, x, u) - DyW(t,x)

+ W(t,X +’7(t7X7 U,Z)) - W(tvx) - DXW(tv X) : ’Y(tvxv u,Z)V(dZ)
RrRM2

and where a(t, x, u) := %O‘(t,X, u)o T (t, x, u).
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Known results

@ Stochastic representation formula for PDEs: Buckdahn,
Fleming, Krylov, Ma, Li, Lions, Soner, Souganidis, Swiech,
Touzi, Zhang...

@ Stochastic representation formula for integro-PDEs: Barles,

Biswas, Buckdahn, Caffarelli, Li, Kharroubi, Pham, Soner,
Swiech...
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Assumptions

Assumptions on the coefficients

@ 7 is measurable, W is bounded and continuous, and b, o, [ are
bounded and uniformly continuous.

@ There exist a universal constant C > 0, a modulus of
continuity @ and a measurable function p satisfying
Jgm P?(2)v(dz) < +o00 such that for any u,uy,ur €U,
5,51, €[0,T), y1,yo € R? and z € R™

1G5 2o o, Tyxre ey < Cp(2)

‘b(sayla U)—b(S,yz, u)‘_'_HU(S?yla u)_0(57y27 U)H < C|Y1_y2”

|’Y(51,Y1,U1,Z) —7(527)/2,U27Z)’
< Cp(z) (w(|ur — w2| + |s1 — 2]) + |y1 — y2!)
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Assumptions

Assumptions on the domain

@ O is n-prox-regular for some fixed n > 0, i.e. for any x € 00
and any unit vector n € N(O, x) we have

By(x+nn)NnO =10
where the proximal normal cone to O at x € 90 by
N(O,x) := {n € R there exists | > 0 such that x € P(O,x + In)}

and where

P(O,y) = {z € 00; inf |p—y| = IZ—y\}-
peO
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Assumptions

Parabolicity Assumptions

@ There exists a constant A > 0 such that for any x € 9O and
ny € N(O, x) we have

neo(t,x,u)o’ (t,x,u)n] > X, forany t [0, T)and uecl.
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Representation formula for smooth value function

Theorem (Gong, Mou and Swiech, 2017)

Let W € CY2([0, T] x RY) be a solution to nonlocal HJB with
terminal-boundary condition u =WV on 0,,Q. Then we have

W(t,x) = V(t,x) = V,(t,x)
for any generalized reference probability space i and any stopping

time 0, with 6 € [t, T| P-a.s.

W(t,x) = jnf E (/tw [(s, X(s), U(s))ds + W(0 AT, X(0 A T))> .
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Representation formula in finite control set

Approximation

Let U be a finite control set, Os := {y € R9; dist(y, 0) < §} and
Qs == [0, T+5] x Og.
We construct sequences of functions b, ,, v, and I,, n € N
satisfying

@ b,, o, and I, are uniformly bounded.

@ There exist C > 0 and C, > 0, depending on n such that for
anyu e, s;, [0, T+1), y1,y2 € R? and z € R™

|bn(slayla U) - bn(SZa.y2a U)l + ||U"(517y17 U) - U"(S2’.y27 U)”
+ |Ta(st, y1, u) = Ta(s2, y2, u)| < Co(ls1 — s2| + |y1 — yal)

[Yn(s1, 15 U, 2) — Yn(S2, y2, U, 2)| < Cop(2)(|51 — S2| + [y1 — y2l)

[7a(es s s 2) o o, Tr1yxRIx 1) < Cp(2)-
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Approximation

@ As n — +o0,

6= ball o= (0, T xR x Uy —* O

o — UnHLoo([o,T]dexU) —0,
1T = Thll Lo (o, Tjxrax Uy = 0,

and

/Rmz ||’7(, R Z) - 7"('7 R Z)”%OO([O,T]XR"XU)V(C]Z) — 0.
@ For § > 0 and x € 00;, there is a unit vector ny s € N(O;, x)

such that B, o(x + %4ny5) N O5 = {x}.Moreover, for any
te[0, T+9), uel and n e N large enough

N | >~

nx,éan(ta X, u)grz—(t7xa u)”)Ié >
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Representation formula in finite control set

Approximation

o Let {en}, be a sequence of positive real numbers such that
limp e, = 0. For any pq := (Q,F, FEPW, W, L), U e A,
and x € R?, we consider the following SDE:

Xa(s) = X+/s bn(f,Xn(f)vU(f))df+/:0n(f7Xn(f)7U(f))dW(f)
/ JadW(r) / /]R ol Xo(r=), U(r), 2)Ri(dr, d2).

o Let 75, := T Ninf{s > t; Xs(s) & Os }.
2
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Representation formula in finite control set

Existence of a unique smooth solution

Theorem (Mou and Swiech, 2017)

Let U be a finite set and W € C2T/%2T([0, T + 1] x RY) for
some o > 0. Then, there exists a unique viscosity solution

Ws, € GER*/%21(Qs) N Lip, ([0, T + 6] x RY)

ocC

to
inf ey (Agan&,,(t,x) 4Tt x, u)) —0 in Qs
Ws.n(t,x) = V(t,x), (t,x) € OnpQs,
where
Ag,nwfsm
. OWs.

1
5 1 bn-Dx Wi, n(t, x) + 5mr((a,, + €nln) DI Ws )

+/ (Wis,n (£, x 4+ vn) — Wi n(t,x) — D W5 n(t, x) - vn) v(dz).
Ry?
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Representation formula in finite control set

Approximation

It follows from the representation formula for the smooth value
function with 0y = 7 A 75, that

TATS,n
Wio(tx) = inf E < /t [ (5, Xo(s), U(s)) ds
11

+ W(S,n (T N Ts,n; Xn(T A 7—cs,n)) ) :
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Existence a viscosity solution

Theorem (Mou, Anal. PDE 2017)

There exists a unique viscosity solution

Ws € Go([0, T + 4] x RY)

to

infuers (A" Wis(t, x) +T(t,x,u)) =0 in Qs,
W n(t,x) = V(t,x), (t,x) € OnpQs.
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Representation formula in finite control set

Theorem (Gong, Mou and Swiech, 2017)

Let U be a finite set and W € CpT*/*2T([0, T + 1] x RY) for
some o > 0. For each t € [0, T], let u1 = (Q, F, F£L,P,W, W, L)
and set = (Q,F, FL,P, W, L). Then, for any x € O,

Ws(t,x) = jnf B (/t M (s, X(s), U(s)) ds + Wd(T,X(T))) .

’
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Representation formula in general control set

Approximation

@ Let U be a Polish space, and U, := {v1, ..., vo} where {v;};en
is a countable dense subset of U/.

o Forany p1 = (Q,F, FLLP,W, W, L), we let
p=(QF,F,P,W, L) and A, be the collection of all
predictable U,-valued process on [t, T].

@ Forany U, € A] and x € RY, we consider the following SDE:

Xo(s) = x+/ b(r, X r))dr—&—/tsa(r,)_(,,(r),Un(r))dW(r)

+/t /Rmz V(r, Xa(r=), Un(r), 2)N(dr, dz).
o Let 7= T Ainf{s > £; X(s) # Os}.
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Representation formula in general control set

A crucial estimate

Lemma (Gong, Mou and Swiech)

For any U € A,, there exists {Up, }ken, where Uy, € Al’lk, such
that for any x € R? and as k — +o0,

E (/tT IT (5, X(5), Un, () — T (5, X(5), U(s)) ds> o0,

and

E( sup \X(!Z)—X,,k(é)}2> 0.

Le[t, T]
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Representation formula in general control set

Theorem (Gong, Mou and Swiech, 2017)
Let W be the viscosity solution to nonlocal HJB (3) with
terminal-boundary condition W =V on 0,,Q. Let t € [0, T], let
w1 = (QF, FELP, W, W, L) and set p = (Q, F, FE,P, W, L).
Then for any x € O

W(t,x)= inf E (/t [ (s, X(s), U(s))ds + W(T,X(T))> :

UeA,
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Dynamic programming principle

Theorem (Gong, Mou and Swiech, 2017)

With the assumptions above, we have for any x € O and stopping
time 0, with 6 € [t, T| P-a.s.

W(t,x) = jnf E (/tw I (s, X(s), U(s)) ds + W(8 A 7, X(6 A T))> .
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Representation formula in general control set

Dynamic programming principle over all reference spaces

Corollary (Gong, Mou and Swiech, 2017)

With the assumptions above, we have for any x € O and stopping
time 0, with 6 € [t, T| P-a.s.

Ue A,

W(t,x) = inf E </9ATF(5,X(5)7 U(s)) ds + W(9/\T,X(9/\T))> .




Thank you for your attention!
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