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Principle of equivalent utility and universal variable life
insurance pricing

JIN MA and YUHUA YU

Department of Mathematics, Purdue University, West Lafayette, IN 47907-1395, USA

In this paper we study the pricing problem for a class of universal variable life (UVL) insurance
products, using the idea of principle of equivalent utility. As the main features of UVL products we
allow the (death) benefit to depend on certain indices or assets that are not necessarily tradable (e.g.,
pension plans), and we also consider the “multiple decrement” cases in which various status of the
insured are allowed and the benefit varies in accordance with the status. Following the general theory
of indifference pricing, we formulate the pricing problem as stochastic control problems, and derive the
corresponding HIB equations for the value functions. In the case of exponential utilities, we show that
the prices can be expressed explicitly in terms of the global, bounded solutions of a class of semilinear
parabolic PDEs with exponential growth. In the case of general insurance models where multiple
decrements and random time benefit payments are all allowed, we show that the price should be
determined by the solutions to a system of HJB equations, each component corresponds to the value
function of an optimization problem with the particular status of the insurer.

Keywords: Principle of equivalent utility; value functions; HIB equations; indifference pricing

1. Introduction

In recent years, especially during the bullish equity market and the low interest rate
environment of the 1990s, the sale of universal variable life insurance (UVL) has grown
substantially. Introduced in the 1950s in Holland, the variable life (VL) insurance initiated
the novel idea that would allow the insured to have a low-risk cash account and link the
death benefit to the returns of that account. The UVL insurance is a version of VL
insurance with further flexibility on the premiums. These special features endow the
traditional life insurance with investment growth potential, and thus turn it into a more
attractive financial product.

This new trend of “securitizing insurance products’ (such as UVL) has brought up many
interesting theoretical problems in mathematics, economics and actuarial science. For
example, as the death benefitina UVL contract depends on the policy account whose value is
affected by many factors including the investment performance and the withdrawal/addition
activities of the insured, the pricing of such a product becomes more complicated than that of
both traditional life insurance products and the usual contingent claims in finance theory. In
this paper we try to apply the so-called principle of equivalent utility to study such a pricing
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problem. We note that such a principle can be thought of as a special case of the indifference
pricing, first introduced by Hodges and Neuberger (1989), which has become one of the
important topics in the credit risk theory. The idea of pricing life insurance products via the
principle of equivalent utility was explored recently by Young, Zariphopoulou and others in
a sequence of papers (see, e.g., Jaimungal, 2004; Jaimungal & Nayak, 2005; Jaimungal &
Young, 2005; Young, 2003; Young & Zariphopoulou, 2002, 2004), mostly in the case of single
decrement (i.e., death is the only insurance risk). The general framework of the indifference
pricing problem as well as the dynamic utility optimization problem have also been studied
quite extensively, from various angles. We refer to Cvitanic et al. (2001), Delbaen et al. (2002),
Frittelli (2000), Musiela and Zariphopoulou (2004a,b), Owen (2002), Rouge and El Karoui
(2000) and Bielecki et al. (2004), to mention a few. Nevertheless, our UVL model has some
features that do not seem to have been covered by the existing results so far.

There are two main features in the UVL insurance models considered in this paper. First,
we allow the death benefits to depend on certain indices or benchmark assets that could be
non-tradable in the given market (e.g., a retirement fund). Thus, the arbitrage price at a given
time for such assets cannot be determined « priori in order to offset the possible insurance
risk, as was done in, say, Young & Zariphopoulou (2002). We will follow more general
strategy without using the knowledge of the arbitrage price of the death benefit at any time z,
and we show that such a strategy will actually produce the same solution if the benchmark
asset is tradable. We should mention that the indifference pricing with non-tradable assets
was considered recently by Musiela and Zariphopoulou (2004a,b), but our problem seems to
be more general. Another feature of our general insurance model is that it allows multiple
decrements, an important building block in insurance theory, and that benefits are payable at
the moment of decrements. In such a model benefit payments will depend on the cause of
termination of the status (such as disability, withdrawal, death and retirement), therefore it is
a mixture of continuous dynamics with a discrete Markov chain. To our best knowledge, the
indifference pricing for such a problem under general utility functions is novel. We should
remark here that due to the length of this paper, we do not pursue a complete solution for the
general insurance model. Instead, we provide a somewhat ad hoc result: we derive the HIB
equation, assuming that the value function is C'*>. We should note that even such a result is
not trivial, without detailed assumptions on the utility function. Of course, many questions
remain, and we hope to be able to address them in our future publications.

An important special case that has been studied extensively is when the utility function
is exponential. We provide a detailed analysis for such a case as well, assuming the general
benefit functions which could depend on the non-tradable assets. It turns out that in this
case the method of “separation of variables” (see, e.g., Young, 2003; Young &
Zariphopoulou, 2002) still works well, but the result will eventually depend on the
solvability of a semilinear (reaction-diffusion) partial differential equation with exponen-
tial growths on the reaction term. While such an equation is expected to have a finite time
blow-up in general, we show that in our case the global, bounded solution exists. The
closed form solutions of the pricing problems then follow.

The rest of the paper is organized as follows. In section 2 we formulate the problems
and set up the mathematical bases. In section 3 we study the simple UVL model, in which
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the death benefits are payable at the end of a fixed term. Two types of the strategies,
subject to whether the death benefits depend on the non-tradable assets, will be studied
separately. In section 4 we treat the special case where the utility function is exponential.
In section 5 we study the general insurance models involving multiple decrements.

2. Problem formulation

Throughout this paper we assume that all the randomness come from a common
complete probability space (Q, F, P). We assume that the probability space is rich enough
to carry a d+ l-dimensional Brownian motion (B, B) = {(B,, B,):t >0}, which will be
thought of as the source of the randomness of a financial market where all the
investments under consideration will be made. For notational clarity we shall denote
F?={FP.t >0}, F¥ = {F?:IZO}, to be the natural filtrations generated by B and B,
respectively, with usual P-augmentation so that they satisfy the usual hypotheses (cf. e.g.,
Protter, 1990). Throughout this paper we denote | - | to be the norm of a generic Euclidean
space, and <., -» to be its inner product. Further, for any real-valued function ®(z, x,
¥,...), where x and y could be vectors, we denote ®,, ®,,..., etc., to be the partial
derivatives (gradients) with respect to the corresponding variables (vectors). The higher-
order derivatives are denoted similarly when there is no danger of confusion.

2.1. The life model

We first give a detailed mathematical description of the life models on which all our future
discussion will be based. We refer to the ubiquitous reference Bowers et al. (1997) for most
of the ideas and notations below.

2.1.1. Simple life model. In this case we assume that the only uncertainty comes from a
Sfuture life-time random variable, denoted by T(x), where x is the current age of the insured.
More precisely, 7(x) is the time to death from the present time, and we assume that it is
independent of the Brownian motion (B, B). The random variable 7(x) is characterized by
the “survival function” G (¢) £ P{T(x) > t}, 1 >0. Further, define X, £ 1,7, _,, t >0, and
let F¥ = {F*},. with F¥ 2 6{X,,0<s<t} We define a new filtration

F=F'QF @F = {F’v 7’ v 7 1 >0}.

Clearly, under such a setting B is still an F-Brownian motion, and the random time 71(x)
becomes an F-stopping time.

Next, following the conventional actuarial terms we define the “survival probability” of
the life (x) by p.=P{T(x) >t}, and denote ,4, =1 — p,. The force of mortality is then
defined by

7,0 = lim % @.1)
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2.1.2. General life model. A more general model of life will be considered in the last part
of this paper, which will be referred to as a “general life insurance model” (see, e.g.,
Norberg, 1992). In that model we shall allow “multiple decrement”, and that benefit will
be payable at a random time, such as “the moment of death”, instead of a fixed terminal
time 7. Moreover, the payments may depend on the different status as well as the
transitions between them. Typical examples of status include, but are not limited to: short/
long term disabilities, withdrawal, retirement, and of course, death.

To describe such a model we need to modify the “state process” {X,},~ o defined in the
simple life model. Suppose that the policy starts at time 0 for a person aged x, we now
assume that X is a Markov chain with a finite state space {0, 1,...,m}, representing the
numerical code of the status at time z. We specify i =1 to be a (absorbing) “cemetary
state”, representing “death”, and X, =0 to be the initial state.

Now denote /] = I, x,—i}» and define the counting process:

N? & #{transitions of X from state i to j during [0, 7]}. (2.2)

Also, for each r we define a stopping time 7, =inf{s > X; # X;}. Namely, 7, is the first
transition time of X after . We then define, for i =0,...,m,

i_Jr, X =i
b= {oo, otherwise (23)

Using these stopping times we define the following conditional probabilities:
PEP{n,>iX,=i}; @ EP{=1<tX,=i}, s<t, ije{0,...,m}. (24)
Clearly, by definition of state i =1 we have p! =1; 47 =0, for all j#1; and
Y Gl =1, Vi=01,-.m, 0<s<t. (2.5)
7
Similar to (2.1), we define the “force of decrement of status i due to cause j” as

- ij
WS H ! =
/»r]_}llil(l) H—Tv lv]_0717~~~am- (26)

We should note that, being a Markov chain, process X has its transition probability

.47 = P{X,=j|X, =i} and the corresponding transition intensity

on ! .
ij A t+h
S 1]%?01 rat i#]. 2.7

The following results are not surprising; we prove them for completeness.
LemMa 2.1, Let {1"}]i_o be the force of decrements defined by (2.6), and {/J’};’;:O the
transition density of X defined by (2.7). Then
i r‘_lls/ = .fi tl}é}jffdr;
ii. 2/ =20 forall t>0,ij=0,1,..m;

S A ;
fii.  lim, ; _’fs =X, A/, for all 5 >0.
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Proof. (i) For fixed s <t, and i, J, let us denote the following sets:
A={ret,t+h),X,=j,X,=iVuelt, 1)},
B={X,=iVuels, 1]}, C={X,=i}.
Then, it is readily seen that B<=C, P{B|C} =, p, and
P{AnBIC}=P{i<t <t+hX(s)=i}=.,4" — .

Further, by the Markovian property of X one can also check that P{4|B}=, 7.
Consequently,

1 . P{AﬂB|C} 1 1d _
«l} — — St e S =1 - iy — _— ij
hm/’l H_/ﬂt hm P{A|B} h 0 hP{B|C} l i 0h(z+hq i s) = dl 1 s

This proves (i).

() As {¢F=r, X,=i}={X,=i, X, =k, X,=iVuels, r)}, for i, k>0, and r>s,
using the Markov property one shows that P{X, =/t =r, X,=i}=, ¢, for s <r<t.
Next, recalling that P{z* <r|X, =i} =, 7%, and applying (i), we have

=P == 1= 3 [ PO =gl =X = = [ 3
k#i S k#i
Finally, using the facts that ¢ = 1 (k—; and ' =1, we obtain that

- 7ik kj
= { E ;+/7p;)vz+h 1+h 4
h=0

k#i

-i 7ik
,pi/; [H—hq; ]dr}
J, 2 dh

1

i

o dh

z+hqt

=77 t>0.

h=0

(iii) This follows from (2.5), (i) and (ii)). O

Finally, we remark that if m =1, then there are only two states: life or death. In this case
the state process X becomes the one in the simple life model, and the general life model
obviously reduces to the simple life model with 7} = T(x), though slightly different
notations from the simple life model are used here:

=0 _ 0l __
Ps Tt—s Px+sr 195 Ti—s qx+5'

Furthermore, with a s]ight abuse of notation, we shall use the same notation F for the
filtration F¥ @ F* ® F? in all cases, as long as the context is clear.

2.2. The death benefits

A fundamental part of the UVL is that the death benefit is linked to an investment
opportunity. We formulate this fact by assuming that the death benefit at any time ¢ is
given by

b=g5!,....8.Z)=¢(S,2), 2:8)

where g:[0, 0) x C([0, 00); R?*1)i>(0, c0) is some functional that is progressively
measurable, and S’, i=1,...,d and Z are the prices of d+ l-risky assets at time ¢, and
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SYis the value of a riskless asset at time 7. We assume that the risky assets S are liquid in a
given market, but Z is a non-tradable asset.

To be more specific, let us use the following general set-up for the market: we assume
that the dynamics of the prices S'....,8¢, Z and S° are described by the following
stochastic differential equations (SDEs): for ¢ >0,

ds? =S8V, S ="

d
dSi = Si{idt +> " oVdB]}, Si=s, i=1,...,d (2.9)
j=1
dZ, = Z{u?dt+{d?,dB,> + ,dB)}, Z,=rz.

where B is another Brownian motion, independent of B. We shall assume that the
investment can be made in the market S = (S°, S', ..., S9), and we denote 7}, i =1,...,d to
be the amount of money invested in the i-th stock. Let I, be the total investment income
(wealth) at time #; we then assume that all the rest of the money O=W,-3_ 2 is put
into the money market. Assuming that that the portfolio =z is “self-financing”, it is known
(cf. e.g., Karatzas & Shreve, 1988) that the wealth process W satisfies the following SDE:
denoting T2 (1,...,1)",

dVVz:rzWrdt+<7[n:uz_rzi>dl+<nl’aldBl>' (210)

Given the nature of a UVL insurance, one can often require that the death benefit is no
less than a guaranteed return. Simple examples of such a case are

i g(t,8.,Z)=S8v S} t>0, for some i
. g(t,S,Z2)=2Z,v Z,, t >0;
iii. g(t,S,Z)=2Z,v ez, t=0.

In case (iii), the asset Z can be thought of as a retirement fund, and r could then be a
certain growth rate which can be chosen simply as the market interest rate or any
contractually prescribed rate. Such a form of benefit covers a wide range of rate of return
guarantees; we refer to Milevsky & Posner (2001) and Miltersen & Persson (2006), etc.,
for the case of one period models. Obviously, one can design various products using the
combinations of S, Z, and some guaranteed returns so as to make the insurance product
more attractive, especially in a bullish stock market.

In the rest of the paper we shall denote A to be the set of all (portfolio) processes 7 =
(7t >0} that are F® @ F®-adapted, and that

T
Ej |7 Pdt < 0. (2.11)

0

We will call A the set of “admissible strategies”, as usual.



Universal variable life insurance pricing 317

2.3. Principle of equivalent utility

We are now ready to formulate the main problem of the paper. Let u be a given utility
function, that is, it is a non-decreasing, concave function, and we assume that it is smooth
for technical simplicity. We shall first consider the contract such that the death benefit is
payable at the end of a prescribed terminal time 7, with the benefit function being of the
form g(7, S;; Z7) X1 Let us further assume that the insurance company measures its
performance by the simple rule of “expected utility”, that is, by the following “cost
functional”:

J([7 w, s, Z; n)éE{ :{M(W;_g(TVST?ZT)XT)}v (212)

WS,

where W” is the solution to (2.10) with given portfolio =, and E,,,,.{-} denotes the
conditional expectation E{|W,=w, S, =s, Z, =z}, for t >0, welR, se IR‘i and z >0. Of
course, if the benefit is not paid (namely, either the insurance was not sold or the death
does not occur before time 7, namely 7(x) > 7, P-a.s.), then b7 =g(T, S5 Z7) X7 =0, P-a.s.
In this case the cost functional becomes

JOt, wrm) & E, {u(WD)}, (2.13)

and the optimization problem is reduced to a standard utility maximization problem in
finance. Another special case is when g =g(S7), namely the death benefit does not involve
any non-tradable asset. In this case we denote the cost functional to be

Tt w.s:m) 2 E,, {u(WF —g(T, Sp)Xp)}. (2.14)

We remark that the cases when g =1 or X; =1 were studied in Young & Zariphopoulou
(2002). But with the combination of the benefit payment function g and the status
process, we will be able to treat some more general cases.

Let us now consider the “value functions” of the following optimization problems:

Vo(t, w) = sup J°(¢, w; m); (2.15)
neA

V(t,w,s)=supJ(t,w,s;n): (2.16)
neA

U(t,w,s,z)=supJ(t,w,s, z; 7). 2.17)
neA

The principle of equivalent utility can be described as follows.

For any given benefit function g:IR“*'—IR , and any given initial state (So, Zo, W) =
(s, z, w), we define the “fair price” at time ¢ of a UVL insurance with death benefit g(Sp
Z ) payable at time 7 >¢ to be a lump-sum p* >0 such that

p* =inf{p:V°(t,w) < U(t,w +p,s,z), Y(t,w,s,2)}. (2.18)

The definition of the fair price can be understood in the a slightly different way. For any
given initial state (s, z), let us call a price p >0 “(s, z)-acceptable” if

Vo, w)y< U(t,w+p,s,2), V(t,w)e[0,T] x IR. (2.19)

Obviously, a reasonable insurer would always look for an “acceptable” price to sell an
insurance product, as it gives him/her incentive (in terms of a higher expected utility in
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this case) than doing nothing, assuming that he/she is confident to perform optimally in
investment. On the other hand, if we denote P,. to be the set of all (s, z)-acceptable
premiums, then (2.9) states that p* =inf P, _, a rather standard way of defining a fair price
(compare, e.g., to the fair/hedging price of a contingent claim). The following lemma links
the fair price to the principle of equivalent utility.

LEMMA 2.2.  Suppose that for given (t, s, z) the mapping w— U(t, s, z) is continuous and
that P, # &. Then the fair price px = p*(s, z) defined by (2.18) satisfies

Vot w) = U(t, w + p*, s, 2), Y (t,w). (2.20)

Proof. First note that g(S;, Z;)X; >0, a.s. The monotonicity of « then implies that
u(W? —g(Sr, Zy)Yy) <u(W%), and thus

U(t,w,s,z) < Vo(t,w). (2.21)

On the other hand, as the wealth process W follows a linear SDE, a simple application
of comparison theorem leads to the following: for given portfolio n&A, the terminal
wealth W7 increases as the initial endowment W{ increases. Therefore, U(¢, w+p, s, z) is
increasing in p. Now, using the definition of P, and its non-emptiness, as well as the
continuity of U, one can check that

Vo(t, w) spig)f» U(t,w+p,s,z)=U(t,w+ p*, s, z). (2.22)

Combining (2.22) and (2.21), and using the continuity of U again we can find 0 <p** <
p* such that

Vo(t, w) = U(t, w + p**. s, 2),

thanks to the Mean Value Theorem. But by definition of P, _, we must have p** € P, _, and
thus p* =p** by the definition of p*. This proves (2.20). O

REMARk 2.3. Equation (2.20) is exactly the “principle of equivalent utility” for
determining the price p*, first initiated in Hodges and Neuberger (1989). Lemma 2 only
provides a slightly different perspective.

REMARK 2.4. The assumptions of Lemma 2 are extremely mild. In fact, the continuity
of the value function U in w is almost always true. The only technical requirement is the
non-emptiness of the set P,.. But this assumption can be easily removed if the utility
function u satisfies lim,, _, ,,u(w) = 4 o0, or in the case of exponential utility. Indeed, in the
former case, by virtue of monotone convergence, we have

lim U(t,w+p,s,z)

w— o0

> lim E,vwﬂ,‘x_z{u ((w +p)ef, nds _o(S., ZT)XT> } (n=0)
s 5

L, { lim u ((w el (s, ZT)XT> }
p%

o0

=F

18,2

lim u(w)} = o0.
P 0
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Therefore P, _ is always non-empty. In the case of exponential utility, say, u(w) = —ée‘““’,
we can still show that P . is non-empty. Indeed, it was shown in Young and
Zariphopoulou (2002) that, in such a case, V°(z, w) is strictly negative, therefore

Vot w) <0 = lim u(w) < lim U(t,w+p, s, 2),
w— o0 pow

and (2.22) follows.
To conclude this section we give the Standing Assumptions for the rest of the paper:

(H1) All the market parameters y, ¢ and r are deterministic, continuous functions of ¢.
Furthermore, the volatility matrix ¢ is “non-degenerate” in the sense that there exists a
co >0, such that

Egolé>cléf,  VEeR” tel0,T).

(H2) The death benefit function g0, T] x IR x IR —IR + 1s bounded, and continu-
ously differentiable, with bounded derivatives.

3. The simple UVL models

In this and the next section we consider the simplest UVL insurance models in which the
only uncertainty for the termination (or decrement) is death. We shall first derive the
corresponding HIB equations via two different pricing strategies, depending on the
structure of the death benefits. In the next section we shall derive more explicit solutions
in the case of exponential utility. To simplify presentations, we shall assume d=1
throughout the section. However, we should note that all the analysis can be generalized
to higher dimensional cases without substantial difficulties. As the benefit is paid at a
fixed time, we will drop T in the benefit function g.

To begin with, let us consider an intermediate stochastic control problem with the cost
functional being

Jw,s.zm) 2 E,,, {u(WF —g(Sy. Zp)}, 3.1

Namely, we assume that the death has occurred before 7, hence Xr=1. The utility
maximization problem is then reduced to a standard stochastic control problem.
Therefore, denoting the value function to be:
U(t,w,s,z) =sup J(t,w, s, z; ), 3.2)
ned

it is well known that U is at least the unique viscosity solution to the following HJB
equation (cf, Fleming & Rishel, 1975):
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N 1 - - N ~
0=U,+ max{i a*n*U,, +nlo*sU,, +c?zaU,_ +(u—r) Uw]}

1 ~ 1 0 o ~ - ~ - 33
+50252US5+§(&2+02)ZZU_.:—i—JJZszUS:+erW+,usUs+,uZzU:; (3-3)

Ow,T,s,z) =u(w—g(s, 2)).

To derive the HIB equation for the original optimization problem, we first argue
heuristically. By virtue of the Bellman Principle (of dynamic programming, cf. Fleming &
Rishel, 1975), and using the total probability formula we have, for any 4 >0 and any
admissible portfolio 7e A,

Uw,t,s,2) = E, .. AUC+h W .S, Z, 1)}
=E, . AUW!  t+1,S, , Z, T (x) >t + h}P{T(x) > t+h}
AE, . AU t+ 0,8, 0, Z INT(x) <t +hyP{T(x) <t+h} (3.4)
= E s AU 1+ 1,8, 00 Zy )by
+E, 1A U( Wt +0,S 0 Z ) s

Recall that T{(x) is the future-life-time random variable given current age x, which is
independent of the processes (W”, S, Z), and that, given T(x) <t+/h, the optimization
problem (2.17) on [t+h, T] is the same as (3.2).

Suppose now that both value functions U and U are smooth. Applying It&’s formula to
ui, w,, S, Z,) and U(, W, S,,Z,), respectively, and noting that ,p,,, +, ¢4, , =1, one
shows that (suppressing variables)

[U([a w, S, Z) - O(ta w, s, Z)]hqurt
t+h 1
= Et,w.,.v,z{J\ (Ut + (r W+ 77"(:“ - V) [Jw) + SUY:“ + ZUz:uZ + 5 az(waﬂ:z + S2 UW)

t

1 2 3.5
+-22U_(G*+ 6% )+ sU, no* +zU, _noc” + zsUS,(mZ> du} Dt (3-3)
y7 Y= z 2

ws
h

t+h
+Et‘w.,s‘z{J‘ R du}/qu+t'

1

In the above the integrand of the last integral is similar to that of the first one with U
being replaced by U. Now we divide both sides of (3.5) by 4 and let 4 —0. Noting that
oPys,=1and ,q..,/h - 2.(t), we obtain the following HIB equation for U:

1
0=U,+max[(u—r)nU, + 3 a*n*U,, + (U, Sa*+ U,.Zd*o)r]

1 1
WU+ U+ 2Up 40U+ 2 ULF +07) (3.6)

+szU_a0” 4+ A ()0(U — U)

U(T,w,s,2) = u(w),

where U satisfies (3.3).
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3.1. The special case: g(s, z) =g(s)

First note that if g =g(S7), then the non-tradable asset Z does not appear in the previous
argument, and (3.6) is reduced to

ww ws

1 1
0= U, + max [(,u —rnU, + 7 @’ U,, + (6*sU )n] + 50'2.5‘2 U,

+rwU, 4 suU, + 2 (1)U — U) =0, (3.7)
U(T,w,s)=u(w),
and (3.3) is reduced to:
~ - 1 ~ N
0= U, +max [(ﬂ —nnU, + 5 U, + (g2sUW)n}
(3.8)

Ly 7 7
+2s o U,+mU, + usU,
U(T7 w, S) = M(W—g(S))

We should note that the arguments above actually reflect the following strategy: if death
occurs before 14/ became known, then one would simply carry out the optimization
problem knowing that the terminal wealth will be deducted by the amount of g(S3; Z7) at
time 7. Such a strategy is simple, and works well in the case when the non-tradable assets
are involved, as the risk g(S7 Z7) is not “hedgable” in general. In the special case when
the death benefit takes the form g(S,), however, the situation is slightly different. In fact, if
the market is complete, then considering the benefit payment as a contingent claim, one
can actually find out its current market price with which the payment amount g(S7) can
be replicated. One can then simply set aside the current price of the benefit payment, and
proceed the optimization problem as if there is no insurance risk involved at all. Such a
strategy was actually used in, for example, Young (2003) and Young and Zariphopoulou
(2002) in a similar situation (when no non-tradable assets were involved). In what follows
we give a brief sketch of the argument, and show that the two strategies will actually
produce the same result.

First recall value function V° defined by (2.15). Assuming that all the market
parameters r, 4 and o are deterministic, continuous functions, then it is well known
that the value function 1° is C'2([0, T]) x IR, and it satisfies the following HIB equation
(cf. e.g., Young & Zariphopoulou, 2002):

1
o LT 270 _ 0 0
0= Vt + m?x{z |0- 7T| I/ww + 7'[(/1 r) I/”} Trw I/w’ (39)

VT, w) = u(w).
Next, we consider the value function ¥, defined by (2.16). Applying the Bellman Principle
and the total probability formula again, we can show that a counterpart of (3.4) holds:
Vt,w,s) 2 E,,, AV+h W, S )Py
+E,,1 VOt +h, W, —c(t+hS, ) s s (3.10)
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where ¢(z, s) is the market price of the contingent claim g(S7). We note that in the above
we used the fact that, by deducting ¢(t + A, S,.,) from the wealth at /+/ and carrying out
the future optimization problem without the insurance risk, the value function becomes
Vo(t+h, W,,,—ct+h, S,.,) (comparedto U in (3.4)!).

Now repeating the same argument as before, assuming that ¥ and 7° and ¢ are all
smooth, and using the fact that c(,) satisfies the Black-Scholes PDE (see, e.g., Young &
Zariphopoulou, 2002), it is fairly easily checked that J satisfies the following HIB
equation (suppressing all variables for V):

1
0=Vv,+ max{iaznz V.. +Ww—nnV, +dnsV, } +rwV, + usV,

ws

Jr%azs2 V4 200Vt w—clt,5) — V) (3.11)

V(T,w,s)=u(w)

At this point it should be clear that strategy will not work in general as the arbitrage
price c(z, s) is not uniquely determined if the payoff contains the non-tradable asset Z7!
One should also note that the two different strategies yield almost the same HIB
equations (3.7) and (3.11), the only difference is that the last term U(z, w,s) in (3.7) is
replaced by VO(¢,w — ¢(t, s)) in (3.11). The following result nevertheless shows that the two
strategies are actually the same, that is, U(z, w, s) = V(¢, w,s), for all (¢, w, ).

THEOREM 3.1.  Assume (HI1 ), and assume that the benefit function g =g(s). Then, it holds
that V(t, w, s) =U(t, w, s), for all (t,w,s)e[0,T] x RT x IR*.

Proof. Comparing (3.11) and (3.6), it is clear that we need only verify that U(¢,w,s) =
VOt w— c(t,5),¥(t,w, s).

To this end, let us first recall from (2.10) that for the given initial state w and the
portfolio 7, the wealth process satisfies the SDE

t t
W,=w+ J r W, +<my, p, — 1, 1)du+ J {m,,0,dB,, (3.12)
0 0

and we denote the solution by W™ to specify the dependence on w and =.
It is by now well known (see, e.g., Ma & Yong, 1999) that under (H1) the Black-Schole
price c(,) for the contingent claim g(S7) satisfies the Black-Scholes PDE:
oc de 1 ,,0% _
E%—r,s%—i-gats g—r,c(t,s)—o, (3.13)
oT,5) = g(s),

and the process Y, 2c(t,S,), t>0, can be expressed as the unique solution to the
following Backward Stochastic Differential Equation (BSDE):

{dY, =71, Y,dt+<{n° u,—r,1>dt +<{n°, 5,dB,>,
Y =g(Sr),

where n° € A is the hedging strategy of the claim g(Sy).

(3.14)
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Let us now define a mapping 7: A—Aby T(n)=n' £ n+ n°, ne A Then clearly 7 is
one-to-one mapping, so that 7(4) =.A Furthermore, the linearity of equation (3.12)
and the uniqueness of the solution to SDE implies that W;"™ = Y, + W,"~“® for all
t€[0, T]. In particular, at terminal time 7, this becomes

Wy O = T —e(Sp),  VmeAd
Finally, by the definition of the value functions ° and U we have
V00, w — (0, 5)) = sup E,, {u( Wy~ )}
neA

= SUE EO.W{M( W;‘:,T(ﬂ) - g(ST))}

= spg Eo‘w{u(W'T"‘”' —g(S))}=U(0,w,s),

proving the theorem. O

4. The case of exponential utility

In this section we consider a special type of utility function — the exponential utility. Such
a utility function has been widely used in practice, especially in actuarial mathematics. In
fact, the premium principle given by (2.20) has been known to have certain very desirable
properties if and only if the utility function is exponential (cf. e.g., Gerber, 1979). We
should note that the discussion in this section could be considered as a generalized version
of the examples in Young (2003) and Young and Zariphopoulou (2002), but as we shall
see, the presence of the non-tradable assets does make the problem a little more involved.

Let us be more specific. In what follows we shall assume that the utility function takes
the form

1
u(w) & ——e ", welR. 4.1
o

Then, recall from Young and Zariphopoulou (2002) that in this particular case the HIB
equation (3.9) has the following explicit solution.

1 _ 2
Vo(t, w)= - exp{—awe "0 — %(T -0} 4.2)

Our discussion below will depend heavily on some classical results in non-linear PDEs,
which can be found in, e.g., Ladyzenskaja (1968). We state a lemma, which is essentially
Theorem VI-8.1 of Ladyzenskaja (1968), modified to a simpler form but sufficient for our
purpose. Consider the following second-order quasilinear PDE with divergence form:

"0
Lu=u, =Y —at,y,u, D) +alt,y,u, Dy =0, (.)€, TIx R,

i=1 i

4.3)

u(0,y) = o(y), yelR"
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LEMMA 4.1.  Suppose that the following conditions hold for the coefficients a, (ay,. . .,a,)
and ¢:

i.  The function @(y) is smooth in IR", and such that 0 < @(y) < M, for all yeIR",
ii.  There exist constants by, b, >0, such that for any t€(0, T] and y, u and peR", the
following inequality holds:

Oa; Oa;
u{a(y> Z u7p) - Z (aiulp, + 67);’> }

1 1

> bt —b3. 4.4)

p=0

ili. The function a(t, y, u, p) is smooth, and there exist constants 0 <v <p such that the
following inequalities hold, for any |y| < N, |u| <My and i, j=1,...n:

Oa,
v|§|2£2 8p' &E <ulelP,  VéeR!, 4.5)
i

J

and

+Hal < u(1 + [p))’. (4.6)

3 (|a,-|+

1

Oa; Oa.
“'D(l+m>+2 -

ou 7 ]

v. forany|y| <N, [ul < My and |p| < M}, the functions a;, a, and their partial derivatives
27"]', %—“u and 37“/ are all Lipschitz continuous with respect to (t, y, u, p).
Then the Cauchy problem (4.3) has at least one classical solution. Furthermore, the
solution is bounded. O
We shall discuss two cases of benefit functions separately.

4.1. The case g=g(s)

This case was studied also in Young (2003). As we mentioned before, in this case the
contingent claim g(S7) is hedgable, and its price c(,) satisfies the Black-Scholes PDE
(3.13); the optimal price of the UVL is relatively easier to obtain. We have the following
theorem.

THEOREM 4.2.  Assume (HI1), and assume that utility function u takes the form (4.1).
Suppose also that the benefit function g =g(s), s >0, and that the force of mortality 1.(t),
t >0, are both bounded and deterministic. Then, the solution to (3.11) can be written as

V(t,w,s) = VO(t, w)exp{ac(t, s)e" =" — h(t, 5)}, 4.7

where c(,) is the classical solution to the Black-Scholes equation (3.13), and h(,) is the
classical solution to the following reaction-diffusion system.
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1
0=h,+srh,+ 5 a*s*hy, — 2. (t)(" — 1)

(4.8)
(T, ) = ag(s)
Furthermore, the optimal premium of the UVL insurance is given by
h(0 )
p=c(0,s)—(7’s)e"T. 4.9)
o

Proof. First note that the solution to the HIB equation (3.11) is unique (at least in the
viscosity sense); we need only show that a classical solution to (3.11) exists.
To this end, recall that the value function ¥°(z, w), given explicitly by (4.2), is a smooth
function, concave in w, and it satisfies the PDE:
(e =’V

_ 0 __ w 0
0=", BT +rwl,

ww

VT, w,s) = u(w).

(4.10)

We shall look for a classical solution of (3.11) with the special form: V(¢,w,s)=
VO(t, w)d(1, s). Note that any solution of such a form will be concave (and C?) in w, thus
we can solve the maximum in (3.11) by choosing

(= NV, + o>V,

ws
a2V

= ,
ww

and the equation (3.11) becomes

%:K_w—nm+ﬁww2

1
+rwV, +usV,+—=a*s* V. + 2. (Vo(t,w—c(t,5)— V
252 V., w T HUSV 5 58 (V( (2, 5)) ) (4'11)

V(T,w,s)=u(w).

Plugging in ¥ =V°® we obtained from (4.11) that

2 1,0%
_ |4 1
Y 7 s M S ) ST S SR
2q2 V)(B'w 2
PO 22>
HIWO VOt w—c(t,5) = V@) — 5 (1 = r)s®, — :
o(( (6.9) = V°®) = - (u =) 2mp>

In the above, the first {- - -} vanishes because of (4.10). Also, using the explicit form (4.2)
of ¥°, and with some straightforward computation we deduce that ® must satisfy the
following PDE:

1 @;
®, +rsd, + 5 a’s’ (d)ss - ;;) + 2 (O)(exp{c(t, s)ae T} — @) =0,
O(T,5)=1.

4.12)

We now show that Equation (4.12) has a classical solution. To see this, we first consider
the transformation: h(z, s) = c(z, s)ae"T = — Ind(¢, s), (¢, 5) €[0, T] x IR. Then it is readily
seen that (suppressing variables):
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. P
h, = c,0e" "0 — core ™) —6’; hy = c,oe T —65;
2
h,=c oe =) _ O + (@) )
58 58 ® CI)2

Using these relations one easily verifies that /4 satisfies the PDE:

1 1
— o (T=0 [ . . i A P ] o
0=ue (ct +rsc, + 5 g5 Cy rc> h, — srh, 3 g s hy + A.(1)(e" — 1) 4.13)

WT,s)=oc(T,s)

Since ¢(+,-) solves the Black-Scholes PDE (3.13), (4.13) becomes (4.8).
Furthermore, if we make the change of variables: v =log s and =T —¢ in (4.8), and
denote /(t,v) = (T — 7, ¢"), then / satisfies the following “reaction-diffusion” equation:

1 1
h,— <r > 02> h, — 5 a*h, + A(T — 7)€" —1)=0
h(0,v) = ag(e’)

Thus it suffices to prove that Equation (4.14) has a classical solution. To see this we shall
apply Lemma 1. Indeed, note that equation (4.14) is a special case of (4.3) with

(4.14)

1 1
alrup ey aup (502 —r)p+/1x(T—z)<e“ .

It can be easily verified that all assumptions of Lemma 4.1, except for (4.4), are trivially
satisfied. To verify (4.4) we note that with the coefficients ¢; and a defined above, the left-
hand side of (4.4) is reduced to 4 .(T — f)u(e" — 1), which is always non-negative as 1, >0
and the function u(e*—1)>0 for all uelR. Thus (4.4) holds with b, =b,=0.
Consequently, applying Lemma 4.1 we see that there exists a bounded classical solution
h to (4.14), hence A(t,s) 2 h(T — t,log s) is a solution to (4.8), and

V(t,w,s) = VO(t,®(t,s) = V(t, wexp{ac(t, s)e"” =" — h(t,s)}

is a classical solution to (3.11), proving the first part of the theorem.

To conclude the proof, we recall that by the principle of equivalent utility, the optimal
premium is defined by: V20, w) = V(0, w+p, s). By virtue of Theorem 4.2, this relation
becomes:

1200, w) = V°(0, w + plexp{ac(0, s)e’” — h(0, s)}. (4.15)

Now the conclusion follows from the explicit form (4.2) of (0, w), and some fairly
simple calculations. We leave the details to the interested reader, and the proof is now
complete. O

REMARK 4.3. (i) We note that if the force of mortality 4,(¢) =0, that is, the death never
occurs, then it is easily checked that h(z, s)=ac(t, s)e"T~" satisfies (4.8), thus p =0 by
(4.9), as it should be.

(i1) The existence of the bounded solution to (4.8) might be a little surprising, as it is a
semilinear parabolic PDE with exponential growth, which in general may have a finite
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time blow-up. The particular form of the non-linear term plays an important role. For a
more convincing example, assuming r =¢ =0, and g =K < o0, then it can be checked that
h(f) = —log{l — (1 — e~ *K)e~Js 7(T—wds} js 3 solution to (4.8), which is obviously
bounded.

4.2. The case g=g(s, z)

In this case the explicit formula for the price of UVL is a little more complicated, due to
the presence of the non-tradable asset Z in the death benefit (hence the contingent claim
g(St Z7) is no longer hedgable in general). But we can still proceed along the same line as
before, and possibly with slightly different notations, we have the following theorem.

THEOREM 4.4.  Assume that the utility function is of the form u(w) = —Le="". Assume also

that the benefit function g(,) and the force of mortality 1.(-) are both smooth and bounded.
Then the optimal premium can be written as

1
p(t,s,z2)==e " T=I(T — 1t log s,log z), (4.16)
o

where h is a bounded, classical solution to the PDE

1 ~2 1 2 1 ~2 z2 z 1 2
hf _50- hiz _50- h}’l}’l _E(a to )hyzh —ag h)"l}’z - (V—E(T )h}’l
_ 2+ g2 . 4.17
—(,f—” : Foz 2 J;" )h},z—xlx(T—f)(e””’—l)zo; @17
h(07y17y2):()7

and I is a bounded, classical solution to the PDE:

o1 1, 1 - .
hT - E le{iz - 5 02/1}'1}'1 _E(Jz + a-z)h}’z."z - aa‘h}’])’z

1 ~ — 52 2N\ - 4.18

—(r=Lto?)i, - ﬂ;_ﬂ r. o +a i, =0; (4.18)
2 ' a 2 :

E(O:y] 7y2) = O‘g(ey1 ’ e}’z)

Proof. The idea of the proof is similar to that of Theorem 4.2. But this time we seek
solutions of (3.3) and (3.6) with u(w) = —ie*““’ such that they are of the special forms

U(t,w,s,2) = VO(t,w)e T2 and  U(t,w,s,z) = VO(t, w)e" T~ sz

respectively. Following the same arguments as in Theorem 4.2, one shows that /(z, s, z)
and A(z, s, z) will have to solve the reaction-diffusion equations (4.18) and (4.17),
respectively, after a change of variables t =7 —1t, y; =In s and y, =In z. Thus it remains to
be verified that (4.17) and (4.18) both have (bounded) classical solutions, for which we
shall make use of Lemma 1 again.
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First let us consider (4.18). Define

1 1
a(t,y,h,p)=—0c*p, +-00c°
1(&,y,h,p) > D 2 P>
N | I 2
a2(17y5h7p)=50—0—_p1+5(0_ +0__ )p2 (419)
. 1 FH+o?r ou—r .. 1.
a,y,hp)y= (0" =r|p+ (———+ o — i \py—=&ps.
2 2 o 2

Conditions (i) and (iv) of Lemma 1 are obviously satisfied. For condition (ii) we note that

94, =0, an da——O Thus
oh a9y,

- - od; od;
h-lay,t,h,p)— Lp+— =0>—b i —b 4.20
{(y g ,Z(ahp ay>} R 420
) .. A 04
holds for any constants b,, b, >0, whence (4.4). Moreover, if we define @; = . then
- op
1 1
502 5003
(@)= 1 4.21)

S B
—og0° —(0°+0),
5 2( )
then clearly (G;) is positive definite, and VN >0 and [y, <N and || < M, one has
Z <|a |+ )

= ((a; + ay)lpy| + (a1, + ay)lpN(1 + |pl) +

%\l

3y

J

! r
— -
> P

< u(1+ |p))’. (4.22)

& + o2 —r
e
2 o

S I
o — ﬂ‘)pz -5 &p

Thus (iv) of Lemma 4.1 holds as well, and consequently (4.18) has a bounded classical
solution /.
We now consider (4.17). In this case we define a;, = 4, and

1 F o p—r L,y -
a(tvyvhap): <E‘72_”>P1+ <T+ o O'M—ﬂb)pz—iang—/tx('r_[)(eh /_l)

Again, all conditions of Lemma 1 can be easily verified, except for (4.4). But we note that

in this case the left-hand side of (4.4) is reduced to —A (£)(¢"“*?~" — 1)k, which is clearly

positive when /1 — +o0, as 4,(-) > 0. The boundedness of /i then implies that
—ﬂ.x(t)(e’;(”‘)"l —Dh>—b,, V(t,5z2), Vh (4.23)

for some constant b, >0. To wit, (4.4) holds again with b; =0. We can then conclude
again that (4.17) admits a bounded classical solution.
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Finally, the explicit solution for the price p (4.16) follows from the principle of
equivalent utility and solving the equation V°(¢t,w)= U(t,w + p, s, z). The proof is now
complete. O

5. General life insurance models

In this section, we generalize the insurance model to include the contracts with multiple
decrements and random payment times, and derive the HJB equation in this general
setting. To be more precise, we shall assume that the payments depend on the different
status of the insured and the transition between the status, and also allow the benefit to be
paid at a random time (such as the moment of death), instead of paying at a pre-
determined time 7. We note that the term “general life insurance” has been used in most
life or pension treaties (see, e.g., Norberg, 1992).

5.1. Properties of payment process and wealth process

Let us begin by recalling some notations from Section 2. Assume that there are m possible
status, characterized by the status process X ={X;},= o, which is assumed to be cadlag and
taking values in {0, 1,...,m}. We denote I' = I{thl-}, t>0,i=0,....m;

N? = #{transitions from i to j during time interval [0,]}.

Recall from Lemma 2.1 that the intensity 27 of X is the same as the “force of decrement”,
and a combination of (2.5) and Lemma 2.1-(i) shows that for 4 >0, i, j =0,...,m,

t+h . t+h .
i=end =[S Al = [ el 6.
t A t
Further, recall that the filtration F = {F,},., 2 {FX vFB vFB},_,.

In our general life insurance problem we consider two types of payments: one is in the
form of “life-annuity” and the other in the form of “life-insurance". More precisely, we
shall consider a (cumulative) payment process of the following form:

t t
4,=>" J b .S, Z)du+y J bi(u,S,, Z)IN?, >0, (5.2)
i Yo izj Y0
where b'(t, s, z) is the rate of net payment of life annuity at state 7, given S, =s, Z, =z and
b(1, s, z) is the rate of net payment of life insurance upon transition from state i to state ;,
given S, =s and Z, =z. Clearly, the process 4, is F-adapted and cadlag. In fact, as an
accumulated payment up to time ¢, it is non-decreasing.

Throughout this section we shall make use of the following assumption on the payment
rate functions:

(H3) The contractual payment rate functions b’, b are continuous, and for some constant
C >0, such that for all (z,s)e[0, T] x R‘*! and i, j=1,.. ., k, it holds that
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0<b(1,9)<CA+1sl); 0<b(z,5) < C(1+|s]). (5.3)

Given a payment process A, we see that the wealth process (2.10) should be modified to
the following:

AW =rWrdt +n! (u, —r)dt + n! o,dB, — dA,, t>0. (5.4)

We should point out that the non-tradability of the asset Z will not play any essential
role in our future discussions, so for notational simplicity from now on we shall consider
Z as the (d+1)-th component of the vector S =(S',..., 89, S’ "). If necessary, we shall
specify the non-tradability of Z by adding constraints on the portfolio n (such as
requiring that the (d+ 1)-th component of 7z, e IR“"! vanish). Consequently, from now on
we will write the SDE for the risky assets as

ds,=D[S{udt +c,dB},  1>0. (5.5

where D[s] denotes the diagonal matrix diag [s',...,s‘*'], and B is a d+1-dimensional
Brownian motion. In what follows we shall denote, for fixed (¢, w, s) and given portfolio =,
we denote W™ (resp. S”°) to be the solution to (3.12) (resp. (5.5)), such that W,=w
(resp. S;=s). We often simply denote (W7",S)=(W""" S§") if there is no danger of
confusion.

As the utility function under consideration is assumed to be a fairly general one without
any growth conditions, we shall make the following extra assumption on the set of
admissible strategies .4 so that the problem is technically tractable.

(H4) The set of functions {E{|x|'}; meA} are uniformly integrable (in t [0, TJ).

REmMARrRk 5.1. It is immediately seen that (H4) is satisfied if we assume that all the
strategies are bounded (the case of compact control space). However, we should note that
this assumption is by no means necessary for our original optimization problem.

Let us now recall from Section 2 that the first transition time 7, =inf{s > . X, # X,}
and 7 defined by (2.3). Clearly, 7, = 7t A --- A 7. Furthermore, for any neA and h >0,
M >0, we define the stopping times: 7%, £ inf{r > :|W"* — W7|+1S, — S,| > M}, and

Thw 2T ATy AL+ D). (5.6)
Next, let us denote the following subsets of Q: for k =0,...,m and neA,
At A {wtf (o) =t +h, X, =k},
A A {0 () = t(0), X, =k},
R 2 {07 () = (o), X, = k}. (5.7

The following lemma is useful for our discussion. It is also interesting in its own
right.
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LeEmMA 5.2.  Assume (HI)—(H4), the following convergence holds uniformly for ne .o/

i hm,HohP{f\’;;w k,W,=w,S,=s}=0;

i. hm,HOhP{A’””|X k,W,=w,S,=s} =
i, lim, o P{AyIX, =k, W,=w,8,=s}=1.

Proof. Let meAand assume that || 7]l , < co. To simplify notations we shall drop the
superscript “z”’ from all the notations in (5.6) and (5.7). Moreover, from now on we
denote all constants depending only on the coefficients x, o, b’ and b?, etc. by a generic
one, C >0, which is allowed to vary from line to line. Furthermore, in this proof we shall
always assume that X,=k, W,=w and S,=s, and simply denote the conditional
probabilities (resp. expectations) by P (resp. E) without further specification.

(i) Note that on the set /N\: ¢ one has

=ty <t Al+h)=1 A AT A(t+h).

Thus for velt, 7, /), X, remains in status k and W is continuous. In fact, on the set f\; it
holds that W, = W®  where W® solves the SDE:
WP =w+ J (Wi + oy = 1,1 = b, S, ) Y + f (m,0,dB)y, vzt (538)
t t

and that /N\:M S{Sup, o ey W (IWH —w| +|S, —s]) = M}. Therefore, we have

P{AZM}SP{ sup (|W§,k)—w|+|Su—s|)zM}

t<u<t+h

- M M
SP{ sup |W5,k)—w|2?}+P{ sup |Su—s|2?}=ll+12, (5.9)

t<u<t+h t<u<t+h
where I; and I, are defined in an obvious way. We shall estimate both terms on the right-
hand side above.
First, note that S satisfies the SDE (5.5). By a classic argument using Gronwall

inequality, one has sup,_,.,E|S,[**<C, «>1, for some constant C>0. A simple
application of Chebyshev and Burkholder-Davis-Gundy inequality then yields that

M
I, =P{ sup |S, —s] 2?}

t<u<t+h

t+h M
SP,{ | |D[S,.1u,|drz—} { sup
t 4 t<u<t+h

t+h
f (RIS, + 10,8, P
t

J {o,S,,dB,)| >

i)

2 _ Ch*
- MZac ’

< E
M2ac

(5.10)

To estimate /;, we denote 8, £ exp{—|; r,du} and let W% = g W® then from (5.8) we
see that W® satisfies the SDE:
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O =+ [ Bl =1 =B S+ [ Biro,dBy. 6D
t t
Note that 0 <fr<f, <1, and denote W = f,w, we have

- M R M
L=P{ sup |[W® —w|=—'=P! sup [ WEO —w| ="
(<u<i+h 2 t<u<t+h 2

IA

A M
P{ sup (5 W~ ke sup |, —w| =

t<u<t+h t<u<t+h

A{l —2W}.
2Bz

Now following a similar argument as before we obtain that

- .
< P{SupzSusHh‘ W& - Wl >

I, <P{f Bullmy p, —r, 1> — b (u, S)|du>;(22j|—2w>}

M
sup —2w
{I<v<l+h (ZﬂT )}

t+h t+h
<7 EJ <7, 1, — 1,1 —b’;|du|2+Ef ,b’u<nu,audBu>|4>(5.12)
(M — 4wﬂT ( ‘ /

C t+h 5 X 5 t+h 5 2
<— hj Elz,|"du+nh"(1+ sup E|S,|))+E f 7| du
(M—4wﬁT1)2< . & ( oty 15.) {, I })

Ch t+h t+h
< J E|n,du + Ch+J Elz,|'du ).
(M — 4wp;") ‘ ‘

J p.Ln,, 0,dB,> =

Now for M >8wf7 ', combining (5.10) and (5.12), as well as assumption (H4), we
proved (i).

(ii) First observe that P{t' <t+ h}— P{f\;M} < P{A}',,} < P{d' <t+h}. By (5.1) we

have ; P{t' <t+h}= Z pf’ — M. Moreover, %P{A;M} — 0, thanks to (i), thus (ii)

follows immediately.
(i) As P{AS7,} + P{A urt 2,¢kP{A "} =1, (iii) is a direct consequence of (i) and
@i). O

5.2. Dynamic programming and HJB equation

We now turn our attention to the main result of the section, that is, to derive the HIB
equation for our general insurance model. We note that in this paper we only give the
sufficient conditions under which the HIB equation could be rigorously verified. A more
detailed study of the value function, the well-posedness of the HIB equation, and the fact
that the value function is, for instance, the viscosity solution to such a HIB equation will
be studied in a forthcoming paper (Ma & Yu, 2006).

To accommodate the various status we need to introduce some auxiliary value
functions. We shall define, for all (z, w, s)e[0, T]x IR x IRTI, and k =0,...,m
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Uk(t,w,s) £ sup E{u(WE)|W,=w,S, =5, X, = k}. (5.13)
e A"

Also, let us denote, for @ € C'2([0, T] x IR‘*?),

Llo]= L, [0]=> ps' o (t,w,9)+ Y olals's o (t,w,s)

ij.k

= (@,(t,w,s), Dlsl,) + tr{D[s](o,0] ) D[s\(D%,p(t,w,5))} (5.14)
Further, for (z,w,s)€[0,7]x IR x R (¢,¥,p)eR x (—00,0) x R*! and k=
0,1,...,m, we define
k al 2 k
H (l7 w,s, @, vas ﬂf)=§ |JI7T| '7// + [<7T7 M — rt1> + rw— b (tv S)]QD
+(n, 0,07 Dlslp)
H (1, w,5, 9,0, p)=sup, H (1, w,5, 0, Y, p; ).

(5.15)

We should point out that the quadratic nature (in n) of the Hamiltonian in (5.15) and
the unrestricted choice of 7 implies that H* <o if and only if i €( — oo, 0). We thus have
the following theorem.

THEOREM 5.3. Assume (HI)—(H4). Assume also that for all k=0, 1,...m the value
functions UF e C'22([0, T] x R x IR"). Then, for each k, U* is strictly concave in w, and
U=(UU",...,U") satisfies the following system of HJB equations:

0= U+ LIU+ H*(t,w,s, U, U*

w? ww?

UL)+ Y 20U 1, w—1Y,5)— UY),
e (5.16)
Uk(w, T, s) = u(w), k=0,1,...,m.

Proof.  We shall first show that (5.16) holds as an inequality and that all U*’s are strictly
concave. To this end, we fix k and let 7, = 7€ IR"" | # >0. To simplify notations, in what
follows we again drop all the superscript “z”” from the notations, and denote E,{-} =
E,, 1} Applying the Bellman Principle to t(h, M), we have

Uk(la w, S) = Et{ UXI(ILM'(T(h7 M)a Wr(h.M)> Sr(h‘M))}
=E{ Uk(f(ha M), W ey —» Sr(h,M))}
+ E{ U0 (2(h, M), W hanys Senary) — U*(x(h, M), Wetany—» Saiar)}  (5:17)

First applying It6’s formula and then taking expectations, we see that the first term on
the right-hand side of (5.17) is (suppressing variables in U’s)

Ez{ Uk(f(}% M), W‘{(/z,M)f ) Sr(/z,M))}

u u ww

T(h,M) 1
= U]‘(t, w,s)+ E,{f {U," + K[Uk] -I—EETO' |2 U* + (m,, ouauT(D[Su] U,
t
(h,M)
+(rll Wll - bk(“? Sll) + <7TM7 ll'tu - Vlll >) U\lf'}du + J‘ <U\A1"nll + D[Sll] Uf’ O_lldBl,{>}
t

w(h,M)

= U1, w, s)+E,{ f {UF+ LU+ Hr@w, S, w,, UK, UF,, U mydu}. (5.18)
t

w? ww?
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On the other hand, observe that X, ,, =i if and only if ® EAZ:;,I, we see that
E{UYwmn(t(h, M), W hanys Senary) — U (e(h, M), W ohan—» Senan)}
=Y E{U(, W, =P, S, ), 8. )= UM W, SAyy, ). (5.19)

T — Tl — D7
i#k

Plugging (5.18) and (5.19) into (5.17) we obtain that

T(h,M)
0 zE,U {UF+ c[U"u, W,,S,)+ H*w,S,, W,, U, U~ | Uf‘lﬁs:n)}du}
t

+YE{U, W =B, S,), 8.0 — UN(, W, S, )AL,
i#k

— 1+, (5.20)

where I; and I, are defined in an obvious way. We claim that

. g . .
lim L = Uf‘(t, w,s)+ LLUF(t,w,s) + H (s, w, UF, U

wr S ww?
h-0 J

Unyi ). (5.21)

Indeed, if we denote F[U*|(r)= U(r, W,,S)+LIU(r, W,,S,) +H"(r, W,,S,, U,
Uk, U :m) we have

ww?

1 ’
‘hll — (U[k(t, w,s)+ [I[Uk](t7 w, )+ Hk(t, S, W, Ufj, U,/;.w, U,’ES; 7))

1 t+h
=EbflmwmﬂWW%ﬂW®W}

= Ef{ sup | 1 <oy FIUN) — F[Uk](t)\}

1<r<t+

SE,{ sup |F[Uk](r)—F[Uk](l)|}—I—E,{|F[U/"](t)|:{AZ‘M}"}.

t<r<t(h,M)

As F[U¥](r) is bounded and converges to F[U*](¢), a.s., and lim,_,P{A} ,,} = 1, we see
that the right-hand side above vanishes as & —0, proving (5.21).
To estimate I,, we note that

E{U(7, W, —b(¢, S,), S.) — U, W, S.): Ay}
- zE[{ U'(d, W —bM(, 8,), S.) — U, w— b1, ), 5) s Ayt
P{A}
h
x (U'(t, w— b (1, 5) — 5) — UK(t, w, 5)) (5.22)

1 . ,
+ . E{U (t,w,8)— Ut , W, S.):Ap  +

By virtue of Lemma 5.2-(ii), the last term tends to AM(Ui(r, w—DbF(z, s), s)—
Uk(t, w, s))as h—0. We claim that the first two expectations tend to 0 as 4 —0. Indeed,
as W, = W_, we see that the first term can be estimated by
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o1 o . , , y
lim . |E{U'(<, W, —bh(7',S,),S,) — Ul(t,w — bh(t,5), ):Ap" |
1 s - . .
= }H% ZEr{| Ul(flv Wr" - bkl(flv Sr’)v Sr') - Ul(ta w— bkl(lv S), S)| 1{/\’]‘-’%}}

1. o _ _ _
<lim E,{% sup |U'(u, W, —b"(u,S,),S,)— U'(t,w—bX(t, s),s)|}

h—0 uelt,t+h)

<lim
h—0

P{d <t+h i TR / / '
%E}{ sup |Ul(u7 Wu _bkl(uasu)asu)_ U’(t7 w_bk’(tv S),S)|}

uelt,t+h)

= /1ki hmEr{ sup |Ui(u7 Wu - bki(uv Su)7 Su) - Ui(t7 w—= bki(t7 S)? S)l}
h=0 uelt,t+h)
In the above, the last inequality is due to the independence of 7* and (W, S). Clearly, the
right-hand side has convergence to zero as 4 —0, thanks to the continuity of /¥ and S, as
well as the Monotone Convergence Theorem. Similarly, one can argue that the second
term on the right-hand side of (5.22) vanishes as # —0 as well. Combining, we obtain that
I o .
lim =2 =" " 29U (1,w — b(1,5),5) — UX (1, w, %)) (5.23)

h-0 | P

Now putting (5.21) and (5.23) together, we obtain from (5.20) that

1 :
OZZ(II + 1) = Uk(t,w,s) + LIUN(t, w, )+ H (e, s,w, US, UX U

w? ww? ws?>

m)
+> AU w =64, 9),8) — UMt w,9)), as h > 0.
i#k
Taking supremum over 7 we get
0> Uf + LIUN+ H @ s,w, UL UE, US)+ > 40U (6, w— bY(1,5), 5) — UY).
7k (5.24)

In particular, (5.24) shows that H*(¢,s, w, U*, U | U* ) < co. Thus we must have U <0
(see the remark following (5.15)). In other words, U* is strictly concave for all k, as (z, w, 5)
are arbitrarily chosen.

It remains to be proven that the opposite direction of the inequality of (5.24) also holds.

To see this, note that for any £ >0, & >0, there exists 7° € A (depending on ¢, A!), such that
U (t,w,s) — eh < E{u(WF)}. (5.25)
By the uniqueness of the solution to the SDE (5.4), we have
Eopo s @) =E, o g (W) < U, W7.S), Pas.
for any stopping time 7. Taking expectation E,{-} on both sides above, one obtains that
E{u(WE)} < E{UY(t, W",S)}, Vi<t<T. (5.26)

Further, for such a fixed 7°, let t=1(h, M) as before. Then, following the same
calculation as in the previous step, and using the definition of H*, we have
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1 (h,M) ) )
—e< }—IE,U {UF+ L[UMu, w",S,)+ H(w, S, WF, UX, U",, UF nO)}du}
t

1 P 0 P AP 0 -
+l_z ZE,{U’(T’, wr — b S),S,) - UG, Wi, S,): A;‘ljw}
i#k
1 (h,M) . )
< B et w5 s, W UL UL Ul
t
1 o . o _
+= S ELUG, Wi —bN(,S,), S — UM, WIS, Ayl (5.27)
ik
Similar to the proof of (5.21), we define a continuous function

FIUN(r) = UN(r, W, S) + LIUMI(r, WF', S,) + H (r, W7, S,, UX, UX | UF).

r ¥ w) ww? ws

We note that this function actually depends on ¢ and h, as n° does. However, using the
regularity of all the functions involved, as well as assumption (H4), it is not too hard to
show that the following limit still holds: for fixed & >0,

(h,M) _
lim L £ { f ﬁ[Uk](r)dr} = FLUA). (5.28)

= .

With the same reason, one shows that the result of (5.23) is also valid for each & >0, again
thanks to (H4). This, together with (5.28), leads to that, for fixed ¢ >0,

1 (h,M)
—E,{f {U* + L[UM(w, WP, S,) + H"u, S, WF, U, U* U)’f,s)}du}

h w? ww?
t

1 o o _ .
+ STE{UN, Wi — B, S,), 5. — UM, WE_,S,) ALy

i#k

- Uk + LIUN + H (1,5, w, Uk, U

w ww?

Uk )+ S 29U (t,w — b(1, ), 5) — U").

j#k
Therefore, by letting 4 —0, (5.27) becomes:

Uk)+ > 20U, w—b9(t,5),5) — U).
%k (5.29)

—e< U+ LIUN+ H*t,s,w, U*, U

w? ww?

Letting ¢ go to zero, we obtain the inequality as desired. The proof is now complete. O
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