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INSTRUCTIONS

Answer all the questions. You must show your work to obtain full credit. Points may
be deducted if you do not justify your final answer. Please indicate clearly whenever you
continue your work on the back of the page. Calculators are not allowed. The exam is worth
a total of 8× 25 = 200 points.
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1. Given f(x, y) = x
√

3− x2 − y2,

(a) Find and sketch the domain of f .

(b) Find the linearization of f at (1,1). Approximate f(0.9, 1.1). Write an equation
of the tangent plane to z = x

√
3− x2 − y2 at (1, 1, 1).
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2. Consider the surface S given by the equation x2 + xy + 3y2 − z = 0.

(a) Find a parametric equation of the line passing through (1, 1, 5) and perpendicular
to S.

(b) Find an equation of the tangent plane to S at (1, 1, 5).

(c) Calculate the rate of change of f(x, y, z) = x2 + xy + 3y2 − z at (1, 1, 5) in the
direction of the vector v = 〈1, 2, 3〉.
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3. Use Lagrange multipliers to find the absolute maximum and minimum values of the
function f(x, y) = x2y subject to the constraint 2x2 + y2 = 3.
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4. (a) Evaluate
∫ ∫ ∫

E
(x
√
x2 + y2 + z2 + zy)dV , where

E =
{

(x, y, z)|x2 + y2 + z2 ≤ 4, x ≥ 0, z ≤ 0
}
.

(b) Evaluate by reversing the order∫ 4

0

∫ 1

√
y

2

5y

8
√

1 + x5
dxdy.
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5. Evaluate (a) directly and (b) using Greens Theorem the line integral
∫
CF · dr where

C is the counterclockwise oriented triangle with vertices (0, 0), (2, 0), and (2, 2) and
F(x, y) = 〈5− 2xy − y2, 2xy − x2〉.

6



6. Let F(x, y, z) = 〈2x cos y − 2z3, 3 + 2yez − x2 sin y, y2ez − 6xz2〉.

(a) Determine whether the vector field F(x, y, z) is conservative. If so, find its poten-
tial function.

(b) Evaluate the line integral
∫
C F · dr where C is parameterized by

r(t) =
〈
t+ 1, 4t− 4t2, t3 − t

〉
, 0 ≤ t ≤ 1.
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7. The part of the paraboloid z = 16−4x2−4y2 that lies above the (x, y) plane intersects
the (x, y) plane in a curve C. Use Stokes’s Theorem to compute

∫
C
F · dr, where

F(x, y, z) = 〈xz2, x2y, x2z〉.
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8. Use the Divergence Theorem to evaluate the surface integral
∫ ∫

S
F · dS where F =

〈y sin z, 6x2y, 2z3〉 and S is the surface of the solid bounded by the cylinder x2 +z2 = 2
and the planes y = 1 and y = 2.
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Some formulas you may need:
Differential : Given z = f(x, y),

dz = fxdx+ fydy.

Given w = f(x, y, z),
dw = fxdx+ fydy + fzdz.

Curl : given a vector field F = 〈P,Q,R〉 , curlF = ∇× F with ∇ =
〈
∂
∂x
, ∂
∂y
, ∂
∂z

〉
.

Jacobian: given the transformation x = x(u, v), y = y(u, v), its Jacobian is

∂(x, y)

∂(u, v)
=

∣∣∣∣ xu xv
yu yv

∣∣∣∣ .
Spherical coordinates :

x = ρ sinφ cos θ,

y = ρ sinφ sin θ,

z = ρ cosφ;

absolute value of the Jacobian:
∣∣∣∂(x,y,z)∂(ρ,θ,φ)

∣∣∣ = ρ2 sinφ.

Evaluation of the surface integral : Given a surface S : r(u, v), (u, v) ∈ D, and a function
f(x, y, z) on S, ∫ ∫

S

fdS =

∫ ∫
D

f(r(u, v))|N(u, v)|dudv,

where N(u, v) = ru(u, v)× rv(u, v).
Evaluation of the flux integral : Given a surface S : r(u, v), (u, v) ∈ D, with n(u, v) =

N(u, v)/|N(u, v)| and a vector field F(x, y, z) on S,∫ ∫
S

F · dS =

∫ ∫
S

F · ndS =

∫ ∫
D

F(r(u, v)) ·N(u, v)dudv,

where N(u, v) = ru(u, v)× rv(u, v).
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