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Introduction

e \We consider the problem of mean-variance hedging in the context of
volatility uncertainty, within the G-expectation framework.

e This talk is based on Biagini, F. , Mancin, J. , Meyer-Brandis, T. ,

Robust Mean-Variance Hedging via G-Expectation, Preprint LMU,
2016.
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Preliminaries (Peng [2])

Let Q be a given set and JH be a vector lattice of real functions defined on
Q, i.e. a linear space containing 1 such that X € 3 implies | X| € J.

Definition
A sublinear expectation E is a functional E: H — R satisfying the
following properties

1. Monotonicity: If X, Y € H and X > Y then E[X] > E[Y].

2. Constant preserving: For all c € R we have E[c] = c.

3. Sub-additivity: For all X, Y € 3 we have E[X] — E[Y] < E[X — Y].
4

. Positive homogeneity: For all X € 3 we have E[AX] = AE[X],
VA>0.

The triple (2, H,E) is called a sublinear expectation space.
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We consider a space H of random variables having the following property:
if X; e H, i=1,...n then

gb(Xl,...,Xn) e g’f, V(Z5 € Cb’Lip(Rn),

where Cp, 1jp(IR") is the space of all bounded Lipschitz continuous
functions on R".

Definition
An m-dimensional random vector Y = (Y1,..., Y) is said to be
independent of an n-dimensional random vector X = (Xi,...,X,) if for

every ¢ € Cp1jp(R" x R™)
E[QS(X’ Y)] = E[E[gb(x, Y)]X:X]'

If n = m, we say that X and Y are identically distributed (X ~ Y), if for
each ¢ € Cp 1ip(R")
E[¢(X)] = E[¢(Y)].
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Definition
A random variable X on a sublinear expectation space (2, H,E) is called
G-normal distributed if for any a, b > 0

aX + bX ~ a2+ b2X,
where X is an independent copy of X. Such X is symmetric, i.e.

E(X) =E(-X) =0.
The letter G denotes the function

G(y) = %E(yX2) :R—R.

We have the following identity
1 1
G — Z=B A 22—
with 72 := E(X?) and ¢? := —E(—X?).
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Definition
A stochastic process B = (B;)¢>0 on a sublinear expectation space
(Q,7,E) is called a G-Brownian motion if it satisfies the following
conditions

1. Bp =0,

2. B € H for each t > 0.

3. For each t,s > 0 the increment B;;s — B; is independent of

(Btyy...,Bt,) foreachneNand 0<t; <...<t, <t.

- (Btys — Bt)s~ Y2 is G-normally distributed.

IS

e |t is possible to choose a sub-linear space such that the canonical
process is a G-Brownian motion. In this case the corresponding
sub-linear expectation E¢ is called G-expectation.

Francesca Biagini University of Southern California



LMU

Preliminaries
0000e000000 0000000000

e Following Peng [3] and Denis, Hu, and Peng [1], we introduce the
following notation: for each t € [0, o0)

1.
2.
3

Francesca Biagini

Q= GMRL,R), Q :={wnae: weQ}, Fri=B(Q)

Lin(2¢) :={&(Bs, -+ ,B,)|n €N, t1,...,t, €[0,t], 0 € Cp1in(R")}
For p > 1, L%(?T) is the completion of L;,(27) under the norm
€llp == Eq [I£]7]7-

for p > 1, MZ(0, T) is the completion of the set of elementary
processes of the form

n—1
n(t) = Z fil[t,'7t,'+1)(s)7
i=1

where 0 < t) <t <...<t, < T, n>1and¢ € Lip(Q;) under the
norm

)
Ilgiom = Eal | In(@)Psl >

University of Southern California 7/29
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Definition
Consider

X = ¢(Bt17 Bt2 - Btla 00 G ) Btn - Bt,,71)7 (b S Cb,Lip(Rdxn)

for0<t; <...<tp < oo. We define the conditional G-expectation under

Tt as
EG[X“‘EFH] = w(Btla Btz - Bt17 ) Btj - Btj,1)7

where
w(X) = EG[¢(X, Btj+1 — Btj7 ooy Btn — Btnfl)]'
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Theorem (Denis, Hu, and Peng [1], Theorem 52 and 54)

Let (§~2, G,Py) be a probability space carrying a standard Brownian motion
W with respect to its natural filtration G. Let © = [o,7] and denote by
Aoem the set of all ©-valued G-adapted processes on [0, 00). For each

0 e Aoepo define P? as the law of a stochastic integral [; 6sdWs on the
canonical space Q = Co(R,R). We introduce the sets

Pri={P": 0 € AS .}, and P:=7Py, (2.1)

where the closure is taken in the weak topology. Then we have the
representation

Eg[X] = sup EF[X] =sup EF[X], for each X € LE(Q). (2.2)
PePy Pe?
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e Similarly an analogous representation holds for the G-conditional
expectation.

Proposition (Soner, Touzi, and Zhang [5], Proposition 3.4)

Let Q(t,P) :={P' € Q: P =P on F;}, where Q =P or P1. Then for any
X € LL(Q) and P € Q, one has

E¢[X|F:] = esssup” EF' [X|F], P — a.s. (2.3)
P'eQ(t,P)

Francesca Biagini University of Southern California 10/29
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Definition
The quadratic variation of the G-Brownian motion is defined as

t
(B): = B? — 2/ B.dB., Vt<T,
0

and it is a continuous increasing process which is absolutely continuous
with respect to dt.

e Here (B) perfectly characterizes the part of uncertainty, or ambiguity,
of B.
e For s, t > 0, we have that (B)sy+ — (B)s is independent of F5 and
(B)st+t — (B)s ~ (B)r.
o We say that (B); is N([c?t,7>t] x {0})-distributed, i.e., for all
¢ € Cprip(R),
Eclp((B)e)] = sup ¢(vt). (2.4)

02<v<5?
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G-Martingales

Definition

A process M = (M) ¢cjo,1] is called G-martingale if E [[M¢[] < oo for all
t € [0, T] and Eg[M|Fs] = Ms for all s <t < T. If M and —M are both
G-martingales, M is called a symmetric G-martingale.

Theorem (Theorem 4.5 of Song [6])

Let 5> 1 and H Lg(ﬂ’r). Then the G-martingale M with
M; .= Eg[H|F:], t € [0, T], has the following representation

t
M, = X +/ 0.dB. — Ki,
0

where K is a continuous, increasing process with Ko =0, K1 € L%(FT1),
(0t)eeo, 1) € ME(0, T), Ya € [1,3), and —K is a G-martingale.
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Theorem (Theorem 2.2 of Peng [4])
Let H € Lip(27), then for every 0 <t < T we have

Eg[H|F:] = Ec [H]+/0t05d85+/0tn5d<8)5—2/0T G(ns)ds, (2.5)

Francesca Biagini University of Southern California 13/29
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The Setting

e Consider a finite time horizon T.

e The financial market consists of two primary assets:

dXt = XtdBt, XO > 0,
drYt =0, Y% =1,

where B is a G-Brownian motion.

Francesca Biagini University of Southern California 14/29
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Definition
A trading strategy © = (¢t,&t)eqo, 7] With value V(@) = ¢ Xt + &¢ is
called admissible self-financing if (¢t)¢cjo, ] € ®, where

(/OT¢tXtdBt>2] < oo} ,

and Vi(¢) = Vo + J5 ¢sdXs, Y t € [0, T].

o= {gb predictable| E¢

Francesca Biagini University of Southern California 15/29
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¢ Mean-variance hedging: Given H € LZG“(H’T), for an € > 0,
minimize the residual terminal risk defined as

Jo(Vo, 8) = Eq |(H = Vr(V,6))?| = sup EP [(H = Vr(Vo, 9))’]

Pe?P
(3.1)
by the choice of (Vo, ¢) € Ry x &.

Lemma
The initial wealth of the optimal mean-variance portfolio V lies in the
interval [-E¢ [-H],E¢ [H]].

Francesca Biagini University of Southern California 16/29
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Proposition
There exists a unique solution for the mean-variance hedging problem, i.e.

ool B [(H = Vr(ve,0))*] =B [(H = vr(V5, 0], (32)

for (V§, %) € Ry x ©.

Francesca Biagini University of Southern California 17/29
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Mean-Variance Hedging

o We consider H € LZ"(F7) with decomposition

H=E¢[H] + /T 0sdBs — K7(1)

_1EG[H]+/ 0dB; +/ nsd —2/ G(ns)ds

o Any random variable in LZ"¢(F7) is the limit in the L2 “-norm of
elements in Lip(Q27).
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Theorem

Let be given a claim H € L25+€(?T) and a sequence of random variables
(H™)nen such that ||H — H"||2+« — 0 as n — co. Then as n — oo we have

= J,
where, for every n € N,
= i o B (7= Vr(Vo,0)Y]
! (Vo,0)ER; x ®
and
Jo= inf Eg|(H- Vr(Vo,9))|.
(Vo.d)aRs xo C [( 7(Vo, 9)) }
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Proposition
Consider a claim H € L2(F1) of the following form

T T T
H=EclH + [ 0B+ [ nd(B)— [ 26()ds.  (42)
where 0 € M%(0, T) and n € M%(0, T) is a deterministic process. The
optimal mean-variance portfolio is given by

ElH] - Ec[-H] 6,
2 X7

(V5. ¢%) = (

Francesca Biagini University of Southern California 20/29
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e Example I: For H =c + fOT 0sdBs + fOT nsd(B)s — [3 2G(ns)ds in
Lip(27), then 7 is deterministic if and only if

H= "(2”5% + b(T)Br + ¢(T),

for a, b, ¢ deterministic functions.

e Example II: If H = ®(eB7) for some real valued Lipschitz function ®,
then 7 is deterministic if and only if

H = a(T)Bt + b(T)eB™ + ¢(T),

for a, b, ¢ deterministic functions, see also Vorbrink [7].
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Theorem (Mean Uncertainty)
Let H € L27(F1) be of the form

H=ElH] + [ 008+ [ 0((B))d(B)s—2 [ (B

where (0t)¢eo, 7] € MZ(0, T) and ¢ : R — R is such that there exists
k € R for which

() = DI < Ix =yl
for all x,y € R. The optimal mean-variance portfolio is given by

Eg[H] —Eg[-H] 6

(V5,07) = (FEH S0, D).
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e We can characterise the class of contingent claims with 7 given by a
function with polynomial growth of (B). This set includes the family
of Lipschitz function of (B).

e This includes volatility swaps, i.e. H = /(B)T — K with K € R,
and other volatility derivatives.
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e In fact, given a Lipschitz function ®, the claim ®((B) ) can be
written as

O(B)T) = Ec[0(BIT) + [ duu(s, (B):)(B)sd (B,
—2/0 G(Beu(s, (B)s))(B)sds,
where u(t, x) solves

{atu—i—QG(X@Xu) =0,
u(T,x)=d(x),

as a consequence of the nonlinear Feynman-Kac formula for
G-Brownian motion (see Peng [4]) and the G-Itd formula (see Peng

[2])-
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e Denote

H = EG[H] == QtlABt2 4k nt1A<B>t2 — 2G(77t1)At2, (43)

where 0 <t << T 0 91‘1 S L2G(9:t1)’ ABt2 = Bt2 — Bt1 and
similarly for A(B), and Aty.

Theorem (Mean and volatility uncertainty)

Consider a claim H € LZ™(F1) with decomposition as in (4.3). The

optimal mean-variance portfolio is given by (V{, ¢*), where ¢* = 0/X and
Vg solves

0 E (B6[H] - Vo)? V (B[H] — Vo — (3% — 0®)Aba|my |)?]. (44)

Francesca Biagini University of Southern California 25/29
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Example
Let H be

H = EG[H] + etiABtiH + 77t,-A<B>t,-+1 - 2G(77ti)Ati+17

where 0, € L2 =(Ft) and 0y, = eBt . The optimal initial wealth of the

mean-variance portfolio is different from w.

Francesca Biagini University of Southern California
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Consider a claim H € LZ™(F1) of the form

[%)
H = EG[HH/O 0sdBs+11, A(B)t, —2G(nt, ) At +1, A(B) e, —2G (1 ) Ata,
(4.5)
where 0 = to < t; < t2 =T, (0s)sejo,t,] € MZ(0, t2), ng € R,
Ny € ch(?tl) and

t1
1l = Ealinal) + [ " nsdBe + €u (Bl —26(60)At,  (46)

for (MS)SG[O,Q] € M%(O, tl) and fto € R.

Francesca Biagini University of Southern California 27/29
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Theorem
The optimal mean-variance portfolio for H € L<(F1) of the form (4.5) is given
by
N o — g’ )At
P Xe = <9t - (2)2) Lto,01(8) + Oel(z, 1) (2)
and .
Vg = Ec[H] - 5(7° — ) AtEq [l ] -,

where € € R solves

infEG

1
('”2‘1(02 -2+ et (1 - 50 - Palits ) AlB +

—2<G(m0) ;(a NS (gto)) Atl‘ﬂ.
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